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SYLLABUS

MTH. 211 3 Engineering Mathematics V3=-2- 0)

Evaluation:

Theory - Prnctical Total
Sessional - 50 5 50
Final S0 y- 50
Total 100 - ‘ N & - 100

Course Objective: -
1. To understand complex variable. .
2. To apply concepts of Fourier and Z-transform in the signal processing.

3. To study wave and dlffusmn equanons in Cartesian, cylindncal and polar

coordinates/
Chapter | Content -| Hours
1 q Complex variable: (12 Hours) ;
i) Review of complex numbers with their propertles ‘
ii)». De Mairves Theorem .
i) - - Function of complex variables, . -
iv) Contormal mappings
> v} Analyticity , 'necessary condition of analyticity
vi)  Cauchy integral theorem, Cauchy integral formula,
Extension form of Cauchy integral formula, .
vil) Taylor and Laurent series ;
“|viii)” Singularities, zeros, poles, complex mlegranon
| ‘residue theorem. :
12. - | Z-transform: (9 Hours)
i) Defmmon one sided and two sided z transform
- |ii) - Linear Time invariant system, Unit impulse function
: iiiy -~ Properties of z transform, region of convergence
o |iv) - Inverse Z transform by residue and partial fraction
v Parseval theorem, convolutton ’
vi) . Application (Sotutlon of difference equation).
3 - Fourier Integral and Fourier Transform: (7 Hours)}
i) Fourier series in complex form ) N
i) - Fourier integral, Sine integral and cosine integral
iii)' Fourier transform, cosine transform, sine transform
- iv)  Inverse Fourier transform, Parseval identity
0y v)  Convolution theorem and its applications
I .| Partial Differential Equation: (14 Hours)
i)  Definition with examples
.. Method of separation of variables
L o I i) Derivation and solutions of Wave equations (one

.
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and two diménsibnal) and their applicélions. ! v | Unit 1 : AL Mot 3 %
iv)  Wave equation by D Alembert's method \ ; - "REVIEW OF COMPLEX NUMBER

v).  Derivation and solution of heat equatnon {one and
two dimensionaljand their application

L ‘ vi)  Laplacian equation [Cartesian, polar, cylindrical, B * Complex Nu_mbci':
: spherical form(statément only)), their solutions. - A complex number z is a ordered pair (x, y) where x along real axis and y -
vii) Engineering applications. . , e THA along imaginary axis. Thus, z = x ¥y.
5' Curve in space: "1(3 Hours) . '
(i) Ellipsoid, hyperboloid, Paraboloid, cylmder cone_ .
(Standard equations, their sketch) 3
iy Tangent line and tangent plane on the space curve

' Polar: form of Complex Number:
Letz=x+1y be a complex number. Set¥=r cosG y=r sm9 Lhcn
S -r(coseﬂsma)—re

TextBooks: “ ‘ G ; i y
1. E. Kreyszig, ‘Advariced Enginéering 'Mathemalic':s,‘Bth' edition Wiley-Easter
Publication, New Delhi -

2. HK Dass & R. Verma, Higher Engmeenng Mathematics, First edltlon S.Chand 3 -
‘Company Limited, New Delhi v

Note: 8 = arg(z)-tan (l)

' Statement of Dcvaer s Theorem. e
' *If nis afy realgvalue (maypositive or negative) then
' "[r(cos8 + i sin)]" =" (cos n6 + i sin n6).

Reference Books:

1. Digital Signal Processmg J.G. Proakis, Prentice Haﬂ| of India.

2. V ‘Sundaran, R .Bala Subramanayam K.L Laxmmarayanam Engmeermg
Mathematics , Volume Il

e B —

YQ2B#) = 4+ 3i and 2, = 2  5i. Find each ome following in the form x + fy.
(a) 22y ’ .
w"Solutmn Here, z;2,= 4+ 31) (2-50) = 8- 20i+6it15=23~ 141

3. Ag\é Oppenheim, Discrete-Time Signal Pro:‘:essmg, Prer’ilice Ha!l. 1ndia Limited
1 0' . . . - s - e 8 . e ’

fl. K. Ogata, _Discret&ﬂme-Cont;ol System, Prentice Hall, lﬁdié Lirnited. 1993,

'(b) =~

1 : i 4 -3j 4
: =743 4-4—(31)- “16+9 =325~ Fi=016- 0121
= = (¢) ‘Re(zy)® and(Ro:z;)3 ‘ .
. \ ~“Solution: Since, z, = 4 + 3i.
So.(z,) =4 + 3i)° —4 +3.4%, (31)+3 4 3%+ (31)°
- -64+I441-108 20

§ h - . s . - . .
-~ 5 . .

i e L e '_ Solution: Here, l

o g i e A N ; ERTE S el T ==444+ 1170
% ’ e - Q- Py i N £ o] " Also, 2=2-'5i. So, Re(z,) = 2. So, (Re z;)* =2° -8
AN “; 4 p A T ey . Thus, Re(z|) =—44'md(Reza) =8.
‘ Y & \’ Vg : (d) z,z;and z,zz S oy FE.
! ' . - : . i 5 .. ‘Solution: Here.z.=4+3iandza 2 -5i. So. z,—4 31and z,—2+51

Then, z,z«-(4+31) (2+51)--—7+261
l.and. le;-{4—31) (2-51)=-7-261.

Therefore, 2,25 =7 + 26i and z,z,=— 7 — 26i:

» I' .
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2 A Reference Book of Engineering Mathematics IV - _ : : ,

"Chapter 1 | Review of Complex Number | 3

= L . . ' j b - | A= 2l
z 1 Y = T = . . ¥
(e) :"and (‘;"’) ¥ aas ; o 45 ) 2+ 2-1y " 12+ Q2-1)) :
zZ; ' : 3 S g - (2—|+2+:)(2—1— -i) - 4=2) . 8i
o | 5 - — - _ (4+1)y il g
Solution: Here,z2=2-5iz0and z2=2 + 51 2 0. So_. and ( ) exist. ] 1 a8 i
: z . : £ " a Express’ thc t‘ollowmg in the modules amph:ude form:
Now,
{ - i : ® ‘(a) 1+i : ;
] Zy _4+3i 4-3i (4- 3:)(2 -5i) _8- Wio6is 15 —T-26 g - : [1 _i_j| [ s 7:]
{ = = =ies T = Solution: Here, | +1 =\ﬁ = =‘\ﬁ cosy +1siny |
B Tt dTe 27 = . . 4
; s e .+5: 2 (51) 4+2.5 ‘29 : Wi \ﬁ -\ﬁ . 41
! And, . | g o el el B Rl T o
! PO D ™ : ; gt O () 0 ‘3n 3n
; . (_[\ (4+31) (4+3ix2+5i)_(—7+26i)___—l“ 26 ’ - %lutmn Here -1 +1 -\f_[ \Ji+\!5:| L \ﬁ[cos 2 +isin 4:[
o Y T\2-517T\2-517 2457\ 4425 /5297 29 S @ <1-tB A i ot O
: o . ' 22 Solution: Here, 2 d :
2. Expressintheformx+iy. = . i gt g | 1 ﬂ ot Ty .. (m\].
R | | S]]
i Solutmn. Hefc. . A o : : y . ¥ - SN S .=-2 cos‘ T3 ) +isin 7:+-3 :
i C 2231 2-3i 4+i (2-30)(4+i) 8-12i+2i+3 11 0 | O # 2ol (4;) (53)] ‘
i P T B R P 16415 T e e T e e = 2Lcos 3 ) tisin{3
§ ) (2 - 8i) (7 + 8i) , : el o Ll @ 1+itana ! .
i 1+i : S " : : : _ 1‘}32 ‘ Solulion' Here, _ 2
E Solution: Here, . : i QU 1 +itana ‘
; i) ( +3,) 14 + 16i — 56i — 64> omparing the ﬂwenterm wi x+1yan sclx-rcos an y-—rsm then we °
§ (2-8i) (7 2 C th m d 8 and B h
] 1+i i 1+i o - Ly . “get, , :
' ; Lt 14-40i + 64 AT L = rcos9=1 and ° rsinf=tanot
i % 1+i : ' ! iaeEs 8t PElvlanio=secia = . r=seco
3 78—4.0] e © Also. .- lane-t‘Ta_ = 8=0
141 1"-1 : 5 3 ;
(78 - 403) (1 - i) & Thus, -1+ i tanc = sect (cosc + ising).
=i 2 I ot 2 F () 1+cosa+:smu.
_ 78-40i - 78i #40i> 38— 1187 - ppte G -Solution: Here,
; = B> = 2 = 19-59 } i :
: 2 < < : s o 20, . O a o o .o
(4 + 5i)? ? » - s g ‘ l‘+cosu+1smar= 2”cos'§+175m5.c055_ =2_COSE[COSE+'S”.’7:['
f ) (2+3”! N % g ‘ \ ) . o .' : . .
Sol S ) ~ Y - {f) 1+sina +icosa
olution: Here.. L T v : . f= Solution: Here,
‘(4-5-5'1): =16+40i—2_5 = 90401 £ -5 - 12i \ 1 + sin@ + i coset :
2+3i)° T 4+12i-9 T D54l *=5-12i - I ey g ( :(_1_ __)
e - _(45+480) + (108 —200)i _ 525 - 92i l =cos’ 5 +sin’ 5 +2sin 3. cos 5. +i{cos5 —sin
. K , 25 +144 =169 . a2 gy "
1 1 g e E : =(cos%+5in%) .-.q-i(cosi—su_l‘i')(cos'2'+sm E)

(@ (2+u’ 2=

K

Solution: Here,

?

i A-Efr L X E) i(cdsg'—sing)]
=lcos+sing ) (cos g +siny )+ 2 2
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4 A Reference 3avk of Engineering Mathematics iV«

: "o ; Chapter 1 | Review of Complex Number [ 5
g Loy X @ . T O e ] .
ROy iy | N RS g TN a CO?O 2 sur\m _j Now comparing thc given term —4 with x + iy and set x =rcos 8 and y=rsin@
o .o ; ! then we get,
T TR (C05(4 2))+ : (COS( )):| _ i rcos8=-4 and rsin 8 =0,
y . {0
(g) 1-sino+ icoso : . So. r=vy(—4)" =4 and,s O=tan "(j) =T
Solution: Here, Vi s ‘ i ; t LTI 8" A : .
I-sina+icosa ' ! Therefore, (Z-:?:) = 4(cOST +isin®) '
p - 0'. a .o o / > % “ ] k. .
(L] ' 4 : N 5 ’ " ‘
= (cosg- sin %) +1i (cos g— sin g’)(&:os 'g' +sin E) ’ : _ Solution: Here, " s
e iy | : R , (2+i) Qei5+3) _Mr6iesi=3_ 7 M,
1) [ i\ 2 . 34 =3ty
(cos “sin )[( os 3~ sin ) i (cus%+ i 5)] 53 25+9 S
ol - T ‘ i Now comparing the given tefm with X+ iy and set x =1 cos B and y =rsin B
K o o T o . T -0 T, oo 4 then we get, - ¢
(cns 3 —sin IZX(CDSZ cos5 sm sin 2) (cogcosi'-e- simgsin 5):} 3 e o - ) o
' ' x=rcos@=37 and y=rsin@=33
"y L3 (cos ——sin“I(cos('w— +i (cos(E _0_5)) : ’ \ 5 : . e
% ki 4 2 472 | : : 7V (I 49+121 170 [170
=i, ' ' : '. ' ~ "% (3_4) (34) _(3,71?_= 33y 7T\
Solution: Here, -3-4j - : i i ”

X ; 11734 - pEAY
Anfi. tan6—7/34 = 9—tan (7/ 5752

: 2+ f_ i o
Thereforc. 5_3;~ 33 {cos .57.5.2 +isin 57.52)..

Comparing the given term with x + iy and set x =1 cos B and y'=1.sin @ [héﬁ‘wg
get, . s . B ;

rcos 8 ==3 an‘d rsinf=-4
So. r=9+16" = r=35

{ Also, ianB:Z—; = 9=5313° e WV ' . 4. Represents each of the following in the form x + iy.
{ " Now, . : - ; ST i & " () ﬁ(cos%ﬁsig%)

-3~41 =r(cosb + i sing)

=5(cos 233.13 +isin233.13) [since -3 - 4i; ol
o g, 55 { nce i 1esm3 quadrant]

Solution: Here,  +3i

Solution: Here, . A
: .
\If_s(cos +|st=-\f§cos§+i'\f§sin%.=2+‘2i .

'(b) cos’y n + lsmg

i N
Comparing the given term with x + i : :
i gthe g 1thx+|yandsetx-rcosBandy rsmﬂthenwc =

x=rcos8=0and 'y - 14in.0 = +3 -Solution: Here, COS%+lSln'2"=0+l=l

\

. f v .
S0, r=3  and 6= —: ‘ ; "% ; =T
- =tian (°°) | , ﬂ (c) 6 (cos 3 tisin 3) Skl !
Therefore, + 3i = 3(coq +isins ) ) ! Solution: ; 2
: 2= : il - L f ' r T
6+ 8i : e . ; 1 Here. . b(cosgﬂsing) 6L083’+165m 3+3\Fi
a-3i, . - . = o]
Solution: Here, . " {d) \fﬁ(cos%ﬂﬁsinrf)
(6 +8\" T16+8i)d+3)T [(24- ‘ i P ‘ -
>) = —24)+ (18 +32) ’ /|7 ..~ Solution: =i %
\&-3i/ [(4~31;(4+3 T l: | =iy == - - P 3 3n n .
_ iJ S g =2y =4 F b, \]ﬁ(m ¥ Tﬁ)=\]ﬁ6037+'i\/—‘§“i“7 =343
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: ] OTHER IMPORTANT QUESTION FROM FINAL EXAM FOR

§ A Qe'erence Scok of Engineering Mathematics IV

5. Determine the principle value of the argument:

(a) 1-i
Solution: Here,

2—1_;_\[5( > \[—) \/_{co\( )Hsm( :):|
'fhus. 121::':‘\/:

50. ar:,_:;7.=-—7'_:'12m: forn=0,1.2......

A

and Arg.z=-7 (principle value).

(b) 3+di
Solution: Here,  z=3 +4i '
Now comparing the given term w:Lh L=x+ iy and setx=rcosBandy=rsin @
" then,
x=rcos0=3 and y=rsinf=+4

So. #=9+16 = r=5

Also, mn@:i% = f§=tan” (_-:%)=(153.13)
Thus, - y
3 +4i = 5[cos (+53.13) + i sin (+ 53.13)]
Thus, ' : :
lzZl=5 and argz=+53.13+2nw - forn=0, 1,205
Now, % & .
Argz=+53.13  (Principle value). :
() =m-md " g

Solution: Let, z=-n—i : . i
So. P=(-mP+(-m® = r=742 P
- . 3n HAnT
And. mnﬁ:-rE =S tné=tan\-) = 6=-7r7
So.
-m-mi= Tr\f-[cos( )+;sm( 4)]

So. Izl = xﬁ

3x Y -
and, arg.z:—";l--_thx forn=0, 142....50

3x 4
Hence, Arg.z= --a‘* (Principle va&‘

|
PRACTICE

2008 Fall Q. No. 7(b)

Write down the equation of the c:rcle in complex form whoqe centre is at 1 +1
and of radius ]. -

2009 Fall Q. No. 7(a)
Find the principal argumcm of? -.~2 3i.

QaQa

This Copy Scpned V‘by-.bhum
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Unit 2

DERIVATIVE AND ANALYTIC FUNCTION

Limit of a function of a complex variable: k- i
" A single v.l]ued function f(z) of a complex variable z is: said to has limjt

I=a+:B 1fz,_,20f(z) =1

Contmultv of a funcnon of a.complex vanable-
A smﬂlc valued function f(z} of a complex variable z is called conlmuous ata

pmmz lulle_)znflz) f(Zu)

D:[ferentlablhtv ofa complex fuiCtion: '
A smgle valued function {(z)0f a complex vanable z is called dlfﬁ.renuab]c ata

' __Zu___f_él_
funcuon z = zyif AIZIT,O Mz + 82) = M20) here pz =2 - z, exists. That is, if

zll,mlu iz -?_) K ex1sls It is denoted by f '(zy).
& T
WA camplex valued function f( z)is cal]ed dlffcrenuable atz =zyif
£'(z0) = lim fz—-zg) = ffg;)

37y -7

VAnalytlc function:

A complex valued function f(z) is called analync at a point z = z; in the domam
D if f(z) is defined and differentiable at each point in a neighborhood of 2.

A complex valued function f(z) is called analytrc in the domain D if f(z) is
defined and dlfferennable at each point in D. :

Cauchy—Rlemann s (C—R) Equation:
- A function f(z) =u 4 iv where u = u(x, y) and v = v( X, y), is analytic in a domain
D. Then we say f(z) satisfies the Cauchy—Rlemarms (i.e. C-R) equation if the
pamal denvanves Uy, Uy Vy, Vy eXist and
LU= v, and

Uy = —Vy

; Céuchz—Riemann's (C-R) Eguatiun in Polar Form:

A function f(z) = u + iv where u =;u(x. y) and v = v(x, ¥) and x = r cos,
.y =1 sin, is analytic in a domain D. Then we say f(z) satisfies the Cauchy-
Riemann's (i.e. C-R) equation if the partial derivatives u,, ug, v, vgexist and

e 1
U =7 Vve and Uy =—I V.

= Ndre: A funcﬁon flz)is analylic-in Dif and 6nly if it satisfies the C-R equation.

Laplace Equatwn
A function f(z) = u + iv where u = u(x, y) andv = v(x, y) is analyuc ina domam
D. Then we say the function u satisfies the Laplace equation if

3 bl
Viu=u, +u,=0.
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8 A Reférence Bock of Engineering Mathematics IV

As similar. the function v satisfics the Laplace equation if
Viv=v,, + vy, =0,

Harmonic function:
Let fuiction f(z) = u + iv where u = u(x, y) and v = v(x, y), is analytic in
domain D. Then we say the function u is harmonic function if it satisfies jiy
Laplace equation i.¢. Viu=u, + uy,, =0, .
In this case v is called complex conjugate of u. ;

As similar, the function v is harmonic function if it satisfies its Laplace equation

ie Viv=v, +v, =0
In this case u is called complex conjugate of v.

Theorem (Cauchy-Riemann eg‘ uation)
(Necessary condition for analvticity of a function)

Let 1(z) = u(x, y) + i v(x, y) be defined and continuous in some nelglzborhood .

. .of a point z = x + iy and differentiable at z itself. Then at that point,

SU =Y, and u, = =¥, N

Hence, if f (z) =u + iv is analytic in a domain D, those partial derivatives exi.;rs

and mnsﬁ 8 = gl and ? = gf :z! all _poi:.:rs of D.

2015 Spring Q. No. 1(a)°

Show that the necessary condition for analyt:clty of f(z) u + iv, is
Uy =vyand u, == v,, L Rlpaet 20

2016 Fall Q. No. 1(a)
_Show that if the function f(z) is analyuc then show that u, = yyapdu, =~ v,..
Proof We have f(z) =u + iv is d:fferem:able Then {'(z) exists at z uscl[ '

" where,
lim f(z+Az)- f(z) R

= Az—)() " Az

*Ax—a() [utx +Ax. y + Ay) + 1v(x + Axgy +Ay)} = [u(x. Y) # w(x y)]

Ay_)o AK+1Ay 1

8))

. b 4
Here Az approach to zero along any palh lgﬁborhoﬁd of z.- I"hUS. we may
choose the two paths I and II in figure and then eguate the results. . .

il 4

Choose path I on this path we observe -on T4Az
x is variate and y # constant, So. b 1
Ax—0 and Ay = 0. Then the equation : - L™ 73
{1) becomes v 5

z ’ A

; »X
0.

3

Chapter 2 | Derivative and Analytic Function | 9

Théarem'[Céuchy:’Riemann equation)

- im  ulx+Ax, y)—u(x.y) . lim v(x+Ax y)-vix.y)
£12) = x50 Ax . 1 Ax—0 Ax
= f‘fz)-u,d»ivx .. (2) :

by definition of partial derivatives..
Next, choose path 11. on this path we(observey is variate and X is constanl So
y—)() and Ax = 0. Then the equation €}) bccomes 3 _
lim  u(x + Ax./y) —uix. y) ~ lim wi(x, y+Ay)—VIX. ¥)
£(2)= py—0 Ay Qax—=0 . - idy .-

= _f'(z):%u,+v,,=-iu_\’+v,
o= f'(z)-v\ -iu, .. (3)
. We have f '(z) exists; 1mphes from (2) and (3)
' u,‘+:v,.‘v,—1u.,
' Comparing the real and imaginary value we vcl
T =V ~and T u,=-v,

Thus weget if f(z) is analytzc then u, = v, and u, = — v,

Sufficient Condition for Analyticity of a Function

The single valued continuous function f(z)-= u + iv is analytic'in a  region R of
_ the z—plane; if the four partial derivatives u, vy, u,, v, exist, continuous and
satisfy the Cauchy-Riemann equation u, = v, and u, = -v, at each point of R.

Proof: Here, Au = u(x + Ax, y + Ay) — u(x, y)
= u(x-+ Ax, y + Ay} = ul(x + Ax, y) + u(x'+ Ax. y) —u(x. y)
= Ay u, (X + AX, y + 8, Ay) + Ax uy(x + 8:Ax. y) 3
where 0 <8, < 1.0<0, <1 by mean value theorem)
= Ay (u‘, +e,}+Axtu,‘+e-.)
i where €;and €, both tends 1o zero as Az—0.
= Ay(—v +e D+ Ax(u, + €,),
. " sinceu, = ¥, SImxla.rly we ge:
Av = Ay(v +€3) + Axlv, + e4)
= Av=Ay(u +e3)+ Ax(v, + €,) since Vy=Uy
A where €. €4 tends to zero if Az — 0.
Tlheréfor'e.r P b : :
Au +iAv = (u, + 1v,) (l\; + iz&y) + NAX + WAy
‘Dividing both side by Ax + iAy. we get :
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10 A Relerence 3cc« of Engineering Mathematics iV :
{ 7 Au+iAv . (MAx +NAy)

: Ax +iAy ~ “"t" TV T s iAy ; ) :
Au+iAv i (Ax + iAy) + 1 Ax + WAy
Ax +iAy ~ (U ) Ax + iAy

A ‘ !
= é‘i-(u\-s—w,‘)-a—r]A 'IZ'ZV' T e (i)

=

8 i o B e e

Az
We have 1AxI € 1Az]

el e

o e SR L

+nA’<lr|l+iq'[--)0 G g

Thus we get, . ; : s -
lim . Aw  lim du . ov
A2-0 Az~ Az—0 U, +ivy) =5 ax

: dw du .ov i
= =% +lax ;

; dw Ju
Hem:e == exists because =— and By ex:srs
dz ax ‘ox

- continuity of the four partial derzvauves of uand v.

|

1. Express the following function of z in the form u + iv.

(a) f(z) =sinz ;o . {2007 FaH Q. No. 7(a); 2012 FallQ No. 7(a)]

I { Therefore, [hc suffi c:ent condition for the funcuon f(z) to. be analytlc requxre the
|

y

§ -

’ Solution: Here,

iz -z ix-\'l x4y
3 e et S - b
f(z) =sinz = ey e a3
® = 2i . 21
e et

2 3 A 57 (cpsx + sinx) - — (cosx -1 smx)
\r =y . '
‘ 2 -€ o’ + €
1 =i co P <&
: : SX 2i +4 Ql
‘ = i cosx sinhy +/sink"Coshy). | 4
{b) f(z) = cosz = : 4 ° 4

- Solution: Here,
e'z e e-iz -e_ix-_\' + e—i:m-_v 5
2 = 2
3 e (coshy — sinhy) + e™i* (coshy + éirihy)
. % 2 '

_ elx + 8 ix e.—ig
= '_—-2 coshy - i '_2'— sinhy"
= COSX Loxhy ~ isinx siphy

f(z) =cosz =

- Solution: Here.-

b f(Z)‘
; Soluno Here. i

2 . 1 :
7 (C)'l'(z)=2iz+61 atz=-2-+4|7-

-Ch:i'pter.z | Derivative and Analytie Function | - 11

(©) flm=¢".

Solution: Here.
ftey=c¢*= et = ef (u)sy +i siny) = €” cosy + i €* siny

i d)fz) =7

i
> ,'f(?)7;=X+iy x+1y & ~ iy + YO S R Xty

3 ) 'xi——-—i-z——x;—ixv =—-_r£—'_r+t_'."y—'.'

© 2. Find the values of Re(D) and Im(f) atthe indicated point.

e

(a) f(z)-""l—' atz-7+2|

‘iolutmn Here, > 2 : 3
1] gy ] 4 —6+21 6+2i 6+2 _ -3+i_l_
f) = 7= =-—6 o D @ 6+2."6+4 - 40 . 207'20

1 &5 : :

Thl]‘? Re(f) = 20 and lm(f) 20

r;z +32 atz-1+31

f(z)_z +37—(1+31) +3(l+31) -]—~9+61+3+91 = -5+ 15i
Thus Re(f) =5 and Im{f) = 15. -

'Solunon Here ]

f(z) 212+6z—21(2+41)+6(2 41)-—1—8+3 241 ==5-23i

Thus Re(f) = -—5 and Im(f) =-23.

o S ow A

1. Show that i 0@ does not exists if f(z) = “J—‘Y?and f(O)

"Solution: Given that - <3 = Ay Cas
f(z) = ?—*_‘\;—y*and f(0) = :
Suppose y mx where m be any vanable Then as z—0, we get x—)O then
m X
z—)O f(z) = -0 x" + 4y
lim" mx? lim _m .. __m
Sxo0x +4mx,  x—01+4m” T 1+ 4m

Smce m is a variable; so :t does not gwe any fixed value. And we have f(0) =
lim
This sh0w§ Fhat 730 f(z) does not exxst.

.. Therefore f(z) is not continuous at z =10.
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2. Shew thatthe funchon ﬂz) is not contmuous atz=0iff(z) = { 2+ F Z#0

I . . 0 Z={)
Solution: Given that, . i

3 _,’9'—, zz0 . :
| flz)=42x +y . .
f 0 z=0 :
| Here, f(0) = D exists. : g
Since y is a variable. suppose § = mx where m’ be any variable. Then, x—0 a5
' z-0.
| Now,

lim fz) = lim __Xxy lim ﬂmxl-‘ 22 lim m m
20 " T 202 4yt T X0 "x’+m‘x"x—>0 2+m =S e

lim
Smce mis a vanable and 7250 ffz) dcpends upon m, so it has no fixed value So

21_1_,0 {(z) does not exists- -

Therefore f(z) is Dot continpous a'l z=0.

3. Show that the function f£z) . is not continuous at z = 0 if

X +¥
; 0 z=0
Solution: Given that,

- X tx-—lvi g
ﬂz)z{‘j-.l—‘r‘ z#0

" {xy (x—2¥' "
f(z) = {'La—rz z#0

X +y

y .. \0 'z=0
Here. 1(0) =10 exists. wots et
_Buppose y =mx where m is a variable, exists. Then x—0 as z—0. -1
~Now, ' ‘

1im lim mx? (x .2mx) lim m(] ——Zm) (122m) m

7—-)0ff2)" -0 mx+x =x—0 1+m = 1+m3

lim lim

not have fixed va]ue Thus, z]—)O f(z) dcavnol exist,
Therefore f(z) is not continuous at 2 0;

4. Show ﬂzunz-_ the function T(z) is mot <ontinmoms at z = 0 .if
. x 2 ..
(@ ={x!+3y3 %0 : ,,
. 0 ‘z=1 y 4 :
Solution: Given that,
fzy R x +3y 2*D
- 10, z=0

LA

I 4

Since, m is a vmahlc and , ;0 f(z) has valudi in tnmls of'tn. So. z«—)O f(z) does'

This Copy Scaned by -bhum
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Y

so we may wPPO“e

Since. ‘I'(O) = 0 exists. Since, y be a variable.
x = my". Then, y—0 as z—0. .
Now. B . L. p . e
lim - 2my' lim 20T m-
Zh'TO 2= y—8 'y 3y =y-0 m‘+3 “m'+3

This shows that 11_40 f(z) has vallein terms of m and m is a variablé. So.

lim
Zh_n,10 f(z) has no ﬁxed value. Therefore. z-)O f(z) does not exist.

Hence. f(z) is not continuous abz = 0.9

for

2 ' - . p . = X
5. Show that the function f(z) is continuous at z = 0 if f(z) == T
 z#0andf(0) =
Solution: Given that.” ™ |
’ ) _xydx —-2y).
f(z) = iy

Given that. f(0) =
Also, forz # 0, suppose y= mx. where m is a variable, bet
-#Then} x—{) as z—0. ; 3
Cdow. : '
m » lim mx> (x —me) :
z_,,of(z)dz_x_)o s . .
lim mx (1-2m)

=x—0 L+ m® =0 .

'Ihus zh—TO f(z) = 0 f(0). Therefm'e f(z) is commuous atz=0.

6. Show that the functmn f(z) = ““u"“'ﬂzy—")‘_ls not continuous at (0, 0) such

(\E +y)rx+y)
thatf(l) 0)=0.
Solutien: Given that, )
"'r'y—!y— Kl
D= ) i
leen that, f(0.0)=0. ~
Since y is a variable. Let y = m(x*) where m is a variable. Then, x — 0 as z—0.
Now, . e ; ,
‘ lim lim x! (m*x? —x) &
2—0 f2) = x50 F 4 y“m ) (X + X'm)
g uresl)..
Z ¢ 12000 + mH (0 + m'xY)
: -m' - . Y. AR e

“T+m’

.r

This shows thal the value of z—»O t(z) depends upon a variable m, so it does not

s

have a fixed value. So. zl-+0 f(z) does not exist.

'

ng y is a variable.
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i

function f is equal to

: . , _lim z-1i
(a) ‘l%lz—) ' i . ( ‘ l—’l( —i)z+1)
; - ' L ; ’ : lim ( Z—
Solution: Let. f(0) =0 and for z# 0, f(z) =%Z—)'l . AL = z-i (z )
Given that, f(0) = 0. ‘ AR Y - lim ( - ) _ l: 0 J
! . ‘R = k| ey—— in = form
"And.forz20, g | _ e TN A o
' Intz) e TR, (GRS L R () PANEN
= =_x-\[":L;: _ R, L iR TR
;UPposc.y=mx. wheremis'ava:iable. Then, x—,»d as z—>0.' i ; " (b) -5-—;-,3 atzy=2+1
ow. : - ; . e
. 4 ] : ; ’ 5+3i > .
hm@ f(z) hmo S : Solution: Here ,f{z)———t— atzy=1i
2= x— ,P‘ﬁ x-—)O h ,-ﬁs : :
T B l * i - 7- S- : |( ) hm _Z-L:ﬂa)—
4 Here f(z) de nds u lim " SInce, ?*’ TIDL -
; pe pon m and m is a variable. So, 2 _)0 f(z) does not Cxxst L
Therefore, f(z) is not continuous at z = 0. ; g : ko " Sy £12 + i) = (5 +3i) z-'—ll(?ﬂ)( -(2+|)[ (2+1):D
Re(z) R 5 et g V> b lim Q2+iy -7 [g ] ;
(b) 1+1zl . : : , : o e e \ V 45 Bh _{5+3l) Z—+(2+1) 2-(241)] [ (21-1} in @ form
Solution: Let, f(O)—Oand forz:t() f(z) R_e_(.ll_)l : E . : A 4 R —(5 +3:) Zﬁ(zﬂ) T+ + 2= (,H)] a+ir 32)
Given that, f(0) = 0. L il e i A “ 6 _ #3032y 1! 3
And, forz #0, _ ey 5 (& B ! Qﬂ)
. . Re@ .. " x . Q o, e D)
H’z)_l-i-ll = ‘ . . : ; (2+1)
_ o daNfog i vy PR e e oas g
.Suppose y = mx where misa variable. Then x—0 as z—0_. . & 5 e T T T(ST +240) SHES
Mow, : : . = O 3 = L 35430 (7-24D) 11144231 111 +423i
hmof(z) lim __x 0. O e Sl SRV QAiY - 494576 ¢ 625
s z— = === B kAR - ' : S
l x—>01+\}x +mx- 1 0 & _ - T A z"+:':'.r atzy=-1-i :
Thus, 250 f(2) =0 = f(0). Hence, f(z) is contmuous a0, - : el Sy RE !
& : . Solution: Here, f(zy=z +;.r‘-atzu=-1 -1 .
8. Fmd the value of denvatwe of -’ LE s 25 y ——n 7 lim f(z) - f(zy)
g RN : : E ! ¢ Since, . f(zU)‘z-—nu e
" (a) ;Tatz.,_. T 5 - R :
A =t g 2R z +“3 (1+1) . *ulh
) L Ry L ) {1+i) .0 7
Solution: Here,  f(z) =‘Z—+: algy=i : ) g, g S0, . (D —x)_l_:(‘i‘ _,)[ T ] [maformj
Since. f'(zy) = hm f@ - flzy) ) d . 1
D2y z-z, LI RETVER < I » Z_)(u_n_l)
lim(_1 [z-i i- ' ’
So, 'ty =" — Ll : : : :
0. (” l_)l(L—ll:i'i-i ]_'_J) : “ f: : . [4( 1_” _"K

Y
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AP (P 100 - ' \ PEE. : A
===y ; : \ Comparing it with {(z) = u + iv, then.we get.
) ’ o : “ oy = O
: i) ol u = r'cos68. v =r'5in60
= _éi;'h()l : il) (gl =Rl So, U, =6rcos60 " s v, =61 sin6d
i = o
. A6-1) R , , . ug =6 1" sin66, ve = 6,17.c0s60
A+ : - Now, ‘ | \ . )
3 . : . . : . A ' ; 1
' 1 1-1 a-i g 2 : =61 cos68 == 6 1° cos60.=— v ' a
=13(7xiT) =553 N B T PR
‘ | v ; ‘ And. =~ 61° 5in68 = - r 6 r'$in60 =gy,
@ f@= ; i éi atanyz=12y . : L8 . : . Thus, the C-R gquatipu is satisfied. 'mereforc. the function f(z) is fnnalytxc.
Sglotien Hers, | b. f(z) =e" (cosy + ilsiny) ]
- iz42 . ‘ : " Solution: Here, f(z) £e*(cosy + i siny)
flz)=5—F—atanyz= : " A
(2) 3z-617" SR CoN Comparing it withd(z) =u + ivthen we get.
Since : ‘ (o RS ‘ . u=¢e*cosy 4 and v =¢’siny
- h -z, : ‘ :So that, u, =e" cosy- v, =e" siny
Fagy e M 1) = iz ) & ‘ot =" cosy.. S0 s
-y z-12y \ ) : : ‘ Pt _ SUy =—€" sy ¥ 2
e g & ' -+ #Now, = ;
iz+2 izg+2 o B . & L : i -
[31—6i—,3z(,—-6i] o 0 ’ : £rol e 0 u,=e*cosy = vy, u, = —e* siny = —v,
pE—— = | [111 0 form] : : 3 7 Thusgthe C-R equation is satisfied. Therefore, L.he function f(z) is analytic.
Gz-6i-Gz+2)] - fo LI =l
lim (3z - 6i)* : T N o f(2) =22
= # ' - 2 9
-7 1: & ‘B Solution: Here, f(z) =z Z=X"+y.
Bz -6l i-(izg+2)3 . Comparing it with f(z) = u + iv. then we get.
(3zy-6i)° ; . h i u=x>+y% v=0
_ 3izy +6-3iz,- 6 0 , Q- ik " Sothat, u,=2x vy=0 . ;
v T By -6i) T @Bry-6i) T 0. Qs This shows that u, # v,. That is, f(z) does not satisfy the C-R equation.
' : L B Sy Therefore, the function f(z) is not analytic. v .
- I A ) 4 t@)=log A +1 Arga) o WEE
' e o 8 i g A - oy gl Solution: Here, f(z) = log Iz] + i Arg(z) = log(r) +i 8. ‘
‘1. Check for analyticity by using Cauchy4Riemann €quation. : Comparing it with f(z) = u + i: then we get '
NOTE: To check the analyticity af f(z) it sufficient to show that iz) u = log(r); v=0
. .satlst'les.th'e C-R equation i.e.for f(2) =+ iv and z=x + iy then T
1) [z Is analytic if u, = v, ang uf= -y, therwise f(z) is not analytic, ) Then. u,=7,u=0 and v, =0, vg=1,
(i) f(z)is analytic if y, =1 Voand ug= rv,. Otherwise f(2) is mot an L L o .
(iii) g:l)u:.s Leverywhere continuouShif.ug U,, Ve v, exist and has finite i : o =% &, o5 % ___% 1 sd - ug=fy =0=c0=0
a. fz)=2° 2 D e e e - ‘ Thus, {(z) satisfies the C-R equation. Therefore, the function f(z) is analytic. -
y )= ' ‘ P 5 ; 2 : .

Solution: Here. f(z) = 2* =(r (cosf + sing))® [V z= .r (€038 + i 5ind)) A

DeMoiver e .
Olverstheoﬁx% Copy Scaned by bhum - 3 . : 5
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; - Re(z)
C. f(z) = Im(z) *
Re(r) x _ix
Solution: Here. f(2) = Ty =5y = _y -
Compam!“ it with f(z) = u + iv [hen we get,
-X
= H d v=
u= 0 ’ . an Y.
Th 0 __"
=0 Vy =
cn, U' X Ly

This shows thal u, # -v,, This means f(z) does not satisfy !hc. C-R cquanon :

Therefore, the function f(z) is not analytic.
f. f(z)=Re()’
Solution: Here, f(z) = Re (z)'=Re [x* + 3x3y + 3x (iy)* + (iy)“] il
: -Rc[x —3xy +z(3x —y)] . 5 #ly

=x" - 3xy’
Comp-mnv it wnth flz) =u +iv then,
u=x —3xy v=0

So. u =3x -3y v, =0

This shows that u, # v,. 'ﬂus means f(z) does not sansfy lhc C-R equation.
Therefore. the function f(z) is not analytic.

-8 f(z):ifl:xz—yl - o Ry &
* Solution: Here, f(z) = x> - y2. ' N
P Comparing it with f(z) = u + iv then,
u=x‘—y:. v=0
So. =2% v, =0

This shows that u; # v,. This means f(z) does not satmfy the C-R equauon.
Therefore. the function f(z) is not ana]yuc

; lShow that the function f{z) = =Xy+iy is everywhere continuous but not analytic.
olution: Here, {(z) = xy + iy, comparing wnh f(z)= u'%iy then,

f u = xy, v=y - *
- Then, u, =y, V=0 \
i u, =x, v, =1 R %
I'.hxs shows the partial deriv .
everywhere.

BUI U,‘ * V Ihls means ﬁz’ dc ol sal1s y i q SD '-he tu“cnc
. es not sati f lhe C R € Uauon. .

3.  Show that sinh z is an analytic function.
g ] AE ® o] - iv -X = iy
Solution: Here: {12) = sinh z = == I e

(£

alives Jof f(z) are exist, so ‘f(z) is continuous .:

Chapter2 | Derivatire and Analytic Function | 19

‘e*(cosy + i siny) — e (cosy — i siny)
= E 2

g Lew s %y e

ef—e ¢ +¢
3 cusy+l""2 siny

= sinhadGosy + i siny coshx

4

Comparing it with f(/) =u+iv lhen.
u = sinhx cosy
Then . Uy = coshx cosy
. u, = —sinhx siny
Now, ug = v, and uy = Vi
i ;malylic.

= coshx siny
= sinhx siny
v, =ioshx cosy
Thus. f(z) satisfies the C - R equation. Thcrciorc. f(z)

4. - Show that f(z0= 7' is anal\nc and show that f '{7) 2z.

Solutmn Here. {(£) = "-x =5 +°U‘Y
C omparm" it wnh f(z) = u +1v then,
T P e —y and v =2xy
So.uy@2x.  t,=-2y, v, =2y. =2x
" This, u,=.v, and uy = Vg That means f(z) satisfies thc C-R equauon
€ 'I‘hcn,tore. the function f(z) is analytic. .

\ "A]‘-[‘)’

— i

lim [z + A7) =f(z) . -
f (z) =Az-0° Az - -

- lim f?+AZ)—"’Z

= Az—0 Az

o dim 2 +28z (AP -2 g G o ~
=Az-0 Az"

e e ﬁm Az(AzirZz) hm
FAz-0 . Az

0Bz + 21.) = 27_

L

5. = Show that v= 2v¢y —z‘L‘z is a harmonic function. Find harmonic conjugate -

s X“+y
“uofv. . . 2009 (Spring) Q. No. 1(b)
. 1 s s ’ e ’
,?oluiion: He_re.v:ny—;:‘y;: : " T S :
. '2x V 5 R .
- So, v‘=.2y+(—x_':"§;.'3:. ; ;o g
2 + :)_21_ oL B iy
\j',.—.2x—“_ (x*+y) e (x"+ y7)
‘ (C+y) 2= 22xy (XX +y)2x = 3%’ :
And vy, = SIS0 —hﬁ:??? :
(x* +y)(-2y)—2(x +y)lx -y )7)' 2yf3;t3—v:)
\'\'\ =i = - M
¥ i (x"+y) 1 (x"+y7)y

Now. v, + v,, =0 Thus. by dd:nmon. v is a harmonic function.
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] ] I ) : :
f Suppose that f(z) = u + iv be analytic. So. f(z) satisfics the C-R equatioy s v, = ¢* (x cosy - y siny + COsY) )
! Therefore. » ‘ ) : and v,, =€" [x cosy — y siny + 2 cosy|
; ‘ 2x L _ : ;
U=V = -2y Tx+yy ) ‘ Also,  vy=e'[-xsiny—siny -y cosy? |
l 7 ' . and Viy = e* [-x cosy — 2 cosy + y siny]
Integrating w. I. L. y we get, i . 25 v =
X ! ' Now,
u-——y +—w—-*rx +y +h(x) BT R (i) ; i Fvp=c Ixcosy ygmy.,.vcosy]...e ~x cosy - 2cosy+ysmyl
5 z 4 XX v
= g T = cosy —y siny +2 cosy =X cosy — 2 cosy + y siny]
_X‘_.H" : e [x
_'I‘hcn. = +y)_+h(x) , g s
Since, u, =vy. So; h'(x) = 2x.“Then, h(x) = x* + ¢. So. by (i)~ ° ! “Thus. the function v is a harmonic. ).
- | l be an analytic function for which v is given in (i
i x T Suppose that f(z) = u + iv y )
v y g Xty b o ] ‘ ’I‘hgg the funcuon f(z) satisfies the C=R equation i.c. U = vy u.,, =-v,
y ; ok So that, : .
: = ¥ s . . # : p .
6. 'Show that u = & (x cos2y y sin2y) is a harmonic function. Find an | v, = * -l= Dy - yhsy]
analytic function for which u(x, y) is the.real part.. e x s s i !
- Solution: We know that a function u(x, y) is harmonic if u,, + uyy = [) : Then, u@ —e* xsiny=le"y cosy + h(y) - e 2,
e : ; So, u, = —€" x cosy — ¢" cosy + €y siny + h (y)
. u=e™(xcos2y—ysin2y) - ... (i) __singe, u,"B=v,. So that, h' (y) = Othen,
Then.. u,=2e’(x cos2y—y sin2y) + ez*cggzy & ey , | . hiy)=c.

And,  u, =4e™ (x cosy - y siny) + de* cos2y : ;HEﬁCC- by (2).

Also.  u,=e™ [-2x sin2y - sin2y — 2y cos2y] ‘ i £ WSk sny +HE0S}+ T ‘
. And, gl coliy Sy ey Ay sty | O [Thus flz) =u+iv = - [xsiny + y cosy —ix cosy + iy siny] +¢
Now, &=+ s . Y - : = = [ye" —ixe"] +c > i
. 5 : 5 = +y 3 xu\ g £
Uxe + Uy, = €7 [4x cos2y—dy sin2y+ dcos2y — 4x cos2y —dcos2y + 4y sinly] - sl gy
=0, - 5 i Q. - B C =izt e
“This shows that the function u is a harmonic function, . : -
Suppose that f(z) = u '+ iv be analytic function, where u is owen in'G), So, f(z) 8. (leeﬂ that u = x? - y? and v = 7 3, prove that both u and v are
sausﬂes the C R equation. That 1s, 3 ' e K,
Salle m : harmonic function but u + iv is not analync function ofz.
= vs ¥ =-=Vx 5 B
Hete, v, =u,=e™ 2 cos2y.+ cos2y y %mZy] _ & A "« Solution: Let flzy=u+ _w where, u=x'—y andv= u—'ry—'rx_ Y . '

Imegrating w.r.t. y we get. o Sor ug=2x, u,=2 and u‘ =-2y. up =-2..
=e™[y cos2y +x s1n2y} +4i0x)

................ (i) i : = Therefore, u,, + uy, =2 —2 = 0. Thus, u'is a hafmonic furiction
Then, v.=e™[2y cosZy + 2x sifi2y wﬁ} + h(x) 4 ' Also, :
Since, u, = -v,. So, 2x
hx)=0 NI SR Ty '
Then. hix) =c. So that (i) becomes,). ' ‘ ; : v Qy)Zy 2xy 2(x +v).2x Zy[x +v —4x ] i
3 v=ez‘(ycosly+xsin2y)+c. ' ’ ’ e FaTyY o +y)
N : ; gx3+¥3)+¥.2x Yo
Andv, = e PR e D IR 1
7 Sh““" that e'(x cosy - y siny) is a harmonic function. Find the analytic R I ey
function for which the given function is the i imaginary part. ; o 5 {\x +y) 2y — (y R )2(x +y7). 2y Ay AR
"Solution: We know that a function u(x. y) is harmonic if u;, + u,, = 0 A R " +y) (X" +y7y
H 5 ¥y . o
ere. Thus, v,, = Vyy =0. Therefore, v is also a harmonic function. A

------------- (i . . This Copy Scaned by bhum
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Next, uy = 2% 1:-;;:7‘5*

This shows that {(2) docs

not satisfy the C-R equation. Therelore, the functiop
f(z) = u + iv is not analytic. ,

9. - Determine whether the following functions are harmomc. If your anchr Ig.
yes, find a corresponding anal_v, tic funcuon fiz)=u+iv.

{a)u ’T“!

Soh_nion: Here, u ='£z—+-yi
X +y 2x y —x
(x +y )' (x +y° )-
o+ v )f—’x)—(y -) 2% +y).2x
x +y)

So. u, =

And W =

—2x{x +y +2y -2x7)
(x +y')
_=2x[3 Xt -
T CHyY o Sgege e 2

{xﬂ+y’)_

AISG, u, =

A 5 x +Y)"K-’xy2(x +y)2y
i s S

[ ry-dy
T +yy

(X" +y7y

Now |.1m+uW ﬂﬁ)’_;‘x_l 2:: (= ;]

(x +yy X+_y)

Thus, the funcuon uis
a harmonic function’ Theref
ore f(z
function. So, it satisfies the C-R equa”n ie. ) ot E be - ana]y“c

: -_ Uu=v, and' . uy =-v, --‘ ;
Since, u, = v,, that means, e

2 2 2 a0
v\=[_“x_=_fr+ Y yv2 ’
. -"*Y') [.x-‘.',y.)_
" Therefore, v :
ore v _TL‘-+y-+h(x)

So that, v; = —32—"}'—._, e h'(‘x)

Since, u, = -v,. So, h (x) = 0. This gives,
hix)=¢ et |

___———‘-“__—‘_-—_
Hence.

-~ Therefore, ffz)— u +#iv is analyuc funcuon So,

“Therefore. - s> A . . & !

X .,‘Smce. uy = —v, So, h(y) 0. Therefore. h(y) =c¢

/ And. Uy =

Analytic Funetion | 23

Chapter 2 ! Derivative and

: flz}=u+iv =—-9-—'rx,+y,— T+y

v = ~e*siny

Solutmn Here. v =-¢ " siny
~ So,

L =e7 siny, =~ siny
And, v =—¢" cosy o =€ siny
=0. T‘hcreforc. v is a harmonic functlon

Clearly, Vyx + Vyv =
it satisfies the C-R equation i.¢.

u, = vyand u, =

1, = —¢~ cosy

Integrating w.r.t. x then

Hu=elcosy +h(y) : %
Thcn. : u; —™ siny + h'(y)

Hence.
© fizy=u+iv= & [cosy —1i siny] +¢ =e*eM+c =eT+c

=log lzl

" Solution: Here. u = log lzl = log (\‘ X +y )

1 el 1 Ay X
So, ‘u, = W ‘3 (_x‘ E yt) 12 5y =;"+—y“'
K +y)-2x* _ v-x
K+y)Y T +yr

: 2.3
) AiSO, uy =_,J_..., \ -and" uw=—xr';!'|ﬂ'

: +y A WU +Y)
. Now, ; :

2 )
uxn"'uyv "z’—_x"""’-i——x'l:-x'l-'r_o ! ¥

X*+y) (X +y)

il “Therefore. u is harmonic. So. ffz) =u+ivis analyuc and it saLJsﬁes the C-R
5 equatmn, ,le. : '

U =vy and Uy =-v,
'Iﬁerefore vy e : sy
Xty
I.ntegratmg w.T. t.y then,

v—xf?:_LyT+h(x)~— _I(J+h{x) tan_'(l)+h[x)

. : This Copy Scaned by‘bhunﬁ
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Then.

“ ';(l +er

ByC-R equanon.

I \(‘x)vhﬂ) ﬂ—y—ri-h{l)

R M m_‘--ri—.- >h(x)=0.

V—"u\ x+y

lnteoratmg hix)=¢
Hence, v=1an "(x)*'c

“Thus, flz)=u +iv. - . F i o
=loglzl +i LanG)i- c=loglzl +i Argz + ¢ [ 0= tan"(%)]

d v=x'-3
Solution: Here. v =x*-3x*

So, vy =3x" - 6x and Vi =6x—6

*Also, v, =0 and Vo =

0

‘Then. uy, + u,, # 0. This means the function'is not harmonic.

10. Determine a and b such that the given funct:on is harmomc and f nd a

comugate barmenic.

a ac’+by - ;

Solution: Here, u=ax" +'by’
Then. u,=3ax’ and u,, = 6ax
And, - u;=3by’  and  u,=6by
Since, u is harmonic. So,

CUntUun=0 = 6ax+6by= 0
=ax+by=0

The condition will sat:sfy only nf a=0.b=0.
Therefore, u = 0.

By given hypothesis 1 is harmonic. So.‘&f:‘cuon f(z) =Uu + iv is analytic.and

therefore f(z) satisfies its C-R equat:on t
Smce u=0.50,v,=u, = 0
Lm:,‘rdnng W.I. Ly weget, v=hix)"
Then, v, =h'(x) 1
* Since, u satisfies C-R equation so, u, = ~v, .
So, Wxy=v, =y =¢ .
Integrating w. r. 1. x 1hen. hix) =c.

Hence, the harmonic conjugate vofuis v = c

B Ny and Uy ==V,

Thi s Copy Scaned by bhum
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(b) u=e" cosSy

.

, Chapter2 | Derivative and Analytic Function | 25

Solution: Here, u = ¢** cos5y

"11.

So, u = ac" cosSy,  Uxx = a’ e cos5y
And =-5¢™ sinSy, Uy, =-25¢7 €OS5Y

Since, the funcuon u is harmonic. So,
Uty =0" = a-25=0 [Bemg e** cosSy = 0]
= a=%*35
Since u is harmonic function. Thereforey the function f(z) =u+ iv is analytic. So,
it satisfies the C-R equatio:_: ie.
. U, = Vy, Jly'=—Vy
Then, v, = ~Uy=/56""8in 5y 4
So. y=1te*™ sin5;+ h(y)
And, Wy =t 5¢*% cosSy + h'(y)
= +5¢*% cosSy =+ 5¢* > cosSy +h'(y)
B 4 = hi(y)=0.
lntegraﬁn’3~ we get, hiy)=¢
chce the harmonic conjugate of u is,

Sinced, U=y

v==et*sinSy +c.

‘Show that the function u = cosx coshy is harmonic and find its harmomc
conjugate.

Solution: Here, u = cosx coshy

So, u; =— sinx coshy, u,, =—c0sx coshy

And,” ° uy=cosx sinhy _ : : Uy, = cosx coshy
Now,

U, + Uy, = —C0sx coshy + cosx coshy = 0 -

Thus, u is a harmonic function. Then f(z) = u + iv is analytic where v lS harmonic

conjugate of u. So, f(z) satisfies the C-R equation i.c.
Uy =V, o Uy =—V,

Since, u =v, = v,=-sinx coshy.

Then, . * v = —sinx sinhy + h (x)

So. vy =—cosx sinhy + h'(x)

Rince u,=-v, = —cosx sinhy = —cosx sinhy + h'(x)

= h'(x)=0.
Integrating we get, h(x)=c
Hence, the harmonic conjugate of u is,

v =-sinx sinhy +c.
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12. Prove that v = _v3 -

conjugate and find the corresp

Solution: Here. u =y~ X%y
So, u, = —0xy.

And,  u=3y - 3x* u,, = 6y
= 0. So. u is a harmonic function. Therefore flz)=u+iy;
e i is

onding analytic function f(z) in terms of 2

U, = -6y

-

Clearly, Uy, + Uy :

analytic. So. f(z) satisfies C-R equation i.e.
u, =v, and u, =-v, '

Since. U, =v, = ¥y =—0Xy.

Integrating w.r.t.y we get,

v==3xy +h(x) ... (i) gt

So. vy =—3y:+h'(x) i

Since, u=-v, @ 3y’ =3y +h(x)  Shx)=3k"

Then, hix)=x"+c. :

Hence (i) becomes. v =—-3xy’ + x* + ¢

Thus,
fiz)=u+iv=y -3y -i3xy’ +ix* +ic
_ K} X s 2
=i[x"+ 3% (iy) + 3x (iy)* + (iy)’] + ic
=i(x+iy)] +ic : .
. =i +ic

13. Ifu=5x° Ixv? - .
X° = 3xy’, show that there exists ” TS,
W =u +iv is analytic in a finite region. Xists a function v(x, y) such, that

Solution: Here,  u =x*-3xy?
So, u, = 3x%- 3y, u,, = 6x
And, u, = -6xy
Clearly, u,, + u,, = 0.

" Thus, uis h ; Q
hus, armonj i &
L ¢ function. Therefore, w = u# ivéis analvii el
quation. i.e. u,=vyand u, =y . analyti¢,and $atisfies the
) X ' 7 . :

Here, v, =u, =3x2- 3y? Y,
Integrating w. r. ty then ¢ \’
=3 3
v=3ry-y'+hix)  QL.K. (ii)"

Then, v, =6xy+ h'(x) ) ) ¢
And, = N I
Uy=-v, = 6xy+h'fx)=6xy ‘
| = ‘h'(x)=0
Integrating w. r. 1. x then hix)=¢
Thus. (ii) becomes, v = 3x%y -y'+e |

Hence, w = I | )
u+iv=x —3xy1+”3x2yuy3+c)

Qlyisa harmonic function. Determine its hafmon-
o

'

| Derivative and Analytic Function [ 27

Chapter 2

OTHER IMPORTANT QUESTION FROM FINAL EXAM
FOR PRACTICE

. No. 1(a ,
ry part of an analytic

2002 Q. No. 1(a); 2003 (Fall
econd order - partial

Define analytic function. Show that réalland .iniagina
function, f(z) = v + jv which have continuous §

derivatives satisfy Laplace’s equation.

OR

2004 (Fall) Q. No. 1{a
What is meant. by ana
that Cauchy-Riemann equa

function f(z) to be analytic.

OR
2011 (Spring) Q. No. 1(a)
Define analyticity of 'the comple

necessary condition for analytic
f(z) =u+iv,isu, = vy and u, = =V, at any point (x, y)-

Solutions Definition of analyticity of f(z):
alytic at z = zg in D if f(z) is analytic

A complex valued function f(z) is called an
if a neighborhood of ;. A complex valued function f(z) is called analytic in D if
,, it isidefined and diffe_renliable at each point.of D.

Second Part: See theory part of this chapter.

2004 (Spring) Q. No. 1(a)

Define derivative of an analyt
3 -—-1 - - . e
();_3 (z#Iis analytic. (i) Re(z) is not analytic.

2004 (Fall) 1(a) OR ,

" Define harmonic function. If u = sinhx siny, show that u is harmonic. Also
find its harmonic conjugate and the corresponding analytic function.

nction f(z) at the point Z = zy? Show

Iyticity of the fu
nditions for the

tions> are the necessary co

x valued function’ f(z). Show that the
ity of the complex valued function

ic function. Show that

Solution: Definition of harmonic function:
Let, f(x) = u + iv. Then u is called harmonic function if the condition

Uyx + Uy = 0. In this case v is called harmonic conjugate of u(x. y). And, vice—

versa.
Problem Part: Here, u =sin y sinh x :

So, u, = siny coshx, *ui,, = siny sinh x

And, uy = cosy sinh x u,, == sin 'y sinh x

Now,

Uxx + Uy, = siny sinh x — siny sinh x = 0.
Thus, u is a harmonic function. Therefore, f(z) =u +iv is 'analytic. So, it satisfies
the C-R equation i.e. ‘
U=V, Uy==V,

Since, uy=v,.

Thi s Copy Scaned by bhum |,

http://t.me/engi'neers np

Scanned with CamScanner



eering Mathematics IV

28 A Reference Book of Engin
¥ —‘-—-___‘_\

= v, = siny cosh Xx.
Then. v=-cosycoshx+ h(x)
™ So, v, = —cosy sinh x + h'(x)
Since, Uy =—Ye =  COSY sinh x = cosy sinh x — h'(x)
' = h(x)=0.
Therefore,  h{x) =¢. '
Thus the harmonic conjugate of u is,
v =—cosy cosh x +c.

2005 (Fall) Q. No. 1(a

Define analytic function f(z). Show that the necessary Vcondition for
analyticity of a‘function f(z) = u + iv at z = x + iy is to satisfy the Cauchy

Riemann equation. Check analyticity of f(z) = z.
Solution: First Part: See exam question solution 2002.

Problem Part: Let z = x + iy. Then f(z) =2=x-—iy. = u+iv=x-iy.
Comparing the real and imaginary parts we get,
u=xandv=-y,
So, u, =1 and vy=-1.

Here, u, # u,. So, f(z) =z does not satisfy the C-R eéﬁation and so f(;v.) isnot

analytic function.

2005 (Spring) Q. No. 1(a) ~=
Define analyticity of a complex valued functi @ 3
is harmonic and find harmonic conjugate ocft::'n f2), T et N\ i
Solution: Definition of harmonic function:
© Let, f(x) =
Uy + U
versa,

Problem Part: See Exercise 2.3 Q. No. 14.

i 0u1n+ lV Then u is called harmonic function if tim : condiu:on
yy = 0. In this case v is called harmonic conjugate of u(x, y)'and) vice-

2006 (Fall) Q. No. 1(a)

Define Laplace equation and harfon; f\sl’
T - nic un: i i
that u = ax® + by’ js harmonic and Rndlbarmy 1‘0;. Determine a and b such

Solution:&mﬂm‘wﬂ ni conjuga‘te.
Let, fx) = u + iv Th : N

. €n u 15 called d . ;

U+ Uy, = 0. In this case v is called b harmonic function if the condition

Bl armonic conjugate of u(x, y) and vice-

. Problem Part; See Exercise 2.3 Q. No. 11(a)

| -

, 2006 (Spring) Q. No. 1(a)

- ) ; f So
This Copy Scaned by bhum
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o
2
Wy +x -y -y

the function u(x, y) =
Shoy ISk £ ¥ is an analytic

tic function. i
Define analy n v(x, y) such that u + Iv

is a harmonic function. Find a functio
function.

i iti jc function:
- Definition of harmonic ' . . N
el v. Then u is calledhharmonic function if the condition

‘Let. f(x) = u + i N ] v
Il:et + :’1 ) = 0. In this case v is éalledyharmonic conjugate of u(x. y) and vice
ax ¥ Uy T
versa. e N V. °
Problem Part: Solution: Here, u= ICYERX Y -Y
So, u, = 6xy + 2%, u,, =6y +2
And, u,=3x3—3y3—2y u,,,=—6y-2.

u is a harmonic function.

Clearly, Uy, + Uy = 0. So, Py
f(z) satisfies C-R equation 1.¢.

Therefore f(z) = u + ivbe analytic. So,
u, = vy and uy = —Vx
Since, U, =¥, = Vy= 6xy + 2x.

' lntegr'ating w. I. Ly we get,

5 v=3xy’+2xy+hr_x) ()
So, Vi = 3y* + 2y + h'(x)
Since, u,=-v, = 3x2= 3yt 22y =3y’ - 2y - h'(x).
= h'x)= -3x% .
Integrating w.r.t. X then, hix) = x'+c
Then (i) Betomes, Ve—Ixyien e
Thus, :

fz)=u+iv=3Cy +x3 -y’ -y -i3xy’ =i X +ic

2007 (Fall) Q. No. 1(a); 2016 Spring Q. No. 1(a)

Define analyticity of the complex valued function f(z). If f(z) =z + 2, check

analyticity of f(z) by using Cauchy Riemann equation.
Hint: Define analytic function. Verify the C-R equation by f(z).

2007 (Spring) Q. No. 1(a L :

Define harmonic function. Verify that u = x* =y’ — y is harmonic and find

conjugate harmonic v of u. Also find the corresponding analytic function.
Solution: Definition of harmonic function:

Let, f(x) = u + iv. Then u is called harmonic function if the condition

Uy, + Uy, = 0. In this case v is called harmonic conjugate of u(x, y) and vice—

versa.

Problem Part: Here, u =x* — yl G
) uy = 2%, Uyx = 2
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And, U'\ =-2y“ | u_\'_\-=—2‘

Clearly. Uy, + U, =0 So. u is a harmonic function.

u + iv is analytic. So, f(z) satisfies C-R equation i.e,

arefore ¥
cand u, =-vy
5> vy =2K
an y we get,
vl WX} e (1)
So. vy =2y +h'(x)

Since. u,=-v, = =2y-1l=-2y-h(x) = h(x)=1
Integrating. hix)=x+c¢

Hence (i) becomes, v=2y + x +¢

Thus,

flz)=u+iv=x’ -y’ —y+i3xy’ —i2y +ix +ic.

2008 (Fall) Q. No. 1(a)

?Itatc Cauchy Riemann equations and hence show that the function f(z) = |!
is nowhere analytic. -

Hint: See theorem for first part. .
Second Part: Here, f(z) = zFF = x* — yz.
Comparing it with f(z) =u +ivwe get u=x" —y*and v = 0
So, u, = 2x, v, =0.
:::; ;; :n a‘;;li?ls means f(z) does not satisfy the C-R equation. so f(z)s
. 2008 (Fall) Q. No. 1(a) OR

D'eﬁne a ha.rmonic function and its harmonic conjugate”Show that(x, y) =

sinx ?oshy is harmonic and find its harmonic conjugate v(x, ¥),s thx, s

function f(x, y) = u(x, y) + iv(x, y) is analytic. 7y 'a‘ b
\ Solution: Definition of harmonic function: . g

Let, fix) = |

Uix + Uy,

versa.

=Oul:“:y. Then u is called” harmonie. function if the condition
] 1 case v is callc&nann’onic conjugate of u(x, y) and vice-

B

Problem Part: Here, u = sInx cosh x

0, = Y . == CO y
S Uy = COoSX CDSh s Uy Sinx Sh

N v = Sin X Sinh y =5l ‘ y
And u. = &, = CO!
. vy .sln X Sh X

Uxx + Uy, = sinx cosh y — sinx cosh y=0

ThUS uis a h i =.
e 0 darmonic fun ti . T + £}
l A 10 ; .AC 0 T‘h(ﬂ'cﬁ) (] ﬂz) u v i..\ ;na]yliC. SO‘- “Z)
u, = Yy u; ==y |
| SinCL’. u, =v

¥ = Vy=cosxcoshy.

2008 (Sprin . No. 1(a

nalytic Funetion | 31

Chapter2 | Derivative and A

vegrating w.r.L. ¥ then,
v =cosx sinh y + h(x)
v, =-sinxsinhy + h'(x)

[ferentiating.
sin x sinh y = sin xgsinh y + h'(x).

since, U=V« =
= hi(x)=0.

Integrating hi(x) =c.

Therefore, Vv =—C0SX sinhytc T

Thus. f(z) = u + iv = sinx cosh x =licosx sifih y +1¢.

Define harmoniesfunction. Prove that u = y = 3x%y is a harmonic function.

Determine its/iarmonic conjugate v of f unction f(z).

Solution: Definition'of harmonic fdnction: ' = Py
Let, f(x) = u + avgThen u is called harmonic function if the conda_non
Uy, +y, =0 and such case v is called harmonic conjugate of u(x. y)- And, vice—

versa forv.

" profiemiPart: See Exercise 2.3 Q. No. 13.

2009(Fall) Q. No. 1(a)
Deéfifie harmonic funct ;
function u(x, y) = X2 — y2 =y is harmonic an

jon and its harmonic conjugate. Show that the
d find a harmonic conjugate v of

u.

WSolution: Definition of } iction:

Let. fix) = u is called harmonic function if the condi‘lion
Uy, + Uy = 0. .5 called harmonic conjugate of u(x. y) and vice—
versa.

Problem Part: Se¢  Jm . of 2007 Spring.

2011 (Fall) Q. No. 1(a .
* State and prove the nccessary condition for a function f(z) = u + iv to be
analytic. v

Solution: See Problem Part of 2002.

2012 (Fall) Q. No. 1(a) e

State Cauchy Riemann equation. Using these equations, show that the
function f(z) = Z* is everywhere analytic. d

Hint: Solve as in 2008.

2015 (Fall) Q. No. 1(b)
Define Laplace equation. Test u = cosx cosh y is harmonic or not. If yes, find '
the harmonic function and the corresponding analytic function f(z).

Hint: Solve as in 2004 fall Q. No. 1(a) OR.

2017 (Fall) Q. No. 1(a
Define harmonic function. If v = argz is harmonic? IF ycs, find a
corresponding harmonic conjugate.

Hint: Sec definition and ex. 2.3 Q. 1(d).
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SHORT QUESTIONS

2004 Spring Q. No. 7(a

If u = x* - 3xy* show that u is harmonic.
Hint: See part of Ex 2.3 Q. 14.
2006 Fall Q. No. 7(d) .
Check analyticity of f(z) = 2",
Hint: See problem part of 2008 fall.

A

Show that z is not analytic.
Hint: See part of solution of 2005 Fall.

Find real part of *,
Solution: Here,
f(z) =e* =™ = g (cosy +1i siny) = ¢* cosy +ie* siny .
Thus, Re(e”) = Re(e* cosy + i e* siny) = e* cosy.

2009 Spring Q. No. I(a)

Express the function f(z) = sinh z in the form of u + jv
Solution: Here, -

z ~Z X + v —X =

; ef-¢ Y _ a~k=iy

fz)=sinhz=—==+—- _&_ "€ "
2 2

=X

e e € ‘
=7 (cosy *+1siny) -~ (cosy - i siny)
ex__ -X X —X )

= cosy‘—2——+isiny£'—+2—e— ¢

= cosy sinhx + i siny coshx

2009 Spring Q. No. 7(b 2 . W
Find the derivative of f(z) = =" . )

i :
z+2iatz=1
2009 Sprin . No. 7(b

Verify u = ¢* siny satisfies tw

2016 Fall O, No. 7(b

’ y ’ i E R M
Examine whether Z Is analytic or not?\ o
2016 Spring Q. No. 7(a) : 4 i

0 dimensional Laplace,

Ifz=u+ivisa

n analytic funeti / ) ‘ ;
Laplace equation, Ko then prove that u and v both satisty

Qaa
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Unit 3

'CONFORMAL MAPPING

2 'Exercise — 3.1
Transform the rectangular region ABEDyin z plane bounded .by X = 1,
x =3,y =0,and y = 3 under the transformation f(z) =w =z + 2 +1i.

1.
Solution: Given, function is, . : .
f(z):w=z+2+i=x+iy+2+|=(x+2)+|(Y.,. B

Since f(z) =u +ivand z=X +iy.‘S_o'. we get.
‘u=x+2,v=y+l

The transformation is as

in z-plane x=1 x=3 y=0 y=
in w—plane u=3 u=>5 v=1 v=4
Thus, thié region inZ=plane is mapped into w—plane as in figure. )
v v
| 4 4 -
§ 5 - % -
ey 2 Z
! 1
5 ré — x 'A i
O 1 2 3 4 ) 0 3 4 5

z-plane W-plane

2. Ifu=232+ y’ and v = )S, show that the curves u = constant and v =

constant cuts orthogonally at all intersections but that the transformation
W =u + iv is not conformal. ‘

Selution: Given, function is,

u=2x"+y*andv=

i

4 b
Then = = _'_!; —zz
I'hen, Ug=4x, u,=2y, v, = = Ly 5

Here, u, =4y # v,. So, by Cauchy—-Riemann equation for analytic in a complex
. Plane, the given function f(z) = u + iv with u = 2x% + y,v= X; is not analytic.
This implies w = f(z) is not conformal mapping.
3. For the conformal transformation W= sz. ﬁnd the magnification and the
angle of rotationatz =1 + 1. )

Solution: Given that w = 2% is conformal, So.w=2"is analytic. Therefore, w' exists
and w' = 2z. At the point z = 2 +1i,

w=2012+1)=4+2i
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Then. the magnificatio

n of the conformal mapping atz = 2+i1s,

"W.).”_=2+|I=H+2“= l6+4=\[§6

And angle of rotation at z=2 + iis,

o =amp (W (2 +i)=tan” @

Solution: Given function is

atz=2+1

(2 o ®)

=tan”|7) =tan"(7 ).
4. Determine the region of the'mapping w =iz in the w plane corresponding to
the region bounded by x =0,y =1,y =x.

f(z):w:iz:i(x+iy)=—y+ix_.

Since we know

flz)y=u+iv and z=x+1iy.

Then we observe

u=-y and v=x '
The transformation is as in table:
in z—plane x=0 =1 y=x
" in w-plane v=0 =-] v=-u

The region is z—-plane is mapped into w—plane as in figure, i

y v
y=x
o |- '
-
= |-
I
> X
(0]

z-plane

5.

.

Determine the region of transformatioh wi= 2z in the w plane where the

region is z-plane enclosed by the liris x = 0, y=0,x+y=1.
&

Solution: Given function is,

Since we have

fiz)=u +iv

‘ ‘.
flzy=w=2z =2(Ny) = 26 + iy
& ,

6.

i3 where the region in the

Determine the region of transformation w = 2ze
z-plane be bounded by x = 0,x=1%y=0,y=2.

Solution: Given that”

(V=W = 2ze™ €2z (cosm/3 +i sin/3)

1 3@)
=2z 2+l 2

=(x+ip) (1 +13)
=x-y 3+i(x\ﬁ+y)
Comparing it with f(z) = u + iv thén,
u=x—y\ﬁ. v=x\ﬁ+y.
u+3!3v'

Sothatx = 3

Then the transformation form z ( = x + iy)-plane to w (= u + iv) plane is as
tabled. v

By observing we gel,

u=2x,

and i:x_-;-jy‘

V=2y

The transformation is as tabled:

in z—plane

=il y:O

X+y=l

in w—plane

u=90

v=1()

Uu+v=2

Thus, the region in 2—pl

ane 1s mapped into w-plane as in figure.
.

in Z-plane x=0 x=1 y=0 y=2
in w-plane =—\3v |u=4-3v | v=A3u v=8+y3u
Now, the regior{ in z-plane is mapped into w—plane as in figure.
; \ .
&
A - -y
1 ¥ &
: | ,._:\)
2,
= [/
il =4 o
= u _ 3,
7 : ~ u
AVAYATARIRS b
y= 0 x e
-pl
Epie w-plane

Since (i) u =—-'\{§ v passes through (0, 0) and (—\ﬁ, 1). (ii) u = u = /3 v passes
through (4, 0) and (0, 4/\[5) (i) v= \ﬁ u passes through (0, 0) and (1. \ﬁ)
(iv) v = 8 +4/3 u passes through (0, 8) and (1, 8 +\ﬁ).
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i

A 1
7. Obtain the image of the infinite strip 0 <y< Eunder the 'rﬂﬂSfOI‘matiﬂn

W=;-

Solution: Given that
1 1 X—1i
f{l):w:z——x+iy =Xty
Comparing it with f(z) = u + iv then,
u=‘!‘x""‘.'.v=‘.‘:y".'
; X" +y X +y
then
u =y
e Y 0+ v

Here we have to observe the transformed image of the infinite strip
O<y< /2 underw=l/z.

The transformation will as:

in z-plane [ y=0 ’ y=11
in w-| v=0 wCHv+1)P="
plane i

Since u” + (v + 1)* = 1 is a circle with radius ] and having center at (0, - 1),
Thus. the region in z-plane and image image in w—plane is as in figure.

Find the bilin.ear transformation which maps the points of the followings.
@z=1,z=i,z=—jinto the points®y

fa=u = w =0, w.='-j and find the image
Solution: Given that
> 4
z=lz=1i,z="imapsi i

‘ ] PSIDlo w=i, w=0 w=—j

e ¢ ) . , w=—i. :

: e know u?e bilinear transformation.of z Zy#5, 23 in z-pl

n w—plane is p - ©3 10 Zplane and w, wy, wy, w;

(w—wl)(ws—W1)_r_z—z[!(Zw—Zz)
2 Wy - w, Tz-23)(23-2,) (D)
Subsmulmg the given valyes in (i) then i
W=)0+i) (z-) i
. D _z-1)(i+i)
rw+:)(0—1)'(z+i)[i—1)
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—(w-i) (z=1)(2i)
= w+i) (z+DG-1

_(w-i)z+i)i=1)=(w+i)(z-1)(2])
—w[(z+i}ﬁ—l)+(z—I)2i]=i(z—l)2i-—i(z+i)(i-l)
—w(zi—z-l—i+2iz—2i)=-—22+2-—i(iz-z—l-i)
w[z+1+i(3—3z)]=—21+2+z+iz+i—l
(=) +i+1) : i
= WS+ D) +i(3-<82)
This is required bilinear transformation.

[Note: To obtain the book's answer process withz=1, i, —1 and w =i, 0, -i]
0, —i. Since the

=
=
=
=

Solution: Given that the peints z = 1, i, —1 maps onto the points w =1,
transformation preserves by
(w-wlWw-w;)) (&2z)(z-z)
(W — W3) (WamW)) ~ (2 -23) (22— 23)
: fw—i)(0+j_(z—l)(i+ 1)
W+ 0-D"E+DG-D
(w—i) iz—i+z-1

P Twed-iz-z+i-1

=:r‘w(iz—z+i—l+iz—i+z-—1)=i(iz-z+i—l—-iz+i—z+1)

= w2iz-2)=-2iz-2 .
—(iz+1) —i(z—i) —(z=i) i-2

S OWETETT T+ T 2+ Tz+l

This is required linear transformation.

And,
i-2z e
w=yT7 = dw+D=i-iw |
_i!l—w!
= T 1 w

Given region is Izl < 1. So

ke
Nl+w

<l. = ll-wi<ll=wl

(=w)(1—w)<(1+w) (1 +w)
l—w-;v+w;<l+w+\;+w;

2(w + \;) >0
22u)>0

= u>0

LV (S

Thus, the image of lz) < 1 under w = >~ is the right half plane of w-plane.
' \

i
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-3, w::-l; .-lamrlfindummtt

() z=0,z=L2= oo into the points w =
point of the transformation.
Solution: Given that .
=0, 1, %and w=-3.-1. 1
We know the bilinear transformation of Z. 2.

in w—plane is
(z-2)(Z2=23)

(w—wp) (Wa—wi) _
Slz-z) (-1

(W — ws) (w2 =Wwy)

Substituting the given values in ( i) then

(w+‘1)(—2) 2(1=00) lim z(l
(w—l)(Z) {(z—00)
w+3 Iim

e

= w+zw=z-3

z-3

z+1 _

This is required bilinear transformation for the fixed point.

| - . Here, w=ﬂ
z+1

= w1

= w=

For the fixed point.

| z-3
| z-"';__l’=> 22+3=0 = z=:i\[§'

‘ Thus the fixed points are z = + l‘\(-_

€ z=0,z=-1, z-untothepmntsw-:,w 0, w= wandﬁndlilelmageof

;‘ the unit circle 1zl =
1 Solution: Given that

'2=0,-l.iand w=1i, 0, oo,

is,

Cw=w)) (wy —wy) _(Z—kZI){Z'!‘-Z]) )
-y w—wi)(wy—w) ~ (z2-24)(z, - 2) SR,
Substituting the given values in ( 1) thien

w0 (z-gf- 1 By®
{W-W)(O-i)_(l—i)(—l—O)

lim (w =i 201 +i)

I—=oo{w—r)i_ (2—1)
= =)
i [m s form:I

L +i) _ lim (w—iy¥

L=l I (w ~r1)j
- lim {w=1)
L T30 —j
_(w=i)

=1 =W =iwe

2, 23 in z-plane and w, wi, w,.y,
-t l

L GQ)

-1 i Ef
“roe 2-T In . form

We - .
know the bilinear transformation of z; z,, z., z; in z—plane and wow,, w. w
ad ] )y 2y W3

Chapter 3 |Conformnanppingl 39

7‘”+”—-I=iw

= (2-1)

ITz01+i D+i _L(i_Z:_i)_g:f__‘.
= w=7 7=1 =i\z-i1/ z-1

i
ired bilinear transformation.

This is requ
z+1 ;
=— = z(w=1D=h+1¥
Here. W= g
1 + 1w

= ISw-1

Given region is 1zl = 1. So,
14wl o ji—igwi=iw=1l
wal
) (—i+w)(-i+»'v)=(w-1).(&-1)
% 7=> —l—i(&+w)+w§=w@—w—\'§r+l
= —2iu=-2u+2
= —iu=-u+2
L = ju=u-2
This means the image of Izl = 1is v=u— 2.
2z+3

9. Show that the transformation w = 5

maps the circle x* + y-dx=0

onto the straight line du +3=0inw plane.

Solution: Here,

So.

Now,

_21+3
W="2-4

= wz-4w=2z+3

F_4w-f-3
7 2SS

4u+4iv+3 u-—-2-

= X+HY=T0 -2 Tu-2-iv
4u* — 8u = 4iuv + diuv — 8iv +4vi+3u—6—3iv
= (u—2)+v
_4u’-Su+4vi-6 ( -1lv
S _du+vied TN@-du+v+4
x_4u1—5u+4v"'—-6 1y
T u—4u+v +4 YE\ ~—4u+v +4)
X2+y1'-.4x=0
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ineeri i . ter3 ¢| Conforma
40 A Reference Book of Engineering athematics IV ?hap :

(= Su + 4y = 6) # (11V) = ddu™ = Su + 4V = 6) w7y - 5+ 21 = How + D)

: = =
e vi+d)=0 .. T )
{ e ) =d(w+ D dw+
1 16u* + 250° + 16v* + 36 400’ + 32uv* — 48u° + 60u ~ 40y, = (5+2w}(5+ 2w) B
| = o c 4 1 2 _ edu? + 200° S _ —_lblw;+]+w+w)
5 o asvt+ 120V - J6u’ + 64u’ — 160V - 64u7 + 20u” - goy2 o 25 +4ww + 10 (W4 W)= -~ _ i
3 ' Z%ﬁu 1(-)801:- 16u3V'+64uv‘-16v‘-64v‘+24u = 96u + 24,2 ol 5% w3 DA 16 @B+ 1 +2w)
+96=0. . 3
i . 4 5 2\ ]2V'+12u"'9=0
= 1430+ 137 + 132+ 4du’ + 44u —20v°u +24v7 + 64uvi =g = ts : :
1 : 1 2 iuss=qf .
10. Show that the transformation w = z + ;transform r = constant in the , = u+tVv 47 : e
: | ; : tion. 3
plane into a family of ellipses in the w planc. Also show that the point 5 -. which is required transformatl : w
{ 1 nd - OM FINAL EXAM FOR
which w = z + = is not conformal. TANT QUESTION FR 3
z OTHER IMPOR : ,
y &8 - PRACTICE
Solution: Given that E i i d :
I 2015 Spring 2(b ‘ ,
w=z+— = h . : " 1 . iangle
= to the triang
E : z Determine.the region of w = ¢4 in the w-plane corrgs:ondlfgyo e e
ince we have, ; s o = 0, and X e
s 1 : régiom, bounded by the lines x = 0, ¥ :
w = U +iv = r{cosf + isinB) +;(cosB - isinB) ' {z-plane. o : :
' #2016 Spring2(a) OR : = mal mappings.
e v ' : ) : 4 " Define conformal mapp ing: NinI;eCl;hfl Zt’;‘;n: fboclfl:l:::,; byx=1,x= 3,
. e . .1 1 o 04" Pranslate the rectangular region ABCD 1 " trate ‘with
. u =acosh, v = bsin fora-r+r,b=r.r _ S . Y =0 and y = 3 under the transformation w =Z + (2 + i)- Illus: ré
Since Izl = r = constant with r # 1. ‘ K v 4§ W figure also. - - : ; @t . .
Clearly a > b. This means the circle Izl = r ma ;e laRRe © 2017 Fall 1(») OR : 5 ‘ i
=1 mapped onto the ellipse in w-plane, i3 formation
Next, oo Tk g -p d Find the fixed points and _the normal form of the bilinear translor
W _1v . -1 _z-D@z+1]) R » w= 15-:—} . Also, determine the nature of this t;ansformanon.
e B e O\ S
Clearly w'=0at z= 4 1. So, the function w js not conforméi'at Z=41. : | : g oL ewdiaan

1. Find the bilinear transformati -4z 1

‘ ransformation of w = 4z <2 » Mapping the circle’lzl = 1 in
w plane. h -
Solution: Given that

o :
\0
W= ———-5 — 4Z / :

s el (1) . 4
= (4z-2)w=5—.4z y
= 42w+ =5+2w

_S+2w
| 2SAwe D
Also, given thag (i) maps the circle [zt

S5+ 2w
Hw + 1)

=1lis w—p]‘;mc, 50

=] t 3
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— LE ES TIOX Green's Theorem in Plane o
i P Let R be a closed bounded region In xy—plan:l: I\;avlrmsc

A simple closed path is a contour. . ' . finitely many smooth curves. Let. Fy(x, y) an F; x‘r yw
| ‘ | continuous and have conlinuous partial derivatives every

Contour Integral

boundary ¢ cORSists of -
y are functions that are

here in R.

An integral over a contour. is a contour integral. If acurve ¢ has a c(}osed path . ‘Then, ) 5. @F
then the integration over the curve ¢, is called line mlcgra!lon. It is denoted as L ; f-(Fldx £ Fady)= ff(_a_x.__a;i)dx dy
) ff(_z) dz where z be any point in the curve. ' ; o i ‘
c L g f S (i) {(udx - vdy) =ff(—v,(—u,) dxdy
Properties of Cont8ur Integrals : : y : :
(1) If the contour c is made up by two arcs ¢; and ca then & & R

f(z)dz= (f(z) + [f(z)dz . . (i) -‘(Udy;Vd)“)=ff(ux_Yy) dxdy

Cauchy's Integral Theorcm
- If f(z) is analytic ing simply connec

(2) ~ If c* be a reversed direction of a given contour c then, : '. |
' c ted domain D then j‘ fiz) dz = 0, j-'or every

ff(z}dz:- f(z) dz v ]
<
RS le closed path ¢ in D.
- gSimple closed path c in 1.
(3) Foraand b are any constants, i . olle 2l o Fos iv and z=n+1y. N
: f[af,(z)+bf3(,z)]dz=a (2} dz+bff1(z) dz e L Rflend : :
c R g - g ; 'j‘ﬁz)dz:f(unv)(g“idy) .
(4) Let ! be the length of the curve and the constant f(z) is bounded by a A V4 3 P c
constant M i.e. if(z).S M, for z lies in a closed contour C then, =~ = | A ;= j‘(udx —vdy) + ‘;j‘(udy + ydx) sepevniba (1
,ff(z)dz <M : B o R 2 g 3
€ > : R Since, f(z) is analytic in D. So, it satisfies the C-R equation. That means uy, Uy,
QU v, and vyexistand - 7 p _
h - N ug=v, ° ...(2) and u=-v,, (30

Simply Connected Domain . ~
A domain D is called simply connected if any

curve C which lies in D is closed without having
any passout of this domain.

By Green's theorem,

: f(udx —vdy) =" i f(-'v, —udedy = [ [Odx d'yg 0
¢ : R '. R =

_Multiply Connected Domain ! ik %z ‘ ] = b i . [Using (3)]
A c@main D is called multiply connected if ibis not © o and, j’(udy +vdx) = ff(ux -v,) dxdy= ff( )dxdy =
a sumply connected. \ . i | 4 - |
Indefinite Int i A ’ [Using (2)]
Lei f(z) i:g:::]] o:.l 0? s apaly tic function 7 etk ., Now, using these results in (1) then,
il Yhc In a simply connegted d6main/D. Then, there is an analytic . j'f(l) di=lis 10=0
ction f(z) such that Fiz) = f (), $o. ff-.(z) ? i) _ i s
; f(z). -
: o
If there js 1 ; - = : ; '
’ W;POInts Z12nd 2yin D then, _ j Independence of Paths: ‘
-f(/) dz = f( ‘ . ) JLet, z; and z; are two points in @ domain D. Then an integral of fz) is said 1o’
f el _ ; have independent of path in a domain D if the value of the points depends only

4 on the initiaf point and the terminal point but not a choice of the path in D,
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Theorem:
If f(z) is analytic in a simply connected do

independent of pathin D. - £
Proof: Let. z, and z, are any two points in a domain D. Consider two paths ¢, and ¢,

joining z, and z, in D without further points.
Assume that c-* be the reversed path of ca. Th
from z, 10 z, over ¢, and from z; o 2y over c3%

en the integration of a function {3
is a simple closed path. Then by

Cauchy's Integral Theorem, ; _
: 2
j'f(z) dz + Jfﬂz) dz=0
< CZ* \ E & Ca
= ff[_z)dz:-ff(i)dz - vagenendd) :
¢ c* '

Since. the integration of a function over a reversed path takes negative value,
Since. ¢.* is the reversed path of ¢. So. ‘

'ff(z),dz=— ff(z) dz -
Cs - C:* 4 d
Then. from (1),

f[tz) dz=ff{z} dz.-
c Cs

This shows that the path c; and ¢, are independent.

LY

Extension of Cauchy Integral Theorem
Suppose fr_z_) be an ana]ytivc function in the muliply connected region R. Let R
ct;ns:sts a simple closed curve Cin R and inside it. two non—intersecting simple
212:22 curves ;1 anc. ¢, are lying in c. Since, the curve c is introducedias dsimpic
curve by joining the curve ¢ and c; by a line s
another line segment. ad g mg £ b St
" gen ll;h curve ¢ with ¢, and ¢, becomes a closed curve without| efoss itself.
_ €1, the miegration becomes O (zero) by Cauchy Integral Theorend

This proves that i : i t and
proves that if a closed contour has simple closed curVes insidesit and join

them original path. Then, :
ff(z) dz= ff(z) dz + ff{z) dz =0
. 4 QR
Cy Ca

If the cur i ny & ‘
Wiﬁ on'ug i\;}; ccl::.:z Er:;telyumany cem_nur§ (n~comtour) and connected each of them
en 1c‘contour again assimple closed and have value zero

Cauchy's Integral Formula -
Let f(z) be analytic in a simp

. ly connect, s
D and any simple closed pa cted domain D. Then, for any point zy in

th c in D that encloses Zy Such that.

Z
L s=zmpey
C »

where, the path ¢ is taken in counterclockwise direction,

;nairt D then the integral of Jz) i

" connecled region bounded by ¢ gnd Cy.

. Since, € be any arbitrary positive number,

| Complex Integration | 45

Chapter 4
Proof' Lci ¢ be a simpleclosed path in D. Consider a circle ¢y in € having radius r and
: centre al Zy. ' ; )

Mz is analytic in the simply
7=y

ytic in D then
gral Theorem.

Since. the furiction f(z) is anal .
Therefore by Cauchy's Inte

fiz) . fiz) - =‘,0
fo-ut " fe-u® TR
C- < x Py ¢
(o) M (2 PR N (i)
= z-—zud’" S Z |
c : ! P
Put z -7 % re® on'c l‘50. dz = r ie® d. Since c, is a closed contour so. the,
L —fp = i . 8 )
function varies from 0 to 27. Then,
27 il i
: riet do
L e W
-2 e
CJ : 0 ‘ ‘ .. - "
. BT AF - SR W L b i (i) B !
Sitice. (Z)is 'analytic. so it is continuous at Z = Zy- Then by definition. for any
" &80 there exists 8 > 0 such that.
lz—zt<d = If(z) = f(Z)l € eevmvereenn (iii)
e f(zy K y—flzp) , -
), _ I 2 =Rl using ()]
fz_zudz-fz_zudz+f -2, z [ [
G ; c € :
. B f(z) — flzy) ;
=2mi f(zy) + f e dz  ..osees (iv)
€y
Here,

2y = f(zy) gl @.__ﬂﬂﬁ!_km <£_2;:8=21!£
Z-20 1z — 2yl )
Cy i ‘

(] z .
_ So, if we made ¢ is sufficiently small

then, o ‘ v
j;f D= 4. ng W)
. z-2
£ C]" | et =
Hence, from (i), (iv) and (v) then we get,
(@) 4, = 216 f(zo)..
4y P

fi-z

Cc

Cauchy's !nieg’gal Formula for Derivative of an Analytic Function.

Statement: Let f(z) be an analytic Sfunction on and in_a simple closed curve ¢

enclosed in a simply connected region R. Then, if z, be a point in c, we get

et 2w
fmﬂ'd; =57 (@) forn20.
¢ e
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a6 A R‘eierence 300k of Engineering Mathematics IV~ ‘ — i | : . ’ : S % Gomiples Integrnhnn | a7
- Exercise'—'4 e . B —2 z. sin 32| ™ 3 %,__ sin Zmr o _ﬂnzlz_“.
Integrate the given integral in the given path. | i PR AR
% fR ] izt BiUERRE gt o e . 3 J‘ Re(7 ) dz, where ¢ is the unit circlc, countetclockwise.
K T e 2 o2t - "9+i5.in29.
. . - =e . =CO0S <
Solution: Here, the curve have a path from (1, Hie L +itc (3.2)1e. 3+20. Solution: Here.z = ¢ (being r =1) then 75 £(e") '

d ¢, as shown in‘ figure. ' So; Rc(/ ) =cos28 and dz = ic" db.

To evaluate the line integral, we choose 2 pathc an
) vanes from 8=0 to 6= 2. Then

Legzr=nophy. So.REE) SXAGCE ek : o " Since c is unit circle in which
Now along the’path ¢y, " ' o
P{ Rpa= f iy ‘ ' _[ Re () dz= I .cos20 ¢ ide '
; ; ) . i . c C -
Cp C) f . e £ . ) =
3 Since in ¢, x varies from 1 to 3 : a . r "
= J’ x.dx  wherey remains as constant . : =1 o " €0s 20 d6
. having valuey =1, sody =0 ! . [ . @
1 : e : : 2 Ve r 20, -2 E
’ ! g e e .
2593 A - _ : : =LL. e (——2—'—1) de
= [ﬂ o =% 2o f p
And, Kl ¢ L y & : 27 g0y
‘ : i B g T i e
fRe(z) dz:fx (dx + idy) : G - A (U ,
: O B -2 e : V o g . rlile -iegom
.6 €2 [ I, '=%[%i-—e—i—]
B 2 since in ¢y, y varies from I to 2~ - Sk 4 : : - o
= f3i dy, where x = 3, is constant el s 1[e® - | om0
| \ ch sodr=0. : el N : . =3T3 - —le e’}
I LT AR Rl ChE % oy e A B ; :
=31fdy=31(2-_1)=3i ' : ;
_ N =% [cos 67 + isin 6T — (cos 27 — 1sIn 2m)]
Hence. e(z)dz = e(z)'dz + (Re(z) dz =4 + 3j ' ) : . '
: ; : 4 =4 +3i ;o ; 1
‘ fR fR : fR L e y : ' '2‘ [1+ 0 -1 +0]
¢ 4 Ca d : = 4 4 5 ¢
s 2 4 l / = \
fsm z dz where ¢ from i along Izl = 7 t'7i in the right half plane. =0
. B ’ - 2 .
? : ; - * ; 4. J. ze* dz, where ¢ from 1 aleng the axes to i.
Solution: Here, - 4 \ g . - : c : E
: \ -+ Solution: Here. ; ‘ 5 : ‘
N | cos/_.g ; % e Fos . R P -1l £ ok
[ sin'zdz J.-m( ‘ _[ 2¢* dz = j B il e e !
E o0 ? / n k é /s ) J1 . 2 1 2 C2
Smce the region is symmetry from x-axis. S0, - ] A 2 '
i 4. cosz dz. where ¢ the semicircle Izl = n, x > 0, from - to 7i.
[ sinzdz = j (—_._l = C0s 27 i ' I )
% i 2 dz o Solutic:.. _.ve cthatc is a se1mc1rclc Izl = 7' x 2 0. So the regien is symmc.mcwl

aboul X—ilxis. So,
A

_2I ( —,cos?_) gy B : : . . ‘
L . 5] 7 .
. cosz ,dz = I—m‘ cos z dz =2J0 cos zdz
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48 A Relerence Book of Engineering Mathematics v

mi
=2[sin 2]
‘0
=2sinmi =2isinhn [\ siniz=isinh,)

6. j sec’z dz, where ¢ be any path from lo "‘m the unit disk.
G .

Solution: Here,

i . prld : . T
f sec’z dz =f sec? z dz.=[tan 7]
IV ald avd
Remember that =lan Z-lan g -t
. siniz=isinhz -
cosiz=coshz i =55 hE
: = "I-’Ul4 —1tan 4

, taniz=itanhz

Integrate f(z) counterclockwise around the unit circié.‘ indicating whether

I
Cauchy's Integral Theorem applies.

a. f(z)= e_ H i A :
Solution: Since, the exponential function is differential everywhere. So, f(z) =e o is
analytic. Therefore, by Cauchy s Integra] Theorem .

ff(z) dz= fe- dz=0.
g

[

e

1
p

‘ Solution: Gi —l L & i t .
ion: Given, that f(z) = BP- Clearly, this function does not exists arz= 0. Since

t(}!:e point z = 0 lies in the unit circle. That means the funcnon isiot ana]ync m
e unit circle. So. the Cauchy's Integral Theorém ishnot applieable. <*
And by Cauchys Imegra] formula, |

ff(z) dz= f—v - 2mi r-r()) 2ni ,«»n()

‘1 Zu) - D!

Compdrmv ‘
ffz Zu)" dz with f"!‘ thcn we_get, f(z) = |, Then f (0) =0

¢ c
Therefore,
’ -

- . ' ) Chapter J { Complex Integration |

Solutmn Given. that f(z) =

‘SolutionyGiven that the closed ¢

49

el

1
e. fD)=%37_1 1
' '*-l—‘ . Clearly. f(z) does not existalz=7. which lies in

le. This means f(z) is not analytic in the unit circle. So. the Cauchy's

the unit circ
ot apphcable

Integral Theorem is 1
And by Cduchy s Integral formu]a

ff’”d’ fzz—: "fz-nz
'=2l ' ffz-zu)"'“rnz—ml)'fm‘”(”

c '

1 Y
d. f(z) ='ZT;_T1'

ontour C is a circle that has center at origin O and
r.l is greater than 1. This means.

.radius\is 1. Since any root ©

1
f(z) = z: + 1.1
analytic in C. Therefore. by Cauchy

> has’no poles in C. Therefore f(z) is
Integral Theorem,

j'f(z)dz-j‘z +1 1=

e f(z)' Im(z) :
Solunon Here, f(z)=Imz .
We know. z -e“:cos 8+1sm B Then. dz = ie® dB
_ e'a i :
And, Im(z) =sinb = oF
" Given that f(z) is def‘med in unit circle. So 8 varies from 0=0t06=2x

Now,
- elﬂ —if d
‘ff(z)dz_j R Jie®de
b¥ 4
) 2i8
=5j @ ~1)de
& l 2ig ) 1
4, ‘2[ '""I e
_1[(c0\41c+1sm47r) 10
72 . 2 g =

T e B ,
=_2_l_2i_2i—2nJ ==
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50 A Reference 300k of Engineering Mathematics v i_‘_\ ! Chapter § | Complex Integration | 51
dz : +cle Izl = m, counterclockwise. ' 1 1 ] ;
: : L2 where, c is the circle [zl = : _ 1 _ ) e
2 Evaluatvc. a. fz_sl“'h ,C IS d , "Zj‘ — Ty dz | (I
c . ‘ i ‘ d
. ) dz L ircle Izl = © moves counterclockwig, . | . dz
Solution: Given that, f__l ~3 where, ¢ is the cir s?. . S

C

Clearly. the given integrand function ‘does not exist at z = 3i which lies in p, |

& ¢ le order. Since point z = 1
t analytic in the given circle. Then, by 7&.1 of/simple orde

rand function has po]c at
Here the integ e

but not lie in ca. So.fz = Tylies . Thcreforc, by Cauchy int

| b 18 tion is no
given c1ri1c So] FI::mS;:L i0 s : e
7 G auchy> nteg ;a - o ! . d |
Z e —dz=2mi . 7 Y
E —__—3-=._m f(31y ... (1) S ey (zy) ‘ L= ,l=2m
e - f i c . :
dz : ) . %= ¢
ring ¢—= wi et, zy=3iand f(z) = 1. 8 )
Comparing f?- —3; With §7— = dz then we get, z)=3 E Next, let g
c - " . | 5y — 12 = —Z-+—I- @
Then f(31) =-1. Therefore (l)bccomes _ : ‘ - =
. < 3= 2 Eh . L ‘ Hcre the integrand function has pole at z = -1 of simple order. Since the point
f - ' - ' ' doesinot lidin c; but lie in c,* where c,* is negative d:recuonal contour of ca.
i - : i " Teréfore, by Cauchy Integral Formula,
e r ; 54 : z
b.- fe—dz, where c consists of Izl = 2, counterclockwise and |zl = 1 clockwise. . | g, AN dz__ i
z i ' £ ) 4 j" Z+ ] .
. ; - 2 K ¥ 4 > c

Now, (1) becomes,

Solution: Given that, f%dz,. where ¢ consists of lzl = 2 counlérclﬁckwise and |z =1 N - i
1 =Ea [27i — (= 2mi)] = 2mi.

[

clockwise. . dz ; -

: : ; 3 : 7 i i i il =1 (ii) |z - il = 1, counterclockwise.
Clearly, the function does not exist at z = 0. which does not lie in‘region bounded f z'+1 wl:crg iz g clecles iy ooy @ lz=il=1, er
by the circle Izl = 2 (CCW) and Izl = I{CW). Thus. the function is analytic in r.he c

given region. Hence. by Cauchys Integral Theorem, Sol dz & - !
_ N olution: Here, ¢ -7
ff(z)dz: —dz=0,' e . = fz + fz -i f(z+1)(z—1) f z-1 fzﬂ
“ vz » y ) y 4 g ks ) Cc c C
- c c ; i - Clearly, the given function does not exist atz =iand z = —'. )
(i)  Since, the'point z = i does not lie in the circle Iz + il = 1.

dz
¢ fz! _1 Wherecis

; 1 o i
So.. the function (E-—:} is analytic in 1z + il = 1. So. by.Cauchy's Integral

c : : \ ® ‘ ) i < :
Solution: Given that NM : Theorem,
dz

I'= j“"-— where cis glven n ﬁourc v N : z_:-f_ 0.
_ ; . < ~ And, the point z = —i lies in |z + il = 1 then by Cauchy's Integral Formula,
fehaen g dz : - S (£
; - ‘ . . ;—i—Zxx f(-) ...(2) . fz_zudz=27:if(zu)
c d ; c l
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§2 A Qeference Book of EGW 3 ‘ Chapter 4 | Complex Integration | 53

dz” .. wfz) e pel, zg=~iand f(2) = 1.
Comparing f;_l with fz -2y i . ‘ (a) Since. we have Z+N=1

Then, the given function 19 analytic in ¢ excep

 at the point z = -1 which lies in

c c . 5
] circle lz + 11= 1. So,
Then f(i) = 1. Therefore (2) becomes ' ' me_ l g Hz=D - z+i]
w4z . * . < faode= (z+1) %
f“iJm. ‘ ; fz +1 f ;
it ' . - A
o la. >
‘ T 1 st o ) By Cauchy's Integ ral Formu .
* Therefore (1) becomes. f—r—-z-+l=2.0-2.2m- T - e iz - N (z—i) (z+D] ofa 2 1020 .. ,._f_f(z) dz = 27i f(zy)
: -7y
g A z+1)
C ] L 3 . . . ’ C
TG ! ; i -il=1 e '
Since. the point z =—i does not li¢ 1n the circle Iz -1 . ;
| (i) Since. the p ; e : | -/[(; -1)(z-1) fz:l_l) ey f_f(_z)_ o hET Ve :
| So. the function (‘z—;l) is analytic in Iz — il = 1. Therefofe by Cauchy's Integry . Comparing oo (2+]) ; =4 ' "
| ] : i 2 " ol 4 c
i | Théorem, ' ; . B , 2
| . dz_ P . CELe s ok v z(,:.-—landf(z)=(Z Dz-i)(z+i)
5 Tl ‘ i : ' b 14 p ] | N
. c 4 ) i Hg o’ Then f(‘l) -( 2)( !_”(_I e 1) —-(l +1i) (1-1) ] +17 2
And, thé point z =i lies in lz - il = 1 then by Cauchy's Integral Formula, k- ’I‘herefore (I) becomes . 5
dz : f(z) ﬁ y 2 221 —l)(z-l)(z-HJ —mi
—==2mif(i) ...(3) - : dz = 2 fi = Lz >
I fz-l : 4 ) - _fz E=2ilizg) y S fz T1492= f o (z+]D) 2
© ; 3 I ' WV R ¢ :
S f;gz_‘ \»:rith Zf(_z) dz then we get. zo=i and f(z) = 1. : _ “Qib)# Since. we have Izl = 0.9. ]
: “l . - Clearly, no one point z = i, —i. 1, =1 lie in the circle lzl = 0.9 so, the function is
e ¢ - B " analytic in 1zl = 0. 9 Therefore, by Cauchy Imegra.l Theorem,
Then f(i) = 1. Therefore (3) becomes ‘
d -:r—dz 0
T f:
c .
< : ), Integrate the given function counterclockwnse around the umt circle.
I ' ) : )
Hence (1) becdmes, f— —-— 27— o S e Q- (a) fz: (b)%:}_z_ - iy
& X e
Solution: (a) Heri.
: 3
Erdrcleat: 74 1 =z
23 erce 4.3 _ : B2~1 2 z-i2
1. lmegmtemcounterdockwise o LV A ) Ak This shows that the funcuon does not exist at z = (1!2) which lies in the unit
_ : c:rcle Then, by Cauchy lnlegral Formula
(a) lz+1l=1 ‘(b).lzl =0.9, : ;
Solution: Here, - 5o =zjf —zd

z 14, . '
_4'_. dz = Z-.dz 1 .
fz‘] jfl*l)(z+l)[z—i)(z+i) il ; ' T 1 S (AN :
. e : . : : . :'Z'me(z) & f‘z"_‘_—-z'u-dz=2ni f(zy)
Clearly. the function is analytic in ¢ except at the points z = i, -, 1, —] ' ;' ‘ : g .

This Copy Scaned by bhum X
http://t.melenai neers np bt

Scanned with CamScanner



54 A Reference Book of Engineering Matfematics A

2 Z = 7 ‘ Z) ) (1) - ’
l n di W ’
& fz ].f uh f dZ lhcn we ,__('EI Iy= dlld J

’ & B

N (.82
+ Then [('2') =(5) = 3 =g
Therefore (1) becomcs

j.Zz— dz =7i. g 8 N

c

b3
g

_(b) Here. -
cosh 3z 1 cosh 3z

(Z) = . 2 z-
. Clearly, thc Iuncuon is analytic in ¢ except at the point z2=0 Wh'Ch lies in the

unit ¢i
Integral Formula,
f(z)

: f"‘h 2y =30 ) | fmgy 02 =2 )

c

: C;)mparm‘r fc

i c
Then fl0)=cosh 0= 1.
Therefore (1) becomes

dz then we get, zy=0 and f(z) cosh 3z.

"f

osh 3z g ;
7 dz = .l =m
g 5
3. Integrate the glven function over the gn en contour ¢ counter clock‘w:sc or as

mdlcatcd

(a) ;_ , where ¢ is the elhpse axl+(y- 2) =4.[2015 Sprmg Q. No. Z(b) OR]
Solution: Here, . \

1 1
T +47(2-20)(z+20) )N
This shows that the function does not exlst atz 221, 2= -2i. A]so given that the
contour (i.e. ellipse) is 4x> + (y — 2) ﬁe‘ﬂy only thc point z = 2i lies in the

f‘Z)I:

ellipse. Then, by Cauchvlnlegral Formu!

z-2

Srves: {2+ 2% :
f{z-zi)(z T2 92 =j'_—fz =27, f2i) .2
C

f dz = 27i f(zy)

Contparing {24207 dz wi f(z)
8§, =5 dz with fm dz then we get,
- ;

B c
| zy=2iand f(z) = (z + 75y, '
http://t.

ircle. So. the function does not analytic in the circle c. Then by Cauchy !

1]
“u

_Chapter 3 | Complex Integration’|

Then fr2i) = (4",
Thcrcforc (1 and (2) gives
T

f?—_'_—‘i' dz = 2mi. (41)™ =3

[ () log(z ; 1) , where c is the circle Iz - 61 = 4.
1 -
Solution: Here.
logfz—1)

f)="7_¢

So. the function does not exist at z =6. Clearly., the point lies in the circle
Iz — 6] = 4. Therefore, the function is not analytic in given circle.

Then, by Cauchy Integral Formula -
f(z)

jJ—Og(—L—ldz Congd .. | fz - dz = 27 ((z)

c.

Companng fl Joglz — 1) d zwi :h dz then we get,

¢ zo 6and f(z) = log(z—l).
_'Ihen-- : f(6)-loo(5)_
Therefore (1) gives

j“""‘z‘” dz = 27 log(5). g

(0 %‘?T_l where, c.is the rectangle with vertices £1, +1 + 41

Solution: Here.

f2) = ‘osh!z )

z-m .

* Clearly the function f(z) is analytic except at z = Wi ( xt = 3.1). Clearly, the pomt
lies in the given rectangle with vertices 1, +1 +4i.
Then, by Cauchy [ntegral Fornula,

osh(z’ -
fc‘——"‘—— dz =2mi. f(m) LS fzfiziu dz = 27 f(zy)

i-T1
]

osh(z* —11: 1 :
Companng fp ( 1) z with fzfiz;] dz then we get,

c

(-1,4) TR

) zy= i and f(z) = cosh (z* - 7j).
-Then f(mi) = coshi (-7 — i),
Therefore (1) gives s el :

cosh{z:—m)d . P
j‘-__z—ni z=2mi cosh (- — 7).

c
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F A { i H ; I I = 1 Clﬂckw' =

- b W hcl eC COIISiSlS ol ]z 2 founterclﬂck“‘ 15¢ a“d z l
€ l

) F A ] = l) ise

]

Solution: Here,
.
e
f(2)=7-1-1
nction does not exist at z2=0

' the fu
This shows that ¢ consists of

and z = 1 + 1. Since. we have the contour . .
kwise and lzI = 1 clockwise. ‘ : |

= ercloc |
ey =aeaul egion ¢ bul z =1 +ilies in that regjq,

Clearly the point z =0 does not lie in the r
Then. by Cauchy Integral Formula.

‘ fz) .
(EZ )"l ; : g dz = 27 {(z,
e = : 1+ ...(l " - u)
(z—l—i)) dz =2mi.f( 1‘) A fz Zy ;
< AL B g2 = ®
(e ) dz then we get. : 3 . b
; Compaﬂn ]_) dl“"“h 2 -
¢ ' 5
- Y xoa el
z=1+i and ﬂ_l)=—z!‘_
SEER . 2 o2
“Then f(1+i)= m =5 ="2.

Therefore (1) gives
& 47=27.7=— =me¥ =m(cos2 +isin2).
fz'(z—l-l) - 2 : e
c . .
1 . ’ \ ;
g Y ‘ ‘ ng z,and
4.- Show that j" T— g o— dz = 0 for a simple closed pgthg\:eudlpm 22
< ' e "
. Iy which are arbitrary. ER
Solution: Here, 7
) 1
feema-n®

4
c * .
where, c encloses z; and z,. Thef1, the fh\uon doés notexistat z =z, and z =2
Now, .
1 1 ; ! )
ffz“zl)(l-lz) z; z 24z, _z)dz 1)
c L e

Since, the point z; and z, enclosed by c.
Then, by Cauchy Integral Formula.

e P [f(z,) - f(z: | gLE
Foe.Zie, BTyt o D=z)] ... ()] f dz = 211:1 f(zp)
C . i

[

7 e D ‘ !" .

- A ~
O G- =Ta-y
Selution: Given function is,

Chapter 3 | Complex Integration | 57

dz thcn we get,

Comparing f(,__,l . )d/ with

<
=Lty =7 nnd
Thcrefore (2) glvea

f(z z,)rr-m =2F{[l-ll=0. )

¥ Ercrcise- 44|

1. Integrate the following functions counterclockwise around the_unit circle.

fzp=f(z2)=1.

sinh2z
(a) z 4
Solution: Given function is; .
sinh2z
z

_<Clearly, the function is analytic in the unit circle except at the point z = 0 which
£ lies'in the unit circle; of order 3. Then, by Cauchy Integral Formula, -

& inh2z 4 . " f(z) n-D)
'j's“?‘—dz 2RO oD .f{z_z)ndz-m ”,F z9)

c . . ¢ g . )

" Comparing fﬂzh-xgi dzwith §7 _'ZZU)., dz then we get, .
c ‘ c
z;=0,n=4" and f(z) = sinh 2z
Then f "'(z) = 8 cosh' 2z. Therefore, f "(0)=8. " *

Therefore (1) gives
o LS
inh2z’ ; thi 8mi
ﬁ # T

¢ 5 = .
11 ' - . i .

) .

7 z :
Qz-1yZ4@Gz-12) : g
Clearly, the function is analytic in the unit circle ¢ except at z = ¥ which lies in
the unie cucle of order 1 which lies in c. Then, by Cauchy Integral Formula,

»

I A ¥ e AN N N (7))

¥ ‘2‘1’2)‘d1—4 I t(z we o R e z)“dz"(n 1)"{ z)
Cc . S % :

Comp'u'in f“, ”2)_d7 with JS'( ndl then we get,

[
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Cz=1n=2 and flz)y=2"
Then f'(z) = 2z. Therefore, 2y =1
Therefore (1) gives

b =1 (=
| f fzz - =4 2
| & " tanz j . 4
{ (z-m4) g o B L
‘ Solution: Given that, f(z) = ( J4) Clcarly the funcllon analytic cxcep[ atzl
! - 4]
{ which lies in the unit circlc of order 2. Then. by Cauchy Integral Formula,
: — " f(z) 2y ]
Sy aw=Frr) ffz 2 2= ‘%’J
s ;

Comp:mn f?ﬂi lhf(z Zu)n dz then we nel

c c

at 1
Zy=5.n =3 and f(z) = tanz

T sl i s choimsssccnicip s, ot

Then f "(z) = 2sec’z tanz. Therefore, f"(4) *
Therefore (1) gives
ta bio] i
fﬂz)dz-f 2 AL =2 4y = ami,
@ 52

- Solution: Gi =
ion: Given thay, f(z) = —%= - Clearly, the function is analytic except at the poml

z =0 which lies in the unit circle, of order (2n-1). 4
Then. by Cauchy Integral Formula,

OSTTZ 2
- dz =i iy - _Hz) 2mi
.3;2 (2a~1)! (0).g86h), | ¢ - 207 dz"fn——])!fn-”‘z“)

Com g 13
paring fc—'*— dz with f——)-)—,, dz then'we get, -

.G

N c

zy=0.n< 2 and
Because, 2n' = 1 is odd and cosine functj
derivative and sin0 = ¢

f(z):cqsnz.
on have sine function jn odd order

Chapter 4 | Complex Integration | 59 .

’ﬂ:crcl'nrc (1) cives- .
ST 2R ey 27 _
f“”d’_f dr:a-a——f‘ 0=, 0=0

cj.: :

© Gz-m) _
?z

o : i ic except at z =
Solutmn Given that, f(z) = —'—-—r—)f Cluarly. the function analytic excep ’ 3

4
which lu.h in the unit circle. of ordcr2 Then. by Caichy Integral Formu!a
[ 711) f(z) l{n Il(, )
ffaz-ni) =gz ! (4) L) | % S pdes ey
p c

.‘

'—""_' )" et,
Comparing JS' e il d/ with f fz dzthen we g

c c ; 3 £

Zg= 4.:1-,3 'md A(z) =
l - s 3z Th fi > £ ﬁ ._ge3i-1'f-i
'I_'hgn 1 {"(z) =9¢”. Thercfore. 2 ) =%
~ Therefore (1) gives’.

Ini Coam

— = 9e’ ==T ¢
s = 64 64

3z
ze
O G-y
prax S 4 1 -
. Soiutlon Here, f(l.) '—'——”2)1 Clearly, the funcuon does not exist at z = ;whlch
lies in the unit circle. Then, by Cauchy Integral Formula, |
3 &
z.e Sl f(z) 2ni e
j‘———-—( 1;7)"11‘2“”\2) () f(z s )"d“‘(n ]),r‘ (z)
c c
‘\ z e
Comparing f———— ] 7 o
ompfmn f( 1) dz with (? dz then we zel.
T : ¢’

!
zu=(‘2‘).n=2 and ; f(z) = 2'¢?

Then ['tz) = 32%¢* + 2'¢* .

TN -
Therefore, f\Z) _3() ”’+éc"1 =7KT_
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Therefore (1) gives .
7e” 7¢!" mi :

f"ddl -f(z 1d1 Z'Tﬂ g - 4

. c
(®) log(z)
Solution: Here, f(z) = log(z). Clearly. the function d

unit c:rcle Then. by Cauchy's Intc"m] Formula.

oes not exist at z = 0 which ljeg;,

(5_2 )n d? ([l l)'

(o

Cﬂmpanng
d
f(z 2y 9z with f( )n dz then we gel,

c
¢ .

Zy=2,n=2 and

, 1
Thpn f (z) = = Therefore. f'(2)= ‘%

f(z) = ]og(Z) .

Chapter 3 | Complex Integration | 61

Thcrcforc (1) gives
;1 i
o> fu Zdz= iz =

(c) f(z)= ;‘—22—1_3;! ¢ consists of izl =2 cofinterclockwise and iz1=1 clockwise.
15 27-3 ' ’ , e
Solution: Here. f(z) = 7, "1 iy an@%e: 121 &2¢counterclockwise and lzl =

ff(z) dz= ﬂog(z) dz= Z‘m
. clockwise. Clearly, ‘the function f(z) is analytic injc except at z = Oandz=1+1
2. lntegrate ﬂz) around ¢ counterclockwise or as indicated ity which the point z = (1 + i) lies in ejbut the point 2 = 0 does not lie in C:
(@ =17 tanmz where ¢ be any cantour enclosmg zero. Then. by Cauchy Integral Formula.
o tannz . 22°-3 B . s
Solution: Here, f(z) =2 tanmz == fm '"_—_"u 1 ”_dz-—me(l +1) . .. (D
Clearly. the function does not exist at z = 0, which lies in c. c c
Then. by Cauchy Integral Formula. iz - dz: o~ ”(
fan"md = 27 F10)...(1 f(@) n-1) < fa-ar T (“ =i
7 dz=2mi £'0)...(1) f(z Zu)" dz_(n—l)' "z, ] c
& . (21’ 3z  f(z)
. : ‘ Companng e dz wnh ———— dz then we gel.
c j annz ) f(z) . {z-1-1) (z—2zy)
omparing f(_z‘_'_‘ dz with fm dz then we get.. L c : t -
‘ : 3
c " ch _ : ] z,=1=i.n=2 and ~flz)= -
. % n=2-an f(z) = tanmz A - 3 .
Then f(z) = T sec'nz. Therefore, {(0) = 1. h Then {'(z )-1‘67 )= (2z =3 4z +3
Therefore (1) gives ) ¥ 14( 1+ 3 z.;
" L 8, A Therefore. £'(1 +i) = i +1) f— = (1—-i+3i—-3)+3 81-5.
[l dz = (Fredz =2mi () =2, Theretore (1) 8 . o &
erefore (1) gives :
C # e
_ o s Bi-$ e -
(b) Kz) :Ezl—(igzz—)z yelz=3=2 f{(z) dz = 21['1 2i = (—5 +81) E
g c
*Solution: Here. f(z) = __c_., & ¢ . . ' :
A a 3
= . =2y - Clearly. the funetion f(Z) is analytic except atz= 2 (d) f(z) =T,_+ZL_)%TIE with ¢: lz—il=2.
lesinc:lz—3 : . : .
|=2. Then. by Cmy Integra] Formula; Solution: Here : B
s omit 2, ‘- . ;
(z-2)792=2m £'Q2) £l 2 g .,( ) _ g o iy = L z)sinz ;
. . ) ()“— (22 l,l with ¢: lZ-—l]_Z Y

Clearly f(z) is analytic m C except at z = ‘%which lie il; C. Then by Cauch);
Integral formula. ‘ '

1 +2) sinz, i
j"F{?) dz-j“——'——"“z 172) Ydz = I‘(IIZ) w1
¢ - . 4
. ‘ Here, ! '
. o fiz)=( inz
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S0, f'{z)=cosz+sinz+zCOSZ

(i) cos (1/2)
+ 2 K

1 b
Then f'(1/2) = cos (5) +sin{3
= 3/2 cos (172) +sin (1/2)

Then (1) becomes.

j'f(z)dzl—4|:3cos()+2sm()_1

(&) fiz)= M) ' € cnnsis;s_of Izl =

e * coshdz
Solution: Herc. f(z) = *—3'5"
Clearly f(z) is analytic exceptat z = =4, which dées not lie in c.

That means f(z) is analytic in c. Therefore. by Ca

f f(z) dz = 0.
C :
- & c.‘z ) i
6] f(z)_ =z where ¢: Izl = | \ _
Sz . S
Solution: Here, f{z) = (—+—: and c: Izl = 3 (CCW).

Clearly f(z) is analytic except at z = —i. which lies c;
Then. by C;uchy Integral Formula.

6 counterclockwise and [z = 31 = 2 clockwise,
and ¢ consists of kel = 6 (CCW) and fz = 31 = 2 (CW), |

uchy's Integral Thcorcm

Chapter 3 | Complex Integration | 63

Here, ;
: 5 z __A B __C
B P TP rt A PP S TR AN Py
E = z“=A(z—iJ2+B{z+i)(2:—i)+C(_z+1)
i ‘Solving the get. ,
B, i 1, o > S
f A=(1-i)1'B,=g1-i)2”(1+i}'c-1+i
Now,

t ’ _(E.. C '——-—-de -
i ; § f(Z)dZ =A. § z+17 Bi‘z—i"' . (z—1)
._A], +BL +Cly (say) ... (1)

So by Cauchy s Inte,ra] Formu]a
Ij= 2z, l =2mi, L=2ml=2m, I =v21'ci.0 =0

. : Thcrefore. (1) becomes,

| Eie § flz) dz- —2m(A+B)

-2’“[(1 T 1-:)- n+:)]

1+1 i

] RTR L

Comparing f 2+ nh ndl thcn we get,

(z
& .

Zy=-i, n= 4 and  “f(z)=
Then f "(z) = 125¢* . Therefore; f *(~ )—125e'5' :
There[ore(l)vues p -

27 - '
puoa- e A
|- ) -

(g) f(z) =f“—n(—z_—i7_rwhere, cis 9x* +dy’ = 36,4

Solution: He )= 2V 5 s .-
re, ru-; = m and ¢: 9x” + 4y” =36 =

Clearly fiz) is analytic except al z = -] and z=iwhich liein ¢

+

S
& 2 fz) -n ’ : 5o i
f(—.rzﬂ)dz. ETH £(iy.. ffl 20 ¢ 7_{:1 1),1'“’ (zy) N it m A ER e -
- . : i ool s [ =11

S 20 '+i')3+2i2]
S TS

_2'.( 2i-2

=AM\ +0)

C_2m. 26D i-1 2mG-1 2m(i- 1) 1-
FIsglGe ) SE=L. T ~E-D T . 2 el

+1
(h) f(z) W » where ¢ is the unit circle.

Solunon. Here, f(z) = ?(:—lz)'and c is unit circle in CCW direction.

Clearly f(z) does notexistatz=0 and z = 2 in which z=0liesincbutz=2
‘does not lieinc. . 3, '
Then, by Cauchy Integral Formula.

ols,
e |
it
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( iz 3 f(z) __.211:_' n-1),
f'_z—” 122y, - ro.. ) -ﬁ__'—z'_zu)“d"‘"(n-l)!f( ay)
3 - C 3 A

dz then we get.

Compannufrmmi dz with (

+ 1
zy=0.n=2 and f(l)=“'z+2 ;

¥ oo (2D )=zeD) 1 ; SR |
Then f'(z) = ) _(Z+2J;.'Ihcrcfore.f(0) e

Therefore (1) gives.
1
ff(z)dz -23':1- =5
d 5

S ol where ¢ is any contour cnc]osmg the poml ni (CCW),

- COS
i) fz )—(z

Sqlution: Let fiz) = s and ¢ is any contour enc]osmg the point mi (CCW)

7’)

Clearly f(z) does not exist at z = T which is ‘contained-in c. 'Ihen. by Cauchy

" Integral Formula,

f(z) 2 i e
-2y 2=t '“ZO’

fi(m)... ()|

cosz’ 2mi
I

f(z m)' &=

F , ; flz) - nr
Corppanng & —:nfi ) dz with fm dz then we get,

c

c c -

_ - z=7i,n'=2 and f(z) = cosz
‘Then f'(z) = ~sinz. Therefore, f'(ni) = — sin(mi) = —i sinhm,
Therefore ( 1) gives

fﬂz) dz =27 (~isink rc) ‘2% sinh 7.

C

U) f(z) 32 +5
(z +iy » Where ¢ is any Coﬂmgcndosing the _Pﬂim zZ=~f (CCW).

: -
Solution: Let, f =3z 4 i v
2) = “7—1_-1—)1— and ¢ isfany@6ni enclosing the point =i (CCW).
Clearly f(z) does not exist at z = 2 .

Integral Fonnula —which is'contained in c. Then, by Cauchy

4 —Jz +6
——

27 __ N PR ‘
“at d’_:‘-— e a1 s f( : .
(z+i) 2=37 £ t}.._.(i) ) ffﬁéﬁ“d“(f_’:{,,f“"’(w

c
Cumparmu fz =dr +6
4. U dz with f T )n dz then we get.

Chapter § | Complex Integration { 65

7y=—i.n=3 and flzy=2'-32 +6.
_Then f "(z) = 12" — 6. Thercfore, f" f—l)“' 12(-i)* -6 =-18.
Therefore (1) gives

fffz)dz = "“(-18) =~]8mi.

l

(k) f(z) = ——1—)1(—21":27 where c is_any contour for which 1 hcs msnie and + 2i

lies outs: de { counterclockwisé),
z

Solution: Lel f(z) = —_T)%?-P_éi) andc is any contour for which 1 lies inside and

.

+ 2i lies outside where ¢ has CCW direction. ;
- Clearly f(z) analyti®except at z = L¢#2i in which is | lies inside of ¢ but * 2i lies
outside of c. Then, by Cauchy Integral Formula,

ef(z® +4) 2m f(z) 27i n;,]
j"(?_“_ dz= f(l) [ ﬂz 7 92 = e TR
E ¢ J
; Compa:ing —ﬂ-Z‘T):ldz with f'(z—'L); dz lhen we get,
¥ c ¢
S 1
Z=1,n=2 and ° f(z) =z \
& Pyapet-2z¢t 1+4)e'—el2 3¢l
Then [ '(z) =‘@"T;_Z‘C:'Z‘;_%E'g*.'lherefore. _f_'({) =g-—')—;3:—.‘ 35 -
Therefore (1) gives g
ff(z) dz =—e

21

M f@)= mwhcre, c:lzl=

2z

Splutlon Here, f(z) = (—'f_—l—).randc lzl = 4 (CCW).

Clearly f(z) analytic except at z = -1 which lxes inside of ¢ Then by Cauchy

Integral Formula
I BTN ), fa-n
ffnn e = Gy e
[+

Z ' »
Comparing frz D) z with f(z f_(zz)u)n dz then we get,
c [ 2 i
Zy=-l.,n=4 -+ and f(z)=e?‘. .
Thenr "(2) = 8e'z Therefore, f (- l)—8e . '
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. ag Vamgn‘anu v %
56 A Reference 300K of Engineering B — [ e . . (i B
= Clearly f{z) analytic exceplat z = = 2i in which the point z = 2i lies in ¢ but
“Thsrelore L) aues {Ti ; , ==2i does not lie in ¢. Then. by Cauchy hlegral Formula.
) m o2 } z
=3 € . £ B _”
fiz)dz =7y ¢ 3 | ’—__T"'_'_""d/— -d/—:—f"Ql) (T
f J . 1‘ :ffl+"n (z- ff/ 20 7]
C 1 2 i ‘ .
+ o1 k
=400 = 5% 6 : 7 =
nhercc 16x* + 25y 25 1 i ; i N
“(m) {(2)= ‘“"')“ ) . , , : ‘/ A = ”,1‘ (zy)
d +X__ 1 (in CCW darec_t:on). : i o :
Solution: Here. f(2) = —_") and 5% 16 | i _ o
- 2 which lies inside of . Then, by Cauchy b 2+ 2
Clearly {(2) analytic except 81 & = i : ! Cmnparm.. f%_-’—x""- dz with j\” m.-dz then we get,
Integral Formula, i : . .
g 5 O M in i & ¢ ,
Y_, " P i L U7 S 2 . . -
é’f}%-“i"*” 21 f '=2) D f(‘l-—zu)ndl—(n-l)!r( (z) L S w=2i, n=3  and® . f(z):(z+2|)"3.
¥ de] Bt ~ : s_J2 B
£ ) ' 5 o} [ = Tl:gn {"z)= k £ Fhm.iore f"(2i) = 12(4:) - U’-J,: =336 -
Compaﬂn'f( +2)‘d1 with f(z ndz then we get. . : o]  hereforgy 1) gives
- . - % 2m -3 3m
2 ¢ . . el 2 07 = SF%5eg =55
zy=-2.n=3 and f(z)=z"—z. ; < . . 7 ;:-‘ : f 3 256 =256"
Then f "(z) = 6z. Therefore, f'(-2)=-12. % S i : : Y
fore (1) gives A e 3 -
Therefore (1) = S : _ : > (p) "z ++z4z-:4\ Cilzm2=d(CW)
) [z = Sy ) =12, _ NOE : : ,
S . el : N 'Solution: Similar to (h).
(n) f(z)-z e where, c: Izl = ; *® iy
Q ) z+4, : S i
Solutmn Here, f(z) =77 ¢ —Er andc: Izl = 1 (CCW).. Fd ; ' C 0 (q) § (m) dz CCilz+1-il=2.

C: g

Clearly f(z) am]ync except at z = 0 which lie$ inside of c. 'I'hen. by Cauchy : S T :
Integral Formula, Solut}pn: Similar to (h).

; “ g 7 B z+1 > g

c
’ ‘ i
Solution: Similar to (h).

" Comparing )ﬁ(—:) dz with f {z 7 dzthen we gel
‘

* ' Miscellaneous Example

c c 9
’ zy;=0.n=2 and_ y ﬁk'ef‘. T
Qen £i(z) = < ", Therefore.  "(0) <L . o : 1. Integrate (l - zz)2 from —i to i counterclockwisc along
crefore (1) gives e . : (@ lzl=1 (b)x* + 4y’ = 4. Why are the results equal"
—7 g
fﬂz) - ISE h e 75 - | : -~ Selution: Here,

§ (1 -2%%dz * C:from-itoialong

(o) f(z) ={Z+a)* Wherecis the circle lz - il = 2; ; . - Given function is, f{z) = (1 —z°)* - 7 Lty
Solution: H 1 1 5 We have to integrate if from —i to i .
30 : He (7)) =——— ‘ ; '
Whon: Berey Hal=v2 3y m sl & is Ehe S, S .. () around 1z = 1. since the curve is not a closuf contour so the Cduc.hy integral
5 e g theorem or Canes  =ooral formula is not applicable here.
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§8 A Reference 3g¢k cf.Engineenn ?
Now. xh ; iy i Néxt f(z) = ) Clearly fiz) analytic except at z = 2 which lies in c.
§ fizhidz = -[; h= 2y dz . : _ : ! : Then. by Cauchy Integral Fonmula, , : | -‘ g
R I ' f f(F__z') dz=2mif2) ..(1) [ rzfﬂ,, . ”ZM]
=f'[_i(l—-21:+14)dz - | | ; ' j
o =[Z—%Z,“ + 55:] Dy : | ' ~ Comparing f(’z—_]'z')dz with fufi—”zu) dzthenade get, o
: = | c C

zy=2 and ftz)=1.Thenf(2)=].
| Therefore {1) gives .

5 .
. 2.3 L] { i 1
= - + £
2[1 1=rsq R . j(z__z
i : 4 o B
ofidies] T -
P L. Ten § ( v 2 dz =0 2% = 2,
TS ' N ¢ :

(b) arnuud X2 +4y*=4.
Note: Sirice the integration is independent to its path. So, (B) has same ‘value as (a).

:
* Fard s e L
—i-gr‘+3’+:—3l b

dz = 2mi

W

[\S]

=]

2i
r15710+3) =75-28 =735

»

P e]~ N 1
;;dz._ C: lzl:‘i (CCW)

2. Integrate z cos hz? from 0 to 7 along any path : : Y Solunon Here, f(z) = -—; and c:lzl = 5 (CCW)
Solution: Giwenthal . . ' J , a4 4 Clearly f(z) analyuc except at z = 0 which lies inside of c Then by Cauchy
I= f; zcoshz’dz C:0tomi IntcgraI Formula.
) ol 2mi - 7 _f(z) n-1)
Here, : \ | ey f(;;)dz—~ £ (0) (1  fa-wr dz= _(n 1)' 2 (zy)
: : | c

., 1= &
. {) zcoshz dz ='2"_[ 2zcoshz-dz
o

: oy SRPENE e, M figY
. ‘ 2 2 2 - _* Comparing Jf(—;) dz with — 7 dz then we get,
—llsinhz'l lsmh(—r) =_leinmr . 4 ] 4 fa-2 ©

C . [4

i z
3. Inte ralc( +""_)clock ise around the 12 ) B ; : z=0,n=4 and fz)=¢"
= z-2 o elhpse (x l? +4y2 4 i Then [ "'(z) = €% Thcrefore. £ (0) = l
Solution: Given that g X 4 B 5 Therefore (1) gwes ,
PR YR AT 7 4 ‘ o m
1=§( e 2) dz  where C:()\lf.+4y2_=4 (CW) § ;l'dz-s.!xl_3
c 8 c
3 ‘ ' 1
—1)7 ; Ao 5. Fer— o [l = ¥
‘ " C_:Q‘_‘li+.vl:= i : § lgzemz. C:ld=1.(CW)
Clearly, the integrand of 1 § £y - ——1 e - ] ’
: Le. f(z) = 7 +7 -2/ is not analytic at z = 0. 210 Solution: Here, {(z) = mand clzl=1 rCW)
which 7 = 0 lies outside Candz =2liesin C ; ; ‘r ' Cledr]y f(z) analytic except at z < —21 but these points does not lie in ¢. This
So. by Cauchy Integral Thcon:m _ means f(z) is ana]ync in ¢ Therefore, by Cauchy Integral Theorem.

‘§ (;)dz =0. , . o, fou (z+21) . e
c ‘ | g :
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) e
6. § Re(z)dz C:0to(3+27i)alongy=x"
Solution: Given that f Rc(z)‘ dz

Here. fiz) = Re(z).

d given that y = X' 8o, dy = 3x2 g
Since, z = X'+ iy. Then dz= dx-f-ldy and g .

+ Here, Re(z) =

Then. § Re(7) dz =§ (x)(dx + idy).
it B! :
’ 3 i T
:L (x 2k +1 327 dx)
=2y
9 - (3)°
=3+7g
; 7' —;““Sh’l -(,;'Iz--iI-Z(CCW) ‘
i =gt e
i e ' . h
Solution: Given that- ‘(ZL‘m’rdz and"C : lz—nuz (ccw)
C

Clearly, the miegmnd function is analytic exceptat z=2j whlch hes m C

So. by the Cauchy's Intc"ra] Formula,

z cos hz’ ¥ f{z)

24

-2, 2,) dz_ 1 f(0) (I

C.

«© c
Z=2i,n=3 and llz)—u,oshz
Then,  {'(z) = coshz® + 2[ sin hz? ‘ \

, 0
And, £'(z) =22 sinh 22 + 42 sirh 227" cosh ’ 4
So. . f"2i)=12 sinh(—4) £32j cosh ( )J

Therefore. (1) becomes

§ (/ €os hz” \
T-T”T dz = i (121 sinh'(=4) —321 cosh (-4))

_p o " == 12msinh (—4) + 3771: cmh (—4).
= 12x sinh (4) + 327" cosh (4)

-n
J-'(Z ZO)“ dZ —( I)' I (Z{))

C z cos hz’ s >.:
omparmg '(“2—251- dzwuhf( ).. dz lhcn we °et -

Thi s’ Copy.
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s e
) ) tan TZ
: —d
8 § (z-1 .
boluhon Gwcn that § ""‘"""'{Z ¢ z andC:iz- 1= (CCW),
C -
Clearly. the mlegrand function is .malync exccpr atz=| wh:ch liesin C,
So, by the Cauchy's Intcgral Formula

tan 1z . f!z) 2m i

C:lz=1=0.1 (CCw),

c“ <

Comparmg f( ”, with f(? }n dz then wc get,

C
? "ll n—2 aﬂd f(z)-—[annz
Then, £'(2) =T s¢c: 7:7 So. f'(1) =T sec’ = T
Therefore; (1) becomes ' )
g tan 7z

—]')'zdz-Zmn o

§Y &5 ¢

9§( A -2 Vg cio1=25CW)

z+2i di+z/

Q Sd!utiori: Given that

o P e g _
I=§ (z+.21 IR dz wher_ec-:lz-1|=2_5(cw)_. 3

5 i e
§z+21)d . f

e \ Clearly. lhe imegrand'of I, i.e ( 421) is not analytic at z= 21 which hes inc.

o Here.

i 'Ihen by Cauchy Inteora] Formula
: {(z)

C

: 2 4 o 7 f(
~ Comparing f(z‘_*_—z—i)dz with - —zlu)

re. ¢

Zy= —71 and
Thcﬂ (1) becomes,

c

dz then we get,

f(z) = 4. Then f (<2i) = 4.

2 c
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looz .
- (z- 21)-dz 27:1 %
c
11 § cos4z

Solution: Given that § Cosdz

Next, '
2 )dz
b= § di+z

C

. 2
Clearly. the integrand of L ie. (4: z) is not nna]ytlc at z —4i which doeg oy

lie in c. This means the integrand of I, is analytic in c. So by Cauchy Inlegm] ,

2
§ (4i+z dx =0,
c A

Theorem,

Therefore

4 2
§(z+2l 41_”)dz--I;+l-._{)+8»7r1 8

10. §—lgglvdz C:lz-2il =1(CCW)

(z-2i)y
Solution: Given that Fﬁ%‘ dz andC:lz -_2:1 =1 -
P s k
Clearly, the integrand function is analync except at z =-2i which lies in C.
So, by the Cauchy's ]megr:d Formula.
lou z
f‘z 2iy e 1' : (21) (1) (Z Zu)n (n I)l ' ”(Zu) k
¢ / t

' Compann,_f( 2])_  dz with faf‘%; dz :I'len we get. R
Cc ’ C
m=2n=2and  f(z) =log(z).
Then, f'z) =1. o, f'(zi)-=i. ‘

Therefore, (1) becomes

P@dz-pi- C: IZ-le—(Ccvﬂ

3 :
1 Z"-(“-Z»-—I)‘dz and C: Iz - li=3 (ccw).

Let, - f(l)h—ﬁiz_,
§ a7 (2 -y
Clearly the f(z) is analytic exceptat 7 = Oand z=

lies in ¢ but 2 = 0 lies outside of . = (1/4) in which only z = (/4)

/"'—__—_7
 So.bythe ﬁauchn megm Fummla

(‘lupnu 4 l l‘omple\lmg,rmo.n | 73

cos 4z
dl ZKH() A ffZ! .
L'( '%) . [ f(l‘zu)d?':zm“l“)}

: c

dZ ‘Sh.\‘g[l ~\V€ ge,t.

Comparing f ( )d"-“’m’ f

= ad  fe —%4;—2-

f1) 16c0'~m___6_ \
men.  £(3)F= 2 2F.

mqe_fox;e (1) becomes

cos 4z If, -32i
&;‘T‘f" n)dl,—lmx R

§ :. 12. § Mdz pi,l,Z,IF 3:(QG‘Y)-

DD

SIN TZ” + COS T, ‘
Solm et 1= §——5—-—u+m“2; dz  andC: =3 (CCW).

<

Qearly the mtegraq;i function of 1 is analytic Je&c‘(epl ql z=-1and z = -2 which
arcliein C. '['hercfore .

sin mz” + cos B2 "
§ (Z+H(z;t-2) ‘?A:§ Z+I z+2 (sin @z’ +cosm)d/
Fli-d,
By Cauchys Integral meqla,
s‘L“_Eﬂ__
%ufﬂf SOS T2 Jaz = 2mi £4<1) ...61)

@ﬂmlammggx av.izw ) ‘m&@:stic.p ve get.

&
==l and £(z) = sin zrz +.508 “/5 ;
hen,  f(=D =sin. T+cos®=9—-1=-1
‘Therefare. (1) becomes
; I == 2.
Also. by Caychy's ln;egqu Formpla,

0 ,( sin L7 + cos [z~ STV 00 = 23 £-2) )
,. 2FE :
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: fiz)
Comparing I; with f(?:'z—l']) dz then we gfat.
¢
zy=-2, and
Then, f(-2)=sindn+cosdn=0+1= 1.

Therefore, (2) becomes
. I,= 2.

bl
f(z) = sin 72" + cos Mz,

Thus, >
>
sin 7z* + cos Rz°

(z+1){z+2) dz =1, -1 =- 27 - 27 = - 4mi.

C

§
13. m dz
Solution: Similar lo‘Q.lz.

C:lzl=3 (CCW)

z+1 S S
14, § Z+2z+a2round thecircle lz+1+il=2, .
c : ’ )

- : z+1
Solution: Given that § m dz and C:lz + 1 +il=2.

AR
Here, 2z+l S z+1 _ 2+ 1 .
T+2+47 27 +22+1+3 " (2 +1) -3¢0 i
Z+) z+1 A R B

zz+22r+4=(z+l+3i)(z+1—3i)=z+

T+3i 24 1-3i
= 2+1=Alz+]1-3i)+B(z+ ] +3i) ‘

SD]VingwegeL A=B=] . e \

Now, : n O )
z+ ] 1 § dz | § d
T+, .20z =53¢ ——_ 2 z
o T+2z+4 .ZC z;l+3i+.2 C--z+l—3i,, :
l ‘ -
_ =30 + I .. (@)
Given circle is C: Iz + l+il= 2/ S 4 :

E’ ;Cfv :;1 cx; Zx;z:zgzle;gzeiﬁl Cat “::‘L -1 which liesin Cbut 1, is anaiytic except at—
- Fhat means I{ is i !

So. by Cauchy's Integral Theorem) =0 e CVCT)_/Whel'e Ay

But for I, by Cauchy's Integral Formula,

- § dz o 3 i
e 2+ 1 +31 92 =27 f(-1-33). .. (i) okl

%(27ti+0)=m' i A

|
|
|

. 4

Chapter 3
o 1 ! f(z)-
Comparing I, with ‘f‘_—(z g ) dz then we get,
& .
o=-13l and ey
Then. f(=1-3i)=1,
Therefore. (ii) becomes
[1 =2mi
Thus (i) becomes

1 =%
: =5(2m.+0)=m

=1 :
15. § c:i 1 dz __C: Square withsertices 2,420
% :

cos i ; -
z—1 92 and C: Square with vertices 2,42

Solution:. Given that §
: c

'_C]early; the integrand function is analytic exceptat z =1 which liés inC.
So, by the Cauchy's Integral Formula,

S T2 s
f:i’g dz=2xi f(1) A1) l: iz} dZ=27ﬁf(Zu)]

C -z

" g c

e B m 3 '
Comparing fc :i lz dz with f(z-ff-zlu) dz then we get.

-~ ¢ ] c 3
SR g e zg=1and f(2) = cosmz.
- Then, - f(1)=cost=-1.
Therefore.‘( 1) becomes ;
' § 5T 4y = mi.

C

: OTHER IMPORTANT QUESTION FROM FINAL EXAM FOR
SN R e T PRACTICER 57 < AR

2002 .N.o. 1(b
| et ‘
’ z+1
State Cauchy's Integral Formula and use it to evaluate: Pl dz where C

is the circle of radius 1 with centre at the point: () z=1 (ij) z=-1,
Solution: Statement of Cauchy's Integral Formula: . ‘
Let f(z) is analytic in a simply connected domain D. Then, for any point zy in D
» and any simple closed path ¢ in D that encloses zy such that.
fzﬂleo- dz = 2mi f(zy)
. - T C N
where, the path c is taken in counterclockwise.
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. T : -Chapter § | Complex Integration | 77
Gt 2003 (Fall 0. No. 1(b)
?‘mﬂc!lﬂ:’l- g e O .
§?"‘"‘ﬁ!‘§lz+'})(!—” .
€ £ I ;

state and prove Cauchy Integral Formula. Evaluate flz’ +3

: ; 1md£ﬁ=-—4. . ) | A : o -

Clealy. given function is pot analytic at £ = . 4;;;‘,-1-}.-,-;

: 13 Q. No.
- 2004
i) Given that § Lﬂ&ldz and € : unit circle with 1. . : f iy
(i) Given (z-1) sme Cauchy (] Integral Formula: Use it to mﬂ te the intepra: =
€

Clearly. he integrand function is analytic exg:qpx at z = | which .hss mC. - ] i "!""_:

a,whe:ekisthesqnarewﬁkmﬂmﬂ,i;

So, by the Cauchy's Integral Formudla, 2 2004 (Spring) O. Ko I(B)

1 P (14 :
3,{:‘ n;i):{:; ) Gz=2mif() .. o wﬂz»-.m.r{,ﬂ) E " Gtate Canchy's theorem. Eva!uaie the integral -[ 'r-*"dz,whreeis eflipse
; € : - B : 4+ ly-2" =4
L &) L4+ 1) - flz . . 33 2
E— 'r*diﬂf*'n.ﬁzwi& e &mﬂwgﬂ R 3 Hint: Seem Q Ne. 3a).
-0 {2 -2 2005 Falt Qe I} ™ 7 :

I ' h : " B A 7 2 3 m:ri! ve Cauch htewmmmmmeevakwef 2z’+4zk‘
| Zy=1 and flz) % : _ m-; < y _ ‘ c. z-2

i' ek '

T By ey S

| Thesefore, (1) becomes N S Sk § e

i } (2} + Dz + 1 ld«z i ' Sta:emdpm thy Integral Formutz. Evaluate -"';T,mz. wnmc

= 3

! : it : t ‘- isthe circle lzl = 3, counter clockwise.

i Wiz -1 e 00 A 7 .. Hint: See Exercise 3.4 Q. No. 2(0.
4 (ii) Given that E i‘i(}':%“ldf and:C ;.unit circle with —1_. - 2006 Fall . Ne. 1(b)

' » iy

nd the
.'J Clearly. ‘m' integrand funciion is andlytic except at z _-1 wlmh hesm €. & State and prove Cauchy Integral Theoren Integrate f(z) = =32- 22 -7 2rou
$o. by’ theCauchy'sintegral Formula, ' mit cirele clockwise. . :

: B'(.rféqfi;”. ik 2,:_]5{‘4_)_“_“) { ﬂz, . Hint: Seei‘.xercm:"JQ No. 262).
. c

Evﬂuate: § cetz ”dz.'whH‘CCEIhetﬂipl-e‘f*gfﬂx-

] de Wiy _‘)"dz lheu we g-.,i SR _ 2007 (Fal © r!c (;ﬂ-.; i
e \ . =~ - -
Z=-1 and Siate Cauchy Integral Theorem. Evalum * .’2!!.._.-1 dz, where c is the
Then, (e iy . fg. i ' = cirele 1z - 61 = 4.
- : C it T M!‘Swﬂxcumqu No. 3(b).
Thesefore, (1) becomes T4 vpe, . 20§ 0
b =§z -i-ﬂ'EEz 1) : ] : : = .
{f CHICSE = T S State Cauchy Integral Theorem. Evaluate the infegral i(ﬁ:_]‘ dz,

Where C is the circle iz + 21 = %in anticlockwise direction.
Hint: See Exereise 3.4 Q. No. 2(r ().
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Matnematics IV

78 A Reference Bock cf Engineering \
e v | Formula and by, using it evaluate the follo\ving

State the Cauchy Integra
2 . itively oriented circle lz— 1] = 1

;r" ‘here C is a positively orl .

integral: f 1 dz, wher |

2008 Spring Q. No. 1(b §

i i int
tate and prove Cauchy Integral Formula. Use it to integrate . -2-:-5 4

S

wherec: lzl=2 counterclockwise.
2009 Fall Q. No. 1(b)

A '
State the Cauchy Integral Formula and by using it evaluate the l‘ollowmg l
|

integral: j —2 dz.

(i) Cisa posm\ ely oriented circle Izl =
(ii) - C is a positively oriented circle Iz - 2I
2009 (Spring) Q. No. 1(a

State and prove Cauchy's Integral Formula and use it to find BT ] oz
c 2z-

where Cis thc unit circle counterclockwise.

2009 Spring Q. No. 2(a) OR

State Cauchy Integral Formula. Evaluate the mtegra] £oshidz

¢ (z—-4) » WhereC

consms oflzl=6 (counterclockw:se) andlz=3|=2 (clockwise).

Hint: See Exercise 3.4 Q. No. 2(e).

2011 Fall Q. No. 1(h)
Evaluate the following integrals using Cauchy's Integral quml}lé\

; z+1 o +1 " s
@ f D-4z9% Cilz-2A=312 (i) f ‘z'zz':'z‘;zdz, C isthe unit circle.

2011 Spring Q. No. I(b) , . N

State and prove Cauchy Integral corgm. Integrate f(z) =‘c
unit circle counter clockwise. ' . ]
Hint: See Excrcise 3.2 Q. No. 1(a).| & . 4

2
. around the

2012 Fall Q. No. 1(b) OR .
State and prove Cauchy’s Integral Theorem.

2015 Fall Q. No. 1(b) ' '
y

Integrate the followings along the unit circle counterclockwise

__2 8 zZ+1
J(ZZ_T,'Y (i) §'JZ —27

f i
. 2016 S I'i]'l . NO- 1(b )

Chapter 3 | Complex Integration | 70

tate and prove Cauchy. integral formula, lntcgrate { "1—4dz,‘

C. I +y - 2)? = 4 counter clockwise,
Hint: Prove the theorem and See Exercise 3.3 Q. No. 3(a).

2017 Fall Q. No. 1(b

State and prove Cauchy's integral formula. Evaluate the integral J.(ch;)z

dz

where ¢ is unit circle enclosing the,point i.
Hint: Prove the theorem and See Exercise 3.4 Q. No. 2(i).

SHORT QUESTIONS.

Evaluale -{ dz where ¢ is the unit circle.

b o go%FallQ. No. 7(c) OR

dz : 3 i . :
Show that i = 2mi, where C is the unit circle, counter—clockwise.

2005 Spring Q. No. 7(i

r

§ dz
Evaluate Zo% where c is the circle, lz2| =4 counter clockwise direction.
C = o

2007 Spring Q. No. 7(e)

: 1 PYT
Evaluate the integral § 77 4z, where C is a unit circle.
Rl e ‘ :

2016 Spring Q. No. ;I(c)_

Evaluate ; dz along a unit cu'cle.

2017 Fall Q. No. 7{:[

. Evaluate § c'dzi. where ¢ is the unit disk Izl =

Qoa

. g L
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‘ : Chepter 5 | Sequenee and Series |
1 ,_{} Lz fz= a) (7 —a)“" [(z— a)f(w a)]"
[ w— a]

)
B T ACECItCET
er1es: ; o
_S_eg_lLEiEE_i’_'ﬁ-s———- shrainied by assiging to édcht pown ve intégern a Ui, i _ | . [Applying (2)]
An infinite sequencé is arid i$ Wil as -l I 1 - z-a_ (z = a[)'T S (z—a)™ _ay
= oz iw-a) (w-ay (-2 e a T wTa) (w-2)
; ‘

z,. iscalled a ' tefih OF sequiice

.or {z,}. - o N
Multiplying both sides by 5" and thehintegrating arounid ¢’ we gel.

PR AN AT
An infifiie seriss has the forni Z 7.

n=0

Series of compléx functiofi: bl it
4y 4 ... be an infinite series of €omplex function i

Let. fi(2) + fiz) + B(2) #
compléx number.

| Taylor Seties arid Nfa‘éfaur?fr’s §e‘ﬁes HERS b
| Statement: If f‘(z) bé aﬂé‘bm i Ewith tentre a! ‘a' dhd radm.s' rn, lhen a: each pgm, i

few
T _)dw +(z - a)__f{\:(W;)- E

ani J- w = z 2:1:1
&

z=a) & . fiwy i
2mi A tw=a)  (w=2)%"

J

[

§fﬁce 'ffic- titegtand” furiction is analytic iff ¢ except al z and a that lie in ¢'. So
'}ymg Cauchy Integral Formtila to each integral then we get. .

f'(a) . ——L—Z 2 @y +R,

;  zinside ¢ the SéFies
. ' & ffa" Sl X ot
: o AR aH—!—l & a) - _n’_-z WA Ao, 7=> f(z)“%f(a)+f{a) (Z—a)+ (2~ AP 4. o -1
L e = . _ A
f] ) ‘?"hahs S 7 s
| fi2) = Z:‘ ;= af“ whEre 4 2 25T i - 4t S
e R g f Tw=a) (= z)““’
; 5

n=0

( Proof: Lét ¢ be a ¢losed contour With ‘ ' ; !
\ a0 center at a 4nd rzdm&‘ iy in eounter: ¥ ! L,
* clockwise (CCW) difection. 1t # e :

it can be shown ihat IR =50 as n=seo. Thetefore, by taking limit n—ee in

. quation {3) we get.

3  dpoint inside ¢ 181 & BE fhé eirele it f ;
| countértlockwise difettion such thal : : S (god)f
. : T —ﬂ
I - dl = + € ¥y  beitig Ehiosen stich f i gy =ty + 3 Zf'r-_; - 1%
that, 1he poliit # § inierioE 1o & The et r
tusiction fiz) i analyiic itiside 4hd oii
¢ Thétefote; by Cavchy's Intepral g = fl7) = }j a,,*(z & i)
Fotiitla, ;
N - [ geb - o L o
- ' 9 fr_d' g« : g i !ﬂ) ' : : ¢
fiz z—m- E w.'_—_-:; s \’_ _____ (0 5 e gy ,n Wherg, aﬂ —;— . ,
Sitite 1 +8 5 i s 24 ™ ‘ gl o s seties in equdfmn tepresents f(z) for-all z. iritérior to ¢, Since for any z
i te % - b e s ] inside &, £6trespotiding € & dfid be fddh&f the dbove representation is valid for any
| : ; v ; 0 | Zitiside e -
= T==lirat&’ T ., ; :
_o S1tat&s  4q #"—_:I.- - i3 , l Thus equation (4] is the TayloF's seties uf fiz) abotit z =
Here, o
J
% o  pemmerd. f
VoL wSdslz-d) f'W a} [1 j f
|
I
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A Reference Book of Engineering Mathematics 1V ‘ ‘ Bt 1 Bt tboricnl o
t //——f E By
. R s g ] | w-—a (w—a) tw—a)™! (w—a)"
es : N S =T T E
Lairegt 25 - analvtic on two concentric circles ¢; and ¢ with centre o, j Z-w z-a (z-ay " (z-a) *le=aP *Geallz-w)
ana . _
Statement: If ﬂz;' is nu‘.':l’ region R bounded by ¢ and cy, then at any poj,, 2 | S .
aRni(a;m mb’e :::rcssed 25 a convergent series of positive and negatiy, Pov, n Substituting the v " w -z 4%z _y 1N €quation (1) from (2) and (3) we get ,
) can "
-1 7 _
of (z- a)m the form _ . n (z—a) fow)
; )= 2 § (w_a)r+ldW+R,'+
Kz) = Z az-a)" + Z b, (1"3) =0 . -
i 1 - n=0 n=1 - ) .
| ——)—[d :0,1,2,3, Z(z a) Zm § (w—a)y! d“""R’ ; RN
: where & ol AW, N = { bl
“ me(w a)” )
; where
’ : it (z - 1) ? f(nw)
. et by —szﬁ—a)lm dw, 1=1,2,3,4, ... . ’ - = w-ar Weo ¢
' , < : ' 2o <D § (w —a)"f(w) :
. 1 where c being any simple closed curve lying within lhe amzular tmd encircling [~ _R3 = 2mi (z=2)" (z w) 4
i themnerbouna’ary of the annularregmn R. r dete oy 0. B G . . : |
Proof: ) LERd i L p As n-vee, then th? remamdr:rs R, and Rs tends to zero. &
Let us defined two circles c a.ud c« such rhat lz - a! = r, and ;7 L af =1, 4Taking limit n—e° in equation (4), we get._

respectively, where 1 > 1y.

25 : +2b(z-a B
We have f(z) is analytic in R and also on ¢; and c,. If z is any point on R thén f(l) Z a(z-a) Z (z-a)"

' =]
we can apply Cauchy Integral Formula, by introducing a cross—cut AB, . ; : ; T:OI N L :
1 fiw) ¥ i f(w) . where . . o
~frz)=—.§ =L - f = 7
2z w—z W om ¥ W2 g x : ftw)
2 - : : LT o RO R sk T &= 2,.-1 § (_W_ZFT :dw_' zm § (w a)” dw
where the integration around 1 and ¢ both being coumerclockwrse drrecnon ; ¥ i i
Therefore, . From Cauchy s mteoral theorem for multiply connected region, it follows the
! A fiw) I— flw) > . 9 - “curves c»-and.c, in a, and b, be replaced by c, where ¢ be any closed curve lying
f(z) =Ef ! Edw.}.ﬁ f Z_ww dW & . "-”””{1) o i 3 i Ihe annular reglor]. bounded by Cy and ca.
; € q : @ e S Therefore, we get Laurent series of f(z) is
HCI‘C, ; i 4 - .7 - A F C
L e : ‘ \ il " . & f(z)- Zd,,(z a)" Zb (z-— d)-" =
w—z fW a)=(z- a) (W-q 1 ] . ; . ' i ; 5 =0 _ 1'—] : ) :
s 2 _ where :
& 1 +"“ Z a) ’ (z - a)”" ( ) (Z) B nd -——rdz
g T T a)-* Hw=aT : . § (z- a)"+ o ool 2’“ § =
Since we have ; = “weal R l0 S v Lo
- ] %7, mhs s vy et B S__Ome Formulae
W—2 “w-g +(_,‘q“.’.+,'_ ..-_-(5‘“_3.)1: (z-a)" ‘ k ! " i R b
E - {w—a) (w—q)° m ~(2) y - S5 : el
IS0, We have sl ek Ehpansmnof—"—‘- Y f=l+zt? +2'+ il <L
' ~n=0
4 ,7 : ., ' 25 . This-Copy Bcaned by bhum
B ——— - S http://t. msl@gi neers np-. ; ‘ : : 5 ‘
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84_ A Reference Book of Engineering =2 e Lhaplers | Sequence and Series | 83
1 ] r
ol B gty e Tl e a locos 1 1= Qo
2. Expansionofe’= & gy=l+2+3r ¥31 " hen. 82)=""37 =2 2"12, ‘.”""m;l}
=O : 7 - A= ) =
n b - =i_l(]_§l_' Jd67 el
Z [4}"2" l'_£+£? ________ % TR TR Y TR +)
3. E;panmnoicesz* a4t _ Ly ?: g
1 : ' =73 N
il z I which is required Maclaurin’s series,
= ¥ s sz =g +5, ........... . : :
4, Expansion ofsinz= 2 (Z:HIJ! "3t L o 1= _E_-;QI i ; . (3006 Spring Q. No. 7(a)]
e zzn 1 l: L z“ “’_ . | . snlum‘..‘sjncc-we}hﬂ‘;e. ;
5. Expammofcoskz- Z (2n‘)* i "‘3r ar T ) -——-——“ e E =2 forlzl<il.
a=0
oo e ] z_’l ZS
ALY EIRI -~ IO < L . .
6. Ex-pmofﬂnbz-ngﬁezﬂ_* It Z *3. 5 2 7_)-*:2 “ L 2” *m
: 3 3 e 75 : N
: ; W e ;
7.  Expansion of fog(! FO)=z-7+7 - s : : W Qg *ZZ .(—;)“ forlzl<l.
; " v : ! - & 7 =D 1=0
Expansion 6f o ["I J 7+ i'¥_{_’+ e t n S :
8. Xpansion )4 T—Z_ =ZFFTET o : R ) . Y
| Rt LB &Y 4 e 3zzﬂ+2ZH)‘*z“
I e ? o i
{ 9. [Expamsion oﬁogL ] -2 z&‘—a-"' ) e TR e : #=0 n=l
| "I : | | . ¢ . {{3+3z++&'+,.z‘+ rl'l-i'i'[—,l‘#' B
< | : A ; - - 1 3 :
I ; " < v ] - ThiS 1S ui X { I:I{{ {In 'ASSGIICS i 4 .
|1 Findthe Maclaurin's seties of fhe following functions. - m“"‘”i“”“ed s g
| (a) f@)= easZz‘ i, e, A e .
i 2 have: lz)*” ' P O e Solution: Smcc -We, h-.':(e .
“’“‘Z & ”’m . ' s = ' y  derkl<ilh
/ I : . - =N (2 hal<)
: - a=n (Zz-)-" R, D T _ (1 +r) Z_U |
Theﬂ = | ) . s d t » .‘]
fiz) =cos 27 = Z = ”n (qu i :HCI‘E, flz) = ?'*‘ﬁl -—-———j)"
@ g L ail G“'J
5‘42#*33"’ ' i i T _31 0
bl ol el g = . ; g '\ _zﬂ L
This is required Maclaurin®s series? : : : : _;_1__,(; 4_«1,_,_‘_2?,_,.&1_',_ s )
(b) f(z)=sin"2 : . _ - . _ =3 3"or _.1 =
Selution: Since we have, . ; " o e 2__;1(1 '% :9 —:g'f;"'_]" D
f{_zjg_“g'_zzl—_casz: t e \ _ ! iy ri.‘ii 'L_é:_L‘...‘F-i-_ ]
. 7 . 2 i : =g+~ 27 8/ 243
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T : Chapter; | Sequence and Series | 87
AT I 5, Find Taylor's expansion of the given function at 5 specified points,

Solution: Smce we havc atz=2

1
(2 @)=

I SR Il<l.
T Z -2)" for Iz Solution: Smcc the Taylor's series expansion oft'(z}azz =ais,
S :. Pk g o B 1 o8 rrz)-Za,.u -0 e, A
———————- ......... i ' . 0 g
fl) =774 +1) (z--l) Z+iTz-i . n=
5 lim _:__ ¢ . : ! ie fz)= (Z ~a) e
Here, z-—n( ) 2i 4 . . Z
And‘ lim ( ) b NP w R ~ Given that, 1
; z—i»—l r f(z]=— I
o ] D:fferennate with gespect tp X wesget,
i sl NN & B | l | ) 1) o .
fiz) {z+1+ _1} l+711 [..m] _ = : r(z)==—zr'. 2z = —-: o F Nz) = (-1)1—1'
; i Ay * . A ! 1Vl n
"%[ l "—"I'] Soganz = 2.% f"(2)={-1)"57-=1'andmcreforea,,..—erlmn ni-'z,i’
=2l1+itT- - D Y ~ . Swr
: I : * Then( the equation (1) at z = 2 becomes,
Sy v 57 e 1 (2-2) (=27 (z=2)°
‘2[2{;( i) +§)(T) *Hor | f = f(ZJ-Z“ém'(Z-Z)“ S5TR g e
| ; _l_i =1y’ L ﬁ (b) f(z) e‘atz=a
y 2 ',,:.[] % f”(i) % ?Solution: Smcel]‘reTaylorssenes expansion of f(z) at z = ais,
1 AR e ' E =
=2 2+2?+2F+2%""+----?- ) b ~ f2)= Zan(Z—a)" where, a, ﬂn-(,—)
.1 . P I 5 ."f:‘" i [} r =0 N = e

bi] f(z) = 3 . - ._ k3t . ~- B ) _ lef(Z)—Z (Z a)n D

Soluuou Smce we have

[ r : ; . Given that, f(z):_.e SSRGS : £
I+ +z)‘ Z (-2) forlzl< ), S ke S . ) . Differentiate with respect to x we get,

" R ‘ y . > 5 . . : fl(z)=el'. f'n(z)acz‘ 2 ,f”(z):e"', y s
f(z)=2=1 =.z_+_1_—_:'_. N\ 4 ' i YOS o i, '
kR z+1 g '_ 5 5 Atz=ga, f™a)=e" andso, a,=¢€"x7; : )

10 QY : : : - n!
=!~;‘_;‘-'i' . ‘ | - -Then, the equation (1) at z = a becomes.
L . ‘ \ ‘: .--‘ ! Vo | 5 I o
y e ) p : " . a a)y (z-a
=12y Sy | 0= Y Stemar =e (10w 555 -)
Vz forlzl<]. i FIE n=0

" n=(
st S CEDNPRG. B

© f(z)= logz atz= 1. (note that ﬂ‘u book use log for natural logarithm i.e. ln)

3
E R
) Solution: Since the Taylor's series expansion of f(z) atz=a s,

==1+2(z T 2
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Chapter 5 | Sequente and Series |

I
ics WV
A Relerence 5c~.k of En J“‘-’W”’g Ma'memftlc‘s"! i [{ .
P L . 1
. o _ ) _ ) ,:(z)=5inh (2z-i) atz=3. _
fiz) = z apfz-a" vhes sl u / (cf tion: Since the Taylor’s series expansion of f(z)at z = a is.
T Ig Solu =
n=0 | find _ i
3 » f = Z a (z-a)" where, a,,:-f:"‘—,a'2
Fo ; Z r"{a)(z 2’ L : f f(z) = < n ‘ n!
it ie fln) = - | " R
! : a=0 : [ I (a & i
Civenthat. [fz2)= log(z). . ‘ f o3 ; e fi8)= Z __(_.).n! (z-a) Ly '
Differentiale with fespect (o x than we gt iy [ n=0. &
1 (n— 1)
/ e f272)=’ fz)==37+ t”(z):(—l)nﬂ—-—-—z,, ) ! Here, we have to find serieSat z = 2:& 2z~x—0 G:vcn that
! ' I 2 f(z) = sinh (22 —1), " A
L) =D | .
Arz=(1 Then & =0 [)n 1" = n 2% f Dxfferenuaze with respect to x we get, >
E . ol —i+
Then, the equation (1) atz =1 becomes. . ' {‘ ' (z) = cosh 2z-i).2= 2sigh (21 i )
ol (7—1}' (z-1) ; " (2 —i+ ) 2= 2'smh (21_—1+'—)
) _Z 1) (z—1)". ((Z__”_-f-—.—+—3?'—_ ......... ) i f(z) = =2¢o%h | 2z i
- as0 s . o [L (z) = 2*! cosh (22 —i+7 n' E) 2= 2.‘smh(2z-1+"—')
fiz) = si tz=3 ; ; 2 .“_75
A R)=s0F REFG ! Vg, & _2' > 'd (—2') smh (2(2)- 1+—') =2%sinh
Solution: Since the Taylor's.serics expansion.of flz) at z = a is. B ( ) s
= ) . : : f“ 2 smh— ;
‘N !f"n. 5 = <
fz) = z ‘a,,,_{zk— ay’ where. a, =-§2 [ { Seo, an = _
.’n=0 &5
f,,{ Fa) y sl g | 25 Then. the equanon (Datz= =3 becomes.
A E y
) §§ e 27 smh 2 :
z —2) "

le. f(4)— e —r=ilz—- ! el T N
' | e fiz) =
‘ n=0

/ﬂ;?o i 2
Givenithat,  f(z) =sinz. r ' ] | : kg
b ' 2-i12) 2 1/4”'.. )
: (2(1-1!2)4-—'1——2‘ _L"“'—)' i Y

Dufferentiate with respectto x.then we - gat,
I
flz)=sinz.  £'Az)=cos Z:= 5in| (z#“) ﬂz)i@"\(”*‘ ’? !

) f(z) -e'z“'z" atz=1.

Alz= f!"() sm( + ))_ iy gs5—'m I i
2 2772 Slnz‘cm:z +W33 mu 3 Y2 "’F' . Solution: Since the Tay!orssenes exPaﬂSlon 0”(7') e axs.
(2) cos* & y i r ' F‘(a!‘ ‘ o
So. =gt o —2 &7 D . g0 f(z)—zoan(z ar whemasT G
. 2 7 | n= z - .
j'nlen.;l:h{.‘,r‘.‘qu;g[[op,ﬂjl).m'.Zn:;.‘hcco‘nq. & Vg ) i ) . > '_
. 7 3 , , | BT VO T fz)= Z "—("'(Z 3)“ ) :
‘_ Z } QOS 2 ‘ . n > . '. E i y j £ % : n=0 :
A & Tl 'L‘(,-:v"' " a ' S Given thal: : j ) : & t
e < | 9 . T . 1 (z—l)!
) ,‘ f(z)—e"'-‘ et PR e
—lt‘ - ) y i .
I
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Since we hav

Therefore: (l) becomes at z= 1 xs. :

AN 2=
f{z)=g Z n!
n=0

(g flm= cosh (z~-ni) atz =i
Solution: Since the _Taylor's*sc_rics

f(z) = Z a, (z —/a)" ' where. 2, = T

n=0

ie flz)= Z (z a)"

=0
¢ Gwcn that, .
f(z) = cosh (z — &)

Differentiaté with respect to x we get,

: E)
—qtz+2 .

f"[z)=sinh(£—1:i+§) =cosh z—hrii+*2~2£). s

f'(z)=sinh (_z—ﬂ:i):cosh (z

F(1)=:cosh (z—r:i+"2—z)_

Atz= m f* {mti) = cosh (:;-_3:) Thena, =

: Then, the equation (1) at z = 7i becomes.” -

: = cbshDE
f(z)_ = Z = (z - i)
n=0 ¢ 2
(z—7t)"
n!
=0 Y
=(1+fu_n (2 i)’
; 2. 41

3.

~Write Taylor’s e
Xpansi
region. Pansion for

@ @) =7 inkl <] 1

Soluuon. Since we hnve :

of -Eng;neering Math

e lhe M.:daurm ‘s series of e’ -~
n=

expansion of f(z)atz=alis, :

nematics IV

4 oo
158—2 !

" (a)

.
3 PR |

D)

£ (ni)- S% 5 g

n! T n E.
: |
R %
._"‘ : .\' : i
fz—m)"" ; !
\ 6! .. .. ',,'_) ¥ !

functions given below in the spe cified

s . {
|
|
|
¥
|

F

> Solut

Chapter 5 | Sequence and Series |

' J—:Zz" forlzl< 1.
ey n=0 )
Therefore

: oo . ,1
S Z £ dsvalid fofll <3 <1

1

» (b) r‘z) -ﬁ——in IZI'< 1.

jon: Since we have.

-—1—-' Zz  forlz .
1-2
,;:0 )

Here

o ]

'.f(;) ) +21+3
| = £ 1

S+ R+ (2 =142+ 12D

o A ‘B
=] + .
=D z+1+\ﬁi 2+1—«ﬁ:

Smce

lim 1

1
R 21)1+l—-'\]§1 -l—\ﬁ:+1—\ﬁ1 T 242
. - lim 1 1 =17
‘ _'B 212Dz + 1421 —E+\ﬁ:+1+\ﬁ1 2421
I

.-Th(?n. i f(Z),=——2\[§i|:z+1+«ﬁif2‘+l-\ﬁi]

=2\'ﬁ; {"1;12.1} 1; 11{},,{1—1\]51}{ lﬁl}

: 1+42i) .
1
242 ={{ 1+‘J§1} Z( QTP \ﬁn {-xﬁi};u—\ﬁn}
oo ) zn :
Pl R L R (i)
2\/—1{2 -4 (1+\[._21)"+1 ,go (1—‘\/5.1) 1}~ :

is Vd.lld for

Thlsex a { ( )
\ Xp nsion o l +'\f_

Thi s Oopy Scaned by bhum
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_._1__—}<1::|z|<\ﬁ
1+

92

-1
7 . .
, —~2 ) is valid for

And the expansion of (1 YA

{]_ﬁl}d =<\ |

Thus the Taylor expansmn of f(z) is (i) lhat is valid for Izl < '\]—

' 7+22 1
© f@= -z-——"—‘z - inlzl <3

Solution: Since we have,

forlzl< 1.

L.y
e
: =0
) Here,
. s e B
) =2-T 043
Ly 3z :
T e =D @+ 1412
o 3[ A_ - B o
Z+1—i\!§ 2+1+1\[§] ......... {i)
S'mce.' A= lim

251412 241+ 12 z+1+:\[§

.- ‘ : ! =—|+lll2\
: 2\’:1

s

Therefore

@) = h—h[ﬁﬁ L[5
z 202 z+1_1\[§‘+l+“}‘

_Z—lr\ﬁ[‘_ : +'\ﬁ) ( 1)"§r‘
' \ (1 +nﬁ)

21\/5[2“ D et 2
2. l-“ﬁ) Z[; )(l+l\[2"')

.

(-1~ I\r)z+l—x\ﬁ ~—2‘\ﬁl_ 242
\ /

{ -
!
-

oo

3
=z._—.~—
" 2\I: %['I-&-[\!‘) l\j‘)"]f 1)"

And, B lim 2 1 +iy Ez ;-] + B E’Z ..

i

zZ
I+ i\ﬁ)"

s o "’F'-V" N

| IR |

Chapter ||Se'quen'r.tand8eries| 93

mion is valid only when,
7 7
_1-?.\_[3_- <l or -—__Hi\ﬁ <]
= lz<3 = <3,

Thus the Taylor series expansion of given function is valid for Izl < 3.' !

4 Obtain Taylor's cxpansmn for_the functions'given below and specify the
region of valldny in each case. R
1

(@ f@=%z+ 1)

Solution: Since we have,

about the pointz = i

s Z z foflzl < 1.
1-2 p
a=0 . .
Here, ( .
ik 2+ 1 2z+1 {1 .
f(z):Z{ZA_'_]):Zz—Z' .7.(z+1)_zz 2+7 +z+1

. Now forlz-il< 1,

1 1
M@ =22- 2+ T T T i
g

g 1 :
S=22-2+ T ;
. : ’(‘“_i_) h+1)(1+1—ﬁ)

P8 ST 25 S U, < e
.=2z'2+izo(" +mZ -y n+n
n=0- j n=0

&y .

< % S | e Pl ot

=22-2+ Z [‘im+—'—r(i+l)m](—l) (z=-1" ... (1)
. . on=0 . .

This expansion is valid only when

z—-

<1 "=> lz—il < 1 (valid)
l Fri|<l= k- <\/2 (not valid)

- ThUS. the Taylor's expansion of f{x) is (i) with validity lz—il < 1.
228+ 1 " E:
Z(z+1)
Solution: Since we have,

: (b) f(z)= about the point z= =y

oo

1
— n
1_1—21

n=0

forlzl<1. )
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Here for 1z + il< 1,
27+ 1
) =243+ 1) ‘
o BT ]
B e
._———+———‘!——'
_‘11_2 +Z+l-l z+1_1+l
1. 1.

]
=21-—2+ : (z+1) *Zi-D z+1
; —i(l—' 5 ) 1= ji=

c z+1)" - (z+1)"

=2z-2 - Foale G .. (1)
n=0- = o
This expansion is validoonly when M BrPR. - %
‘ et R or |E5] <l
1 i—-1 :

lz+il<2 (not valid).
Thus, the Taylor's expansion of f(x) is given in (i) and is valid for Iz + il < I

4

= lz+il< ] (valid)

{c)' f(z)=cosz aboutz =§
Solutiun: Here for -Iz -mdl< ],
il
f(z) =cos (1—4 4)
1 T
=cos(z-z).cosz—sin(z—%)sin% g
__1_, g . 4B '
7\]5[':05(2_4)_55"(32):] y :
Since, \’ y 4 e,
‘ ' . -n+l . i
cosz= (-1 —=— si zz z
Z (2n n z ,,-o( 1y Ga+ D) )

(Z 70‘4 e I+l
flz) = (Z( —r ~aw Z‘ l)" (z~ TCM

. (2n + 1)'
This is rcqulrcd Taylor's expansion wh
function cosine and sine are valid for regi

i

on R..

:ch is valid for each region be1n° the |

-

Chapters | Sequence and Series |

"9

5

Find Laurent series that converges for 0 < Izl < R of the functions:
2

1. 4 J 1 e
& cosZ b () z'cosh, AN
a z )
‘ son: Let Izl <R- _ : _
Solutslmce we have by Maclaurin’s series@xpansion, :
oo ‘Z“
cosz .= Z( b’ (2n)’ e % Z s €S Z n!
‘ n*[) 3 n=0 n=0
cos Z- 5
@ fD = =7 Z( Iy (Zn)‘
n=0
1 _7._2_ 74 ) )~
o=l U TR TRITRS
ay _z: Az gt )
B2 2t 07
This is reqﬁired Laureni series expansion of f(z).
« 2 ;
| ) =5 ‘
(5 @Y A L2 2.2
=7 Z_nT’ =?('*1!*21“3!*45‘“"'"--"
n=0 , N -
T S )
: =(ZT+ Tyt )
. 'This is required Laurent seriés expansion of f(z). . '
et 2 e L
() f(z) =2* cosh; =7 anr
n=0 ;
=z |1+ TR F o
'.1 z e ﬁ_,_ )
; = 2+2+24+720_,.......:
This is required Laurent series expansion of f(z). . )
QTR = 20 =, -2n
€ 1 (=127 1 Z nZ
W) f2) ==7r=7 FEs AR ,
t n=0 . on=0
T
=\ l-Fitoi—art
-0 -3
£z
: =(z“'—4c‘4 Tt )
This is requlred Laurent serics cxpansmn ol f(z). P

Thi s Copy |Scaned by bhum
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hat converges for 0 <lz-nl< R of the functiop, \ T eIV M L ek em

‘ T 2z +mi)
él+‘i_e4l*ni)
- .
20z + )"

96 A Reference Book of Engineering Mathematics i a Chapter 5 | Sequence and Series'| 97

2. Find Laurent's series}

C0S
S = atzg=Tx
(a) . f(z) = ?-—-l 7 33“;9 =i . M) f(z) z- mz 0

os hz
@ . @)= *"——1 atzp =-mi

(e) fx)= Cz+w) cos h (z + i)
Solntmn. Ltlfz u,!<R i (z +mi)y .
7 Since we haye' by Maclaurin's series expnns:on. ' ‘ : ‘ 4 4
oo [ y ? (z +m)-n-
1 : 3 ; = —_—
st —= - (2L .
sz = Z “”"mn { coshz= Z ol T+z ZO ey T a0 N
n=l ‘
‘ i 2-3i . .
(a) Furzu i we observe “the series for lz—il<1. . ‘3 Fmd Tnylor and Laurent s series of f(z) = F-3z-z the following
| : £ g , INEE g ; giollS '

1
f(z)—"’ 1"(z+i)(z-i)
%]

Sz-iz-i+20)

s Y e RS % o 3 5: n
09 % el - d —— . . L — (-2)" forlzi<1 7
0 (z—‘z)xb[] +(Z—‘)] ; . : “ q 4 lf_

(@) 0<lzi <1 (b) Izk>2. »
‘Solu!ion: Since we have by_ Maclaurin's series expansion,

2i =)

Herc

i " SR 1 +—]—
e ok 21(;»:) Z( ”" (z.) = @ =G -1 ~z-21 Tz-1 .
P : " We have, 0 < Izl < 1, so we can expand (1 +2)" if Izl < 1. For this we have to

;

arrange for makmg valid for given region,

( 1:-:) @i (z_l) W )
2:1:—.1) b L e e

» ; 17 1N 1/t

gt i 3 K Sk g .f(z) =_2i z |1 z

( (1"") +5 +8(Z—1} 16(1 ) '5—2-(1-'1)‘1':........)' l . 25 : K . 1_21 . l_l

(b} Foxzn_:t weobsemﬂ)esmesfcrlz m<1 . A’ ) R e 1 kil in -]-i E)n y ; '

3 Loosz m«a(z-—x+z) o\ A S R R Z (21) T (i e e
@27 a-np ; ' : J e oell” L

; o " This is required Taylor's series.
_ws(z-ztlx——l - e v : o . g
=T G-y ‘ I Singe sifiar = 0. R ; (b) " Here,

- S e f(z)-;#‘# = ‘
(z mZ( nn (2:1)1 , - ‘ e e : ‘

. We have, Izl > 2 =0 - 1< 1. so we arrange suitably for making expansm valid.

f(z)

o e, )|
‘ c‘ - 7_ e | f(z)‘ 1 1 +1 _1_ 1 /
i i _ Z-T) - - L . 2 i
( ~{z-m% 43 —*;EL+%L-) : Z(l- l] 1

{d) For zy= -1, we observe 1hcsenesforiz+ml<1
. h z &€ +e? ;
ﬂf_) 'ﬂ"“‘f
L 24T T2z 4wy RSy 5" ] ;
‘ 2 e 3 ; Th| s Copy Scaned by bhum
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This is rcquired Laurent series.
-

-1 : *
4. Find the Laurent’s expansion for f(z) = "‘Tg;_ﬁm region 2 < Izl <3.

(2005 Spring Q. No. 1(h) ORJ

Solution: Since we have by Maclaurin’s serics expans:on

] = i
e = Z (-z)" forlzl< 1
; n=0 .
Here,

el o SRS [8' 37
M= 5rv6 T 45246 - “lz+3 z+2l

2 Iz] :
Wehave.2<lzl<3 =7 <] and 3 <. s0 we can expand the term, we have to

arrange to make valid for given region,

i 8/ 1 3/ 1° V
i(z)=l--3[. ZJ+Z( 2)
143 1+5) -
. ‘_3 z/.
n oo
z

n=0 n= N
n :.‘
“1+SZ(—I)*‘:W+ Z(—l)" =
n=0 ) n=0 [

This is the required Laurent's sencs

v

5. Find the Laurent’s expansion fof f “zv("l—)m the region.
(a) O<lz<1 (b) I<lizl<4
; F'E< Y

Solution: Since we have by Maclaurin's series expansion,

Z {(-z)" forlzi< |

n=0

|

(a) Here.

f(z) =z'f]1.—z) =?1’(1+.:) “71" Z » i 2

This Copy Sf

Chapters | Sequence andSerie:% | 99

Y we have.
(b, i

(D=71-2

the region is 1 <lzl <4 = |]|< 1 and

 gince we have < 1. For this we arrange

he rerm(s) 1o make the expansmn validfor given tegion.

o0

i .2_%[1_.1—1)-:—;‘]’2() ' i;k

z
This is required Laurcnt‘s series:

n=0 A n=0

¥ 1
..6 ind the cxpansmn of f(z) = -7 imthe regmn 1<lz=11<2.

Smce we have by Maclaunn S series expansxon

__1__ = Z (-2 forlzi< 1.

sulutmﬂ‘

i)

=7 T dl=2) (1 +2)
s et S lz= 11
inccwehavelher&:g‘ioms 1.<lz{—l|<2:_:'lz_“<land 7 <l.So.
fim 12 oot . T
e ) [ I Tzl z(l’+z)_2l
lim R
i—-1z(1-2)"

Y Then (i) be'comes :

gL (L 1‘(1)
f(Z) -___Z+2 T "2 1+z2

C=

b —

P l( 1°% 1=l
-1+ 2\1-2/"2(z-1+2)
] l( 1) i i lj
= I \"2\z-1)"4|, z=
— : 1+
(z-n(1+z_l : =

(z-1) o Z= n=0
n 1 . e -1 )n
== gi)fz—t) (;:7)* -
=0 ] n=0

This is required Laurént series of the given function f(z).’
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. ' z-1Y. di :
7. Obtain the expansion of f(z) = (—rz )m power of (z—1). Indicate the regi, | _ e T | Z SRR
4 0y so. f(z) o
. n=
of validity.

Solution: Here. x
(z-1)

fz)=—"7 .
We have 1o find the expansion of f(z) in power of(z-1)ie.atz=1]"

Iflz— 11 < I then Laurent's scries of;: is.

o 5 LT ra
;‘J:Zﬂn[l—” W"-h.. a = n!

5
Here, f"G‘_r)=(—I)“ (n+D!x 57

Therefore, '!_r Z! -1+ z-1)"

So. fiz) -(z—l) Z -I)"(+1)(z-1)°
n=0 .

Z =D"(n+ D (z—1"""

n=0
which is valid for Iz~ 11< 1. ! s

]
Ifiz - 1|'> 1 21 ; < | then Laurent’s series of'* sy,

e 4 (D)
. == 8 = witll 3 =T
z ’; z-1" . 2 ‘ ’ - a!
(] N\
Here, f (;):('—l)’-‘ fn+l).'x‘znj+- VY
(1 o\
Then a,,=—"l=(~—l)n (n+!)

'* Z( YAl (n+])

n=0

Therefore,

Thi s Cop
http://t

- .
Y I
n
= (-1) (n+ ])(Z_‘_])_"‘r
n=0 : ‘
which is valid for lz— 11> 1. N

) = D, 1"k D (2 R™ Tori— pi<

-Thu.s' n=0
S ..Z:r l)"(n+l) l)m forlz 11> 1.
: 3 n=

Tz-2
. 8 Find the e‘dpansmn for —_(z +Dzz-2) in the regions given by

(a) mregmnl)<lz+ll<1 (b) 1<lz+1l<3
soliffiongSincelwe have by Maclaurin's series expansion,

N - Z (-2 forlzt<1

(©) z+1>3

T 4z
n=0
" Here, )
Je=z * " A B..C -3 1 2
f(z) (£+l)z{z 2). T+l T T a2 z+l+ T2
(a) " In region 0 <lz+ 1l <1, _
. g oml 2
‘f(_z)_ FEl Tzl z+1—3
3 1 2 1
_z+l_[l—(z+l)]+3l' (z 1)
, ’ 3
=_z+[—'Z(z+”n+,3Z(3
. ; :0 " I‘l=0
Z o
(l+3—n:r (z+1) =~
n=0 g
) For reg; 1 2+l
; ‘r}‘eglonl<lz+ll<3 = I4_“<1ad 3 <L
5 arranging the terms for making expansion valid for given region .
y [Scaned by bhum -
E I neers np
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: 3 1 +__2__.
fzy =7, Tt zel=l"2¢1=3

3 3, BB Ll
J

==t 1 2+ 1
z+1 (“”(1—;—) (1_.-—3

. A . e ‘
k | =';__:—'1'+Z(z-lrl) ‘%Z(%—])

n=0 n=0

e S

(c) Forrcgionlz+1|>3. = !z—ﬁkl.

T B2 s
= T e T AT
S 1 |

= _37 Z z+1) +22(z+1)""

N_

D<iz+1l<2.

Solutien: Since we have by-Maclaurin's series expansion.

.] oo P -
Tk Z (-z)" .orlzl< ]

; o ¥ Iz + 11
leenreg1on150<lz+l|<2 = -Z,,—
Here, _ :

=1
f(z) =

(z+D(@z+3)
,,i['l 1 G
=2|z+17z+3 ) SN

."i-
i @
2(z+1) [ (z+1]
N | S Wzl
Tl ?Z“”(z)

u-O

: = +- kz+1)( “l) (z+l)( z+l)

1=
9. lee the Laurent s series e\pansmn for f(z) = m for the region’

C

B {z+
Zf il

This s required Laurcm series for f(z) for given region.

Fmd the Laurent’s scries expansion for the functxon f
pccnficd regions:

(@) @) ‘_——’z(l+z) in0<lzl<1

Tz -2-2)

(a) Since we have by Maclaurin's series expansion
v & +

1 g
T—_ Z —z) fo:lzl<1
! 0 ]

vaen rcoqon is 0 <zl < 1.

: 44 N
. (b) f(7) ‘1 ~in (i) 0<|;|<1

St.,lul'i'dn‘

: Hcre

.

<) 1
'f(z) z(1+z)' ((l+z))

i< :
=3 ( 2 f_-sz -
n=0 ¢
1 2
& =Z(l—z+z P
p - 1 i
=;(l+2z+3z‘+...)
el 2+3
A Poddt3iddi. i
~ (b) Since we have by Maclaurin's series expansion,
TN
S (—z) forizlcl
T n=0
, -‘j(l_) Givenregxon150<|zl<l

Here,

- By Paﬁia] fractxon TR :
R N NGNS

273+ D) T 6(z-2)

-2 2(;) S (1
2273\0+2) 12 B

2

Thi s Copy Sc'ane_d by bhum
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Here.
5

5 e S
flz) ==2;*3z+1) T 6z-2)
3 2.1 5 1

rEin g e |
' E Z ; 2 ’ . ' w

11 Find the L-aurent’s Vseries expansion for f(z) in the region specified: / <
. z . i % 3 &
(a) ——(2_1)(2_3)m0<]z-11<-2

Solution: Since we have by Maclaurin's series expansion,

] - R
]—“=Z (-2 forlzl<l‘ . N R
s 7 ;
(a) GivenregionisO<lz—-1l<2=> 'IZ;“<1. ‘ A i
5 7 j _
z 7Q
f(z) =m—m—— <&

(z- 1 (z-3).

o = 3 - _ 4 : Ak i
i uz—n*zu-s) ' ; -

At
=7 fz—l] (Z 3)

l[ el e
2l =T z-x-zJ

This Copy S

taned by bhum
http://t. me/maaincers np
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i L)

1i>1
(b) ('z-—:f)'nn Iz >

1
solutl‘-‘n Given region is 1z - 1I>1 = IT-II“-

Let.

e"_z
. f2» -(Z—l)
Y . ; ,
b T (2~ : i . ’ £,

(Z_I)ZFZ(Z-I ‘ Z_(Z_I)nl

2+ 1

,_-‘,af;‘,so‘lution:‘ Given region is I <k+ u<q 2 i<l md_z_... fl ‘, a
“Let: .
02 =

Dl Ced 2 B ’

'_"Z(l—Z,)(lf*-Z) : : ki

i el e L e v
TE 2(1-2) 2(1+z) A E

1 o | )

7 z~r»‘1 301 - z-1+D72z+ ‘
CRI LI i S !

B : ; DT 2z+ 1)
- u+n0ﬁ;fﬂ;22)-6%ﬂ '

Z___T”’Z%}x 2(l+l)

(z+1)
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—
OTHER IMPORTANT QUESTION FROM FINAL EXAM FOR
PRACTICE '

2002 Q. No. 1(b) OR
State Laurent's’

theorem. Find all Laurents series  of the functig,
f(z) = T‘l—z* with centre atz = 1.

.2003 Fall Q. No. 1(b) OR

' pia}
(i) Explain e* at zy =75 as Taylor s serics.
‘ . l

\ (ii) Find the Laurent series of 7o~ -2 at 2= l that converges forO<lz~1i<R,

2004 Spring Q. No. 1(b) OR

. e
State Taylor' theorem. Find the Laurent series of the function» f(z) = (_:f'li)’
sheii eI - - e A :

. No. 1(b) OR

2005 Sprin

-

=150 ;
Find Laurent series of the function f(z) = gin the region'2 < Izl < 3,

z
o e
z+5z2+

2005 Fall Q. No. 1(b) OR

- -

(i) Integrate: 3

cZ+4c 4x+(y 2)° =

(Hint: Use Cauchy s mtegral formula)

1
( ii) Expand al z = 2 as Taylor's serles

2007 Spring Q. No. 2(a) "

gl

-1
—1——"‘:11 the

State Laurent's theorem. Find the Lail;'en't series for f(z) (z R5z<6)

region 1 <lzl<2.

2007 Fall Q. No. 1(b) OR

State l'_aurent theorem. Find all Tagllor, seri¢s and Laurent séries of the function
3- S 4
f(z) = "'—'"'-3 242 with centre 0 :\ _

2008 Spring Q. No. 2(a) OR v
W R . " ) : i . ’, .
Find Laurent series of the function fiz) =z_(fe:7)‘ which converges to 0 < lz— 11<R.

2008 Fall

. No. 2(a); 2009 Fall O, No. 2(a

Find the Laurent series expansion of the function flz) = for the region 0 < -

Iz~ 11 < R an determine the precise region' of convergence.

o Hint: See Exercise 4.2 Q. No. 2(a). ‘ s "
; - Thi s Copy Sc4
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2011 F“u
i Lqurcnl's series. Expand the funciign f(z) =

.
State =¥ = in the region
<lz=11<2.
Hint: S€€ Exercise 4.2 Q. No. 6.
1
J016 Spring X : . , :
Obtain the Taylor scries and) Laurent serjes of the function

1
(z) mwhenldzk? :

; SHORT QUESTIONS

Fmd Maclaurin's expansmn of the function f(z) = (] =—Z,

-2)”

QQa

ned by bhum
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Unit 6 ' '
/ ZEROS AND SINGULARITIES OFAF UNCTION

Smggg]antr

A function fiz) is said to have a singularity at a pomt z =12 if f(z) is not ana] Viie
at thai point but f(z) is analyuc at all other points in the: ncxghborhood of the

point z = Zy.

Types of Singularity: _
We have three types of singularities which are
(a) Isolated Singularity:

A function f(z) is said to have xsolated singularity at z'= 2y if f(z) has exacy
one singular point z, in the ne:vhborhood of f(z).

(b) Removable Singularity:

¥

Let, f(z) = Z a, (z — a)" is analytic in Iz — al < R but is not analytic atz =,
. n=0 !
then we call f( z) has removable singularity atz= a
(c) Essential Smgulanty

- a . e N
Let, f(z) = Z ?:“a)—., then we call f(z) has essential singular pointatz=a
n=0 g '

" Pole of a Complex Function f(z):

If a complex function f(z) is defined as f(z).:- ¥ (?En;')‘i then z = afis known
= = . n=0 R
as pole of f(z).

Note: If m = | then we call the pole is simple pole. ;

b3 Zems of a Complex Function f(z):
A complex function f(z}) is said to have zerosatz = 2if f(a) 0

s
ey .

S ——

~ Note: Ifz=ais zeros of f(z) and [(a) =0 but f(a) #0 thcn 7= a s sxmple Zeros
of f(z). ) .
If z = ais zeros of f(z) and @ '= 0=4'@a)= f "(a) =
butf(a)#0thenz=ais zcmS\ff(Q) of order n.

NOTE: If fta) = 0 then we called f(z) has zerdsatz=a and if fla) = wﬂifﬂ ;
" wecalled f{z) has .s'mgularttv atz = a

= FT

Residue:
Ifa comp]'cx funcuon f(z) has singular point z = zu in C then the coeﬂ' cient

/ ) is called residuc of f(z)

-

-3

Chapter 6 | Zeros and Singularities of a Function |
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mn of Residues
PrO/’H f12) has 2 simple pole at z = z,, then
n

1
: b
. f2) = Ta(z-z) 4
-4
r=0
n
= (z—zp) f(z) = Z an(Z—'Zu)"*'-pb
r=0 '

. lim :
- Taking g5 on bpth sxdcs.»

lim
o (z—z)f(z) =
Z (Z Zu) z) b|
Thus the residues of f(;) ata smele pple at zl =zyis z—r:;, (z—2)) f(z)."

“Suppose f(z) has a simple pole atz =zyand f(z) = -Q—E—; where

2
Q(z),=42 — zy) $(2) and ¢(£u) #0
N lim P(2)
. Thuggesidue of f2) =,y (2= 2G5y -
?ﬁ o ; lim | P(2) .
' = 2z, {(2) T 22=a
P(z,
- ) (Il

=T o e

Q2) = (2~ 20) §'2) + 0(2)
Q@) =)
Therefore from (1), we get,

Res;due of f(z)atz =2z is. = g((;)))

If f(z) has a pole of order mat z = z,, then

: n .
7.3 n bt b-r' bm 7
2= 2 & - Z“) (z-1zy) tacwr t T
r=0
. .
=2 (z-z)"f(2) = Za,,(z~zu)"”“+bl'(z_-;u)"" + ...+ by
i r___o N . . X

: Dif_ferémia_;ing W.r.to z up to (m ~ 1) times and then taking as z—>zy we get,

Aim " gt
z-—n,, dz

“The other terms vanish as the remaining terms contain (z — zy) as a factor.

T (2 2)™ ()] =(m=-1) I by

: Therefore, residue of f(z),

1 - 1 dm—I .
(m_l)r Z_I,mzu[—n'ﬁ(z Zy) f(z)]atz 2.

Thi s* Copy IScaned .'by bhum
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" Cauchy's Residue Theorem.
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our ¢ evccpt at finitely many Pmnts s
Y

Let f(z) be analyticin a closed conto
s ., k lie in ¢. Then,

.,z where cach z; forj=1,2

k
{ f(z) dz =2mi 5 X zog, 1)
: =

J:

c
’

Proof: .
We have f(z) is analytic in 2 closed contour except at Zy Zav -« "2y where’ each ,
, forj=1;2 .. kleinc Let us enclose each singular pomls z; by a circle c!

with as smal] as possible radius so lhal no one circle intersects to another wherp
has counter clockwise direction and ¢; " has clockwise.

- Then f(z) i is analytic in the multiply connected domain D bounded by ¢ and o
Ca's ..c, and on the enure boundary of D..

Then by Cauchy s integral theorem, b

{f(z)dz+ j' f(z) dz + § z)d7+ L+ { f(z)dz—

c q (_ . % L}

. k :
= {f(i)dz»;}_‘, {f(z)dz:O.

c Fog: M=l q -

where the integral ¢ being taken in counter clockwise and the other integrals cj-'
has clockwise direction. | &N

Chapter 6

| Zeros and Smgu]armen of a Function |

“Exercisé 6.1

-

111

ine thc ]ocatmn .
alld ‘"dcl 0[ ihe Zeros 0“ W
he fo"ﬂ ]“g fundlons

(j) tan™Z 2 (ii) cos™ 5 (iii) (2 + 1y ©@=1) (iv) RN
@+4  iysinT— |
e (vi) sin 7 (vii) sin

Golution: Since we know that f(z) has 26105 atz=ga iff(.a) =0

Nl

) Herc tan 7z = 0 =tan nw

[2004 Spring Q. No. 7(c)]
= T"z=NN . l

forn=0+1,+2 +3

.= (z=£m0 forn=0+1, +2+3

Clearly for each z. the funcuon is of simple deoree So, the zeros are Slmple

* (i Here, "QE0 (2)

\Aﬁ
1 + cosz

-

= cosz=1=cosnn fornisodd.

A . -
y | = z=I%T forn=%m +3m, +5x, ...
Clearly for each‘z. the funt;tion is of second degree. So. the zeros are of second

order.

Now, reversing the path of integration in each integral c:J Then
_ (li) Here, " (£ +1)(e*-1)=0
{ fz)dz = z { fwdz.  ...(1) - = (z+i)(z=i)(e-1)=0
¥ [4 % j=] € ‘ ) = l .0
where all the integrals are now taken in counterclockwise direction. Clearly for cach 2 z. the function is of simple deoree So, the zeros are simple.
Since the function. has singular point z = z; it cjpfor J'=ul 2Nk So by @iv) Here, (2'-2-6)'=
definition of residue, i) < ‘ ) : = z'-22-6=0
. R . 3 .
§ f2) dz =§‘ igforj 9. 2. ..k = @-3)HE+2=0 . -
C; A J -~
i _ \ A c > z2=3,-3.12.-2 g .
Then (1) becomes, - ] < Clearly for each z, the function is of third degree. So, the zeros are of third order.
L W, ) L (22 ¥4)
{ f(z) dz = 2mi Z i}:isz f(2) . .HEre, pes == 0.
c J:l -z 5
. =. € -+4)=0
This completes the proof. i
v, => e"‘(z+2i)(z—2i)=0
= z=+2i,00
! Cleaﬂy for each z, the function is of mmp‘c degree. So. the zeros are simple.
Thi's Copy Scaned by bhum' - % .
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(vi) Here, sin( 1) O=sinnn

= = l+2
= 1- zm l’orn+

3 .
= - = l,+2...-
= z=1 s ﬂorn %

Cleaxly for each z, tbe function is of s:mple degree. So the zeros are simple.

‘ 1 5
b (vH)que sm-z*sf):ssmnz iorn-O.il._tZ....
‘ T %=nx forn=0,+1,+£2..

} = z:-l-; forn=+l £2,0

E ' “nm . ol

C}early for each z.'lhe function is of simple degree. So, the zeros are Simp]-e'
2. Determme the location and type of smgulantles of the followmg funcucm
including those at lnﬁmty Also, find the poles and its order. -
g (1):’-;‘1 o @eot2z - - G272

(v) ¥ sin’z (;ri) (z - 7)™ sinhz
' ‘Solution:

(iv) (2% + a%)*

(i) leentb.ax f(z) = e

Clearly, the function f{(z) has pole of second order.
For singularity, set.

; 5 1 .
fizgl=e0 = ‘10 4 L
p»
= 2y=0,00,
Thus f(z) has pole of second/order:

e f N\ YJ
A e y . ) . A

(i) Given that, f(z) = cot 2z | > .
Atz = 0 and z = nm for n\= Opatd +2/ ... the functmn £(z) ‘does ot exlsl
'Ihmfoce 2=90,+m, 27, ., are.polesOf f(z) :

_ And Zze is essenu,al singularity.
(4il) Given that f(z)czz - ='2-:15-

Clearly, z=0 is the pole of f(z) of order 3.
Ry -Aba, (2 ) = 0. So, f(z) has zeros az£='-_hﬁ. %

™ / oy

Chapter 6 | Zeros and Singularities of a Function |
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B i

qthat f(2) = (Z + )" =7T 77,

) Give

This shows f(z) has poles at z = £ ia of second order.

(iv

) Givcn that.
;45 o 5 sm7 Z L= gt
flzy=2"SIL =5 (2n+1)v

ﬁis Sho“;s- 2y = oo is an essential smgulanty of fiz).

Gwen that,

)
(“'-l fiz)=(z - i)~ sinh z

{2008 Spring Q. No. 7(c)]
vz =i £2) is undefined. So, z -‘:1 is the pole of f(z).

= And, smh ZyF @ => Zy = o is essennal singularity,

|

.~ F“‘d residtie at singular points from the Laurent's serics or by definition of
the following funchons

SN "1 7 sin 2z

, S 1 . 1
oz OF O g Oy ©om

' 4z - 4
(a)rir{ere. M) = 2o oD+ )

Clearly f(z) has simple poles ér; atz=i,-i.
Now, residue of f(z) at the poles are ,
Res lim . 4z 4
: s OE z—’){z~i)(z+i)"2i'
e S R lim
GE ' f(l) - l(z+l){2 1)(z+1) =2
“Thus the residue of f(z) are 2.2 atz==2i.
(b) . Here, f(z) = sin 2z
Clear]y the funcnon f(z) has poles at z = 0 of order 6.
-Now, residue of f(z) at the poles are
Res lim 1 ¢ ( : s'mZZ)
z=0 f(z) 2-051d7°

g
32 4
7.]-1-2]0 51' [2x f"ﬁ) x (<2)x (2)x (2) cos2z] =p55% 1 =73
4
mu§ the residue.of f(z) are Faz=0,
Scaned by bhum
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{c)

(d)

2,

( a)'

Solution: We have,

1
Here, f(z) = ﬁ

Here, 1 ze'=0 " = e'=1 =.z=0
Clearly. the function f(z) has simple pole atz = 0.

Now, residue of f(z) at the poles are
Res lim (| ) [ 0 ]
51 f(_z):z_)o(—l_ez A in 5 form
_ lim (_I_) gelt
Tr-0\-ey) T T
Thus the residue of f(z) are -1 atz =0.

1
Ty

=17 @E-1Fe+])

Here, . f(z)=(

Since,

r-1=0 = z=+1.

. Clearly, the function f(z) has poles at z = + | of order 2.

Now. residue of fiz) at the poles are

Res lim d

. [{ i ] _lim [ 2
z=1 M=y Gz (2~ ).(z-_l)-(z+1)-’ Tzl 1)-‘}

Res iy & lim g[ 1 ]; -2 2 2
2=-1 1=, Gle— "oy =57 =%

Thus the residue of f(z)-are -i‘. 41’ atz=x%],

COSTIZ
Here, f(z) = cosnz = ——
sinmz

Now,’

sinzn=0=sinnx =z=0,+1,+2")
Cleérly. the function f(z) has simple pole at z £ 0.

Res lim cosmz A :

z=0 f(Z)=z—-)Or:::OS’W:II' 7 "CRETINN

) 2
Thus the residue of f(z) are‘l'alz=0\._§l.+2...
: N TR 48

Evaluate the following integrals (counter—clockwise);

§ fanmzdz  C:lzl=1
C

sin®tz
cosnz

flz) =tanmz =

;

) L
i

Chapter 6 | Zeros and Singularities of a Function | 115
| noles of f(z). |
For po nft N
COSTZ = 0= FOS 2
' . 1.3
= 2=%3 e IEDREE

ST . ™ |
© Given that the region 1s F Izl = 1 that includes only z = + o) which are simple

: ) I,
poles. So. the residue of f(z) at z = N

Res . lim (M)q-_l
2= (2 "= 2 5012 Ssinz) = %
. Res : e lim sinni)_;l
2=l ® = 2 s-1fnsing) = 7

Now by Cauchy Residue 'Iheorgm; '

§ tanmzdz = 27i (sum of residues of f{z) atz = Y2 and z = ~1/2.

c ’ .
- am(-L-D)
: ' = 2mi _7‘_7,‘ =-4i
_ o o oCild=3 ' '
) T cosz
(&
wSolution: Here,
el
f(Z)=cosz

& Fbr poles of f(z). set '

E

: nm T 3
cosz:O_:gosT = z=% =-_1-_21.2,4..-.

. : . : s L ;
Given that the region is C: lz| = 3 that include only z = + 5 which are simple

‘ ‘ : T. -

poles. So, the residue of f(z) at z = 35S,

Res lim ¢ e
z=m2 fD= 4y 2 Ssinz

e, 3
Res o lim e i

= (O=7 5 a2 Ssinz=°
Now by Cauchy Residue Theorem,

§ {(z) dz = 27 (sum of Res of f(z) in (?)

fa
: &€ . wr, ) - 4nisith>
= ——dz =2mix (" +e ) = 2
i cosz )
C

Thi s Copy Scjaned by bhum
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241 1
(c) § Ao C.Izl‘--_2
C
Solution: We have,
+1
f(z) = "F—T

For poles of f(z). set
L AE-2E0 > 2=0.2

Given that the region is C: Izl =-— that includes only z =0 which is a pole ¢ org
‘ ] by

three. So, the residue of f(z) at z = 0-be,

Res lim 1 &, (z+1) :l
z=0 fz) = z-—>02' dz [ z(z-2)

_ lim l_i[z—Z-—zhl]
T =020 dzL (z-2)
3 lim —2 - e
T2250(2-2) 2"4‘ 8
By Cauchy s Resxdue Theorem

§ f(z),dz = ngi (sum of Res. of f(z) in C) -

§ o 3 aAm.
3 2z‘ 2= "”“8"4 :
c

zeoshmz |
o §?+_13?F"1 Citls

Solutmn We have

zcosh'ﬂ:z. " g A N
I3 +36° R W
For poles of f(z) set, | . 1

£+1322430=0

-f(z) =

=> (2 +9)(z +4) 0
‘=> &~+31 +21

Given that Lhc region is Ci/fzl = t.includes z= + 3i, + 2i which are simple
poles. Now, the residue of f(z) at lhe pm&s 1s,.

Res lim  z'coshimz .

z=3i f@)= z->31 T4 137,’ + 35
- £ oshadg.. = 3i cosh3n cosh3n  cosh3t
4B +26x31 T -4x270+26x31 ~ 36426~ -10
Res lim z cosh 1z ’ :

z=-3i fiz) = z— -3i zq+l3z +'36

Chapter 6 | Ztrns nnd Smgu]mncs of a Function |

/_31 cosh3n . coshin

=AY 96 % 1
4(-31)" =26 x 3j 4 x27i-26x3] = co_s?gn
lim z cosh mz .
o 2icosh2n
o f2) =, 52 7+ 1327 + 36 - R 1+26x2i __,CUSIhOZ“
similaﬂy

. : cos 2T
f{ 7) =

. .
By C}xuchy‘s Residise Theorern, |
§ f(z) dz = 27i (sum of Resyof f(z) in C)

sz cosh 1z Zcoshdx 2 cosh2n
= §-Z'1'4_.13z-’+36dl=2-‘ ( -10 10 )

27 ‘
=5 {cosh 27 — cosh 3x).

¥ . R % > & .
Note: Fo obtain the book's answer piease process the above question with

ZC0s

fio) = I
< dz

; W 2 C Iz-ll_

Sqiution: We have, *
: 1
fiz) = =Era)y

" Clearly, f(z) has poles M= + 2i of order 3.

And. given region is C: Iz —-il=2 that include only the pomt z = 2i which is
sxmple pole. :

! I\ow lhe residue of f(z) at the point is,

Res fry L Res d'( 1 )
= f@= 2 z=2idz (z— 21) (z-2iy (2 +2i)

;i_hm‘ 12 ;6__13 5
f22—>2i(z+2i)5“ (41) 2x2561‘

" ' By 'Cauchy’s Residue Theorem,

§ f(z).dz =2mi (sum 6f,R’esidues inC)

C i
ie § —rdz—» = 27 15 L
BAGET M X3 %2561 - 256
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— cos2(z -
d
§ (z-3)

C:lz=-3l=1

bolutlon. We have, ‘
1 —cos2(z-3)
Az-3)

Clearly. f(z) has poles are at z = 3 of order 3.

f(z) =

Given that the region is C: Iz — 31 = ] that includes the poifn z =3 of order 3
Now. the residue of {(z) at the points be, ’

Res lim’ ol d'
fz) = z—321dz°

By Cauchy's Residue Theorem,

1 lim
[1-cos2(z- 3)] =3 Z_l>3 4cos 2(z - 3)

§ f(z) dz = 2@ (sum of residue of f(z) in C)
= iﬁ ( = Cosm - 3)) dz = 27 x 2 = 4ni

§ s (z+4) where C is lhcrcrircl_e ;

(a) lzl=2 (b) lz+2l=3
Solution: We have,

‘ 1
(=7 g e e

. Clearly, f(z) has poles are at z = 0 of order 8 and at z=—4 of simple order.
(a) Given region is C: [zl = 2 that include only the pomt z =00of order 8.
Now, the residue of f(z) at the pomt is,
Res lim 1 lim l {—I) x700-1 -1
=012 =, o717 z+4) Y " N
By Cauchy's Residue Thecrem,

—Tti

or - b
§ Tard “2’“’&0-‘1'5

(b) Given that the region is C: lz+ 2|= 3 malﬁcludes the point z = 0 of order § ai
z =—4 of simple pole. )

.

Now, the residue of f(z) at the point are,

Res -1 . 7 >
, z=01@=3%  [by(a)]. o b
‘And, __5\___2//“ :

Thi s Copy
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B Cauchy's Residue Theorem,
y <

% f(z) dz = 27 (sum of residue of f(z)in C)
C

dz . | QLN J
= § m*z’"(ﬁﬁqm):n

; _,_i-——- dz, where Cis Izl =4
b Z+r) :
(ol
jution: We have,

. So

z

OF

Clearly, fz) has poles@t z = + 7i of order 2.

ik oiVen region is C: Izl = 4 that include the point z =+ i of order 2,
Now the res:due of f(z) at the points are,

v J [Res 5 = lim d [ e’
VW’ = T @ =, midz (z + i)

: _ lim [ez(z+ni)’—2e=(z+m)
T zomi (z +mi)*
_lim [e(a+m)-2]
Tz (z + m)y? :

_ g™ [2m)-2]
Toem)y

2-2mi R o
= [Since e™ = cosm + i sinw = -1]

i+7

4n’

MO A i |

And,

= -midz | (z-ni)

1_ lim e*(z-mi)-2¢

Tzo-nmi (z-mi)

e [2mi-2]

T (2miy’

= 2”‘—:’2 [Since ¢ = cosTt — i sin®t = 1]
L8

R~i
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By C: 'mchy s Rcs:o‘uc Theorem,

§ f(z) dz = 27 (sum of re31due of f(z) in C)

n+i @m-i| 4x i
T ) IR
@ +r)'dl 2’"[4::‘ + 4:«:‘] A Ty

2 ' 3 2
§ it Ciadeorston Teper
C ;

Solution: We have, 4an

e” F g g | .
wegty D e e D

..Clearly. f(z) has po]cs at z = -] of order 3.

-u )

Given that the region is the clhpse T‘6,7§ = 1 that mcludc the poingg

z=-1 of order 3. y
Now, lhc residue of f(z) at the point is,’

‘Res lim 1 d* Lo s o2
z=-113 =4, 2'dz‘{e} e R
By Cauchy’s Residue Theorem. -
s 2 4m
—_—T(z+]) dz =2mix = =
c

= : ;
8. Evaluate § [?zf—lﬁ + ze""] dz where C is the ellipse 95+ y* = 9.

So_lution: Here,
e m-' e ,lz 3 : 2
§[m+ze ]dz : C:9x +): —9731”'

-Zexz A .
s Q@ T——dz+ ze™* dz

z"-16 P 4w p
C 4 &

=§ f‘(z)dz-lv‘— § f(z) dz v a
C C A 4

N, w®. P)
=L+ i$ = A 15 Q(z)
To evaluate 1,: We have, ' .
ze™ ze™ ze™ ——
WM =T 1g= T (£ +4) " (-2 (z+2) (z- 20 (z+2)

Clearly. f;(z) has poles at z = +2, + 2i of order 1.

Thi's Copy, Sianed by bhum
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Giv cn tha

/—’l;@;lsf: 9%” + y~ =9 that include only the points % = + 2i of

rl
. D,dc e ,cs;duc of fi(z) at the poles s,
I\' oW li nz
Res oy = UM,y 22 4y
z=2i s )f7 =2i) (2 + 2i)
m  ze™/(2ld)
Tz-21 (z+21)
2i ™44 -3y
)
=1 . i - J
B [Since e = cof2m + i sin2m = 1)
And. i oy
Res W 22"z’ - 4)
) )% " @-m
_=2ie-4-4)
- (=41)
.d_:’-".’,_ . O -] ’ s .
& : =16 . [Since ™™ = cos2n —isin2r=1]]

#By Caichy’s Residue Theorem. ;
; (oL 1y omi
§ fi(z)dz =1, =2mi (‘ 16~ 16)“ 4
k- )

‘ Again Residues of ze™ s [ie. fg(i)]

Therefore,  Li=2mix5=m'
5 R PR i
ence, .[:I]-+I: =,4f7r1=?|r T/
g e § tanz - e diseciion,
grate Z-1 dz \rvherc C: lzl =5ina counter clockwise directi
C X !

’ Solul‘inn': We have, -

an7
-1

., Clearly, f(z) has poles are at z = + | of simple order.

flz) =

Given that the region is C: Izl = that include the points z = + l of order 1.

2

‘N
OW. the residue of ﬂz} at the pomts be.
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Reés - lim tanz _tanl

g 2 ®phiae] T2 7

Res lim  tanz _—tanl __l 1
2= 1“2) z—)lz-l T2 T2

- By Cauchy's Residue Theorem.

§ —l-?“—ld,:.___m (’lag—]+ta—;—l)—"m tanl,

i(). Evaluate § ;1:: dz where' Cis ‘the curve, which is countcrﬁloékwis
¢ & -
*_simple closed path such that
{a) If 0 and 1 i.e. poles lies in C.
~ (c) If 1inside and 0 outside
Solution: We have, '

(b) If 0 is inside axid 1 outsnde C
(d) If both outside C .

4 - 3z 3z
f‘”‘ = "z(z-n

Clem‘ly. f(z) has s:mple poles atz=0,1.
(a) Giventhat 0 and 1 i.e. po]es liesinC.
Now. the residue of f(2) at the-point is,

Res lim 4-3z 4' : it
_ZfOf(Z) Tz-0z-1 =’1.=_4 R
. Res ‘lim 4-3z 43 i A
2=11@ Tzl oz - T =1

. By Cauchy's Residue Theorem,

§—"—"dz—2m(—4+l)--—6ni' & Q-

Given that 0 is inside and 1 outside C. : , e & QU
* Now. the residue of f{z) at the point s,
Res lim 4-3z4" 40 \
: =01 =, 07 = St
By Cauchy's Residue Theoremy - 0 g iy
E ‘ e dz 27 % ( 'sm : -
. I s z .
{¢) Given that ] inside and 0 outside.
Now:. the residue of f(z) at the points be,
R : lim 4 1< .
es fiz) = im 32, ___4 1e3=] .

z=1 : =1z

: " This Copy Scé

: (hapter® | Zeros and Singularities ofa Function | 425
esiduc Theorem, : w8
4-3z : ) )
o } - § —r—=dz =27 -
L -z ’ -
. ~ % ‘ W

g that both outside C then the funcuon is anal

(4

: yqlntebral Theorem.

§4 37dz 0.
‘lz_

¢

5 é'y Cauchy's R

e ytic everywhere, S, by
()
.~ Cau uch

HER IMPORTANT QUESTION FROM FINAL EXAM FOR
PRACTIC ,

g2Q:Ne.28) ¢ tgrainigl s B
: prove ReSldue theorgf. - :

 State and
Hipt: See theore.

3Fall No 2(a
Dcﬁne smoul'-.rmes and ZeTOS of funcuon Evaluate

290

§ . -‘_H_
& {]) '——;‘!‘ cllzi=

" Psinz
) Z?-__'—ld ’ lzl=1 :
‘ : j 23
. State Resxdue lheorem Use it to find the value of the mteomi ‘T*T_—s dz,

“where cis the chrcle lz<2l= 4.

2004 Fnll!! No. 2(a)

Défine a smcular point and the residue of Ihe funcuon z)atz=z,. Find the sum

: + 1
: ofthe remdues of the function tl‘z) _1 1.

-3 —5)
2003 Sprin, .\Io. 2(a : :
rs‘tate Cauchy Residue Theorem; Evaluate” * *  :.
(i)' i Zlanzl dz, where c is'the circle izl 3/2 in counter clockwise direction.

\ Y

—4z 5) dz, where C is the circle Iz - 21 = 4. counter clockwise,

g .7 (11) § (_7"73
" Hint gy See Exercise 5.2 Q. No.9.  (ii) See 2004 Spring.

ned by bhum

http://t. e/ glseneers np
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2005 Fall Q. No. 2 (a)

Define singularity, zeros and pole of a function. State Cauchy Residue the,
ey

~

3
§ 727sinz .
Evaluate: (m dz where ¢ : Izl = 2, counter—clockwise.
. -

* Hint: See 2003 Fall. B o s

2006 Spring Q. No.-Z(u)

Define pole and zcroes of a function. ‘State Cauchy's residue 1he0rém a
; ngd

z

§ e
a = szl =3,
ev Iualc_c e whe.reC izl =3

2006 Fall Q. No. 2(a)

State Taylors' series of a function f(z). Evaluate f :f;rlf—zl dz where C: 7 2

counter—lockwise, by using Residue theorem.

2007 Fall Q. No. 2(a)

Chapter b | Zeros and Singularities of a Function |

) 125
. vo. 2(a : N
gy spring QB2 :
& hefine residue of the complex valued function at their poles. State and prove
. § o
e o i vaiug T | 7 vl q 5
Cauchy residue theorem. Evaluate ¢ cosz 4% where C : the circle 12 = 3, in

umcrc]ockwise direction.
co ’

Hint: For problem sce 2006 Spring.

. No. 2(a)

g1 Spci® e oes of e
: pole and Zerocs of a“function. State Cauchy's residue theorem and

- pefine

z—23 ‘ .
cvaluate : m dz where C:1z=21=4.

; Hint: Fof prublen‘l'sce 2006'Spring.
015 Spring Q- No. 2(aly n 3
3 i ‘
g 4 H (3 2
State a_nd Prove Cauchy Reside theorem. Evaluate {C mdz, where C is

a gircle lzI = 3 along anticlockwise direction.

Define singularity of a function. Evaluate the following integrals:

z

w2016 FallQ. No. 2(2)

= \Find the singular points and residues of the function f(z) = ﬁi_ﬂr 2

2016 Spring Q. No. 2(b

| . N k N z+1 I
(1) . cos,z-dz' C:ixl=3 (i1) { ?—_22.de' C: lzl=2
Hint: (i) See 2006 Spring. * (i) See exercise 5.2 Q. No. 2(c). xS
2008 Spring Q. No. 2(a)
Define zeros and pole of a function #z). Findg the “Residues .of
z+2 L & §:
o S e, .
f(z) G+Dirs Iy
- 2008 Fall Q. No. 2(a) OR {\ o

State Cauchy residue theorens a&&cn cyaluate 5 ftz) dz. where
e = e v s foolliver N circte (1= 5. - .

(z)= (z+4)(z—1) &0 is 4 positively nted circle [zl = 5.

2009 Fall Q. No. 2(3) OR
e ‘ § : ) 9z +1
State Cauchy residue theorem and then evaluate - ftz) dz, where f(z) = Tzl
and C is a positively oriented circle Izl = 2. ‘
' . ‘. This Copy Sd

ity - . ) =
State Cauchy Residue Theorem and hence evaluate §c ;ziTzs_"g dz where
Cil-2124. ' '
2017 Fall Q. No. 2(a) . o &
Define singularity of a function. Evaluate the following integrals:
: 5 e :
_ e s . z+1 ; _l
] ,["—cosz dz, C: Izl -13 (i) 727 d?, C:lzl= 2
‘SHORT QUESTIONS
2003 Fall Q. No. 7(e
Find the residue of f(z) =;:}_—! at '4 =]
2004 Fall O, No,. 7(h :
Find the type of singularity of the function sin z at 2 = oo.
: g Y
aned "by bhum.

http://t. meldsal neers np
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-2004 Fall Q. No. 7(d

Determine the location and the order of zero ol the lum.imn f(z) = {g -
2005 Fal Q. No.7(c) § '
4
Find the resldue at the poles of "'Z_ !

—-iz+2
2017 Fall 0. No. 7q . .
1

Fi md pulcs w:th their urdcr of functwu f(z) = ‘"’r:—az?'

Qoo

‘
1
K "
N
% :
=
§ ] : A
< $ y 5 @ 2 ¥
£ y A
P "\ =
¥y
y & \ \ ¥
B8 9 .lJ: :

Thi's Copy S

R INTEGRAL AND FOURIER TRANSFORM

J -, function 5 :
pcrlﬂ l(?] pe a function of x > then a number pis ca]led a penod of f(x) if

* ﬂ?ﬂ + p} = f(x).

r }'mtﬁer _.,-gnes £ .2
o f[x) be a funcnon ofx of period 27. Then, theFonner series s of ﬂx) is,

e f(x)- 3+ Z[a,,cos nx+h5,sm nx}
W l
. where,” - . - %F Efﬂu cosnt_::{__t_

SR o ost ety ol TN 4
! LR s R . -y .

- &P

for n= 01 D

for n=1,2, ...

‘ 1 = .
bn-= = f_f(n sinntdt

—n

Zi-2. 3l )]

=]

1 IS

T j‘f{t) cos—"dt
i :

for n=0,1,2,

-gmd,-_.-- bnﬁ,‘f_f(t)‘sinn—{-dt' for n=1.2.3....

Even and Odd fw:ctmu i 3
ﬁ: f;mcn(or; f{x} is said to be odd if f(—x) = ~f(x) and is called even if
f=x)=f(x). - ;

Exampfe sinx. |s odd and cosx is even,

3o, sm(~30° _sm(zn 30°)—sm330° -5 = —sin30°

L

I
i C°5(~30°) cosl’Zr 30°}—c05330° 32C=coa30°‘

Pm .
{i} Pemes of ndd and even frmcnon '

! If f(x) is even then f(x) = f(x)

_f fx) dx = ff(x)dx + frm dx

caned by bhum
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Put x = -l then, v :
0 o
ffl'—l) (—dt) + fffx) dx

g
0 i { i
=-fﬁ1)dlq-ff(x)dx =ff(l)dt+ff(x)dx
- ! 0. o o O
Put t = x then,
{ ! !
=ff(x) dx+‘flf(x)d:§ =2ff(x)dx
. : 4

2~ f(x) is odd 1hen f(-x) = —f(\)
Now.

ff(x)dx: ff(x)dx-!-f,ffx) dx
{ -1 - 0

Put x =t then,

” . = fﬁ-{) dt+ ff(x)dx
' e gt
:-J!ﬂ_ndt-+f!§(>&)dx

L0 B LD

Put x =t then.

=— lf(x)dx+ If(_x)dx =0,
f . f

The product of even and even funcllon is even

- The product of even and odd function is odd.
The product of odd and even function is gdd."|

3.
4.
5.
6.

Fourier sine and cosine series

<

The Fourier series of odd funcuof o.ner singseries.
NOTE: (i)

Then. f(x) cosTx is odd and f(x) sm";— is even. So that,

‘The product of odd and odd function is even - A

Chapter7 | Fourier | Integral and Fourjer Transform |
Hence the Fourier series becomes,
/
Cf(x) = Zh ST where, b o 2 .
el sm—

n=1 - =7 f ) dt
- 0

This i called a Fourier Sine series,
j The Fourier Series of even function is Fourier €osine series,

al nmx

Liet ftn] isieven then ﬂx) s i €ven and ffx) sm“—x is odd. So that,

i
il

nmx
ff(x) cos—— and b,,_()
0
" Hence, the Fourier series becomes,
! =N
; y nnx .
f(x)=%2 4925 20 COS = d
: n=J
PO G B d T cos™
with ¢ -I f(” t and a,= fﬂl) C.DS_"' dt

R 0 0
Thi$ is called Fourier cosine series.

Let f(x) is odd funcuon lhen (&cosnx is odd and f(x) smnx is even.

fﬁx) cos— dx=0 and ff(x) sm“— dx-fo(x) sm"—‘dK

- -~ 0
2 ! nmx
Therefdre, a,=0, b,= 7 j'f(x} sinT dx
. 0

Thi s 'Oopy Sc
http://t. me

-

(i) Complcx form of Fourier series.
The'complex form of Fourier series of a 21 penodxc function £(x) is

n=—oco :
-7

Jusnt' cation: ¢

Smce the Fourler senes ofa 21‘t periodic funcuon f(x) is,

; f(x): > + Z (a, cosnx + bn sin'hx)
n=1 -

where Ay, =T ff(x) cos nx dx, b, ff(x) sin nx dx

r . - - k -T é
Since. €™ = cos nx + i sin nx and ™™ = cosnx ~ i sin nx
Then, : : : _

inx —inx 5 inx _ e—lﬂ"

€OSs nx =T sinm=TTg

So that,

’ . ib ap+ 1bn ~inx

’ a, cosnx + b sinnx -‘n_“z e™+ 2 =18
=c ™+ Con E

Hence,

n=1 n=-oc0 nN=—oco

n#0

i
aned by bhum
n

fx) = che‘“" where €= 2 J'f(x)e“‘"dx. n=0.t1%2,...

f(x) = + Z[Cne +Cp€ "‘"].:%‘+ Y e™ = Y e™

129
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——__f Heferenc
where : ¥

Ci =

o —

. BT
(a,—iby) = o ft(x)(cosnx.—lsinn;) dx

-
R P
eI -inx ¢
ks ff(x)c‘ dx :
£ v
Fourier Integral

2003 Fall Q. No. 6(a) OR: 2007 Fall
Spring Q. No. 3(a)

Obtain the Fuuner integral formula fro
. conditions.

2006 Fall Q. No. 6(b) OR; 201] Fall 0.No.6(b)

‘Derive an expression for the Fouri
Solution:

ﬂ The Fourier integral of f(x) for x >0 is

n the Fourier series

assuming the equireg

nier integral from a Fourier serics,

f(x) = f[A(w) CosWX + B(w) smwx] dw BT
0

where, - A(w) = % f f{t‘)lc;os@t'dt. Bfw) - f f(t) smwt dt

—o0 —o -

) Consrdcr a Founer series of f(x) for x>0 of period 21 is,

ff(x} = + Z [a,, cosw,,x + b smw,,x] ...... En (_i) K& W
e . 3 Ll e Ll e Sl S g - G N
;". : V g with‘ . - - . 2 '; - ;"

) . ! - N . N .
i W, --!—“ = [f0coswidy Jh=0) R

R 5 - - ! = . - & :
3 - b,,::‘I ff,-(l)smwn(l)dt n:l.N’_ \ 4 ; pie ) o
5 _ ‘ : ik 0

% a r’(

Then (1) becomcs

fi(x) =5.;ff, (t)_dt +

F _{ -
oo ; 7
oo n=1 : - 2 e B0 & e
f 1 L . ‘ [l : ¥ This Copy
TLRes v ST (SR A WALL S S;"W*X‘T e e s

\ |

" gappose i

Chapter 7 | Fourier Integral and Fourier Transform | 13i

' ntl R 1 1_Aw
o A\‘)=Wn+l'w“=-—l—n_l—, Q,—n
" Set. 1 .
" go thab _'] 2 452
xae - (fydt+
o=y [
: 5 ' -
A e [l o % & !

2l

Aw - 4 N s, AN ; y
cos WoX T . /[‘ t,{_ncos Wo(Odtsin v, — f fA1) cos wy(t)dt
=il '

1

—{1 -1
: i(x) % abstliulely mu.grable and the function is valid for any [.
a

Se.- . ] '.1 E
ro o M ¢
f(?()'*[.f_)oc L " 4

: ‘-Mg(;, 1fl S o Aw 5 %__, 0 sg, we may replace Aw by dw. Also, changing

It Founer Losme and s

..m c(;qwx f(t)cmwtdt + sinwx fﬂt)coswldl dw
-'nf ;

"= ‘ —‘_’°.
-cos.wx ff(t)coswthsmwx ff(t)coswtdl dw_

—on 0 7 : e

ine mtegral 5
Afuncuon f(x) Qs :
f(x)_ ‘J'A(w) cos wx dvp T T R . (i)
B o
‘.t*.-':;;,hc' i 1 oo
_ W)_ X f(t) cos wt dt
i .’]‘ne —09.
. (m) 2 ‘h" Fourier cosine mtcgml with the value of Alw).
neé:- ] i/

Chttp://t. mel nmers np

Scanned with CamScanner



132 A Reference Bock of Engineering Mathematics IV

| -]

‘ in : I (1%
' fix)= -fow)smwx dw

\ 0 .

wh_cre B(w):i ff(l) cos wt dl

! 5

Thus. (iv) is the Fourier sinc integral with the value of B(w),
\

-Fourier cosine transform: Ko
Since. the Fourier cosine integral of f(x) is,

f(x) = fA{w) cos wx dw
0

‘ ]
Where A{w):'; f f(t) cos wt dt
) 0

=»\/;% ‘\/%fm)coswtdt & 1.

‘ 0 ; : .

2 A ) » A 2.5
=—\/%'fﬁfw) where, fcv(w)=\/;::fﬂt) cos wi de

. h g

0
Thus, y
A : 3.9 - ; ¢
f. (w)= ;ff(l) coswtdt ... (i) O
. R -
. 22 . - i
land. fix) ='\/;'ffu (w) cos wx dw Sp— ﬁi).

0

< Here: (i)_ is called Fourier cosine Afansform Of, f(x) and (ij) is called invert
Fourier sine transform. ' )

,Ih ermy . & - - ‘
en, (ii1) is the Fourier cosiné imﬁ’im thedalue of A(w),

Fourier sine transform: |+ 4

Since, the Fourier sine integral of fix)is,

f(x) = fﬂ,,(w)'sinm dx
0
2 (=<
: where, B(w):;ffﬂ) sinwt dt
0 ’ ‘ '
Thi s Copy

e e

~
A ]

Chapter 7 | Fourier Integral and Fourier Transform |

2 2%
='\/;E ‘\/;ffft)smwtdt

0 i
A ‘ ;9 ‘
- where, f (w)= Ef"” sinwtd;

n

Thus. ' o a - &
‘ ﬁ(w):‘\/%ffn) sinwadt AN ‘

0 @

‘ S |
and -”'”:‘\/;fﬁ(w”‘“w"dw el i)

- 04 .
Hcr:?. (i) is called Fourier sine transform of f(x) and {ii) is called inverse Fourier

sine transform. : :
Théoreni of Fourier Cosine Transform:

133

Li"carity A * i
Lek fies F.(Dand g, = F.() are Fourier cosine transform of f(x) and g(x). Also.
1t a and'b are constants then. F.(af + bg) =a F.(f) + b F.(g).

[2005 Fall Q. No. 7(e); 2009 Fall Q. No. 7(e); 2011 Fall Q. No. 7(d))

.‘ .llﬁ

oof? e T
?r "LeF.() and F.(g) are Fourier cosine transform of f(x) and g(x). So,

& oa .. 5 o
F.f) = \'/%ff(x) cos wx dx and  Fu(g) =\/7_:tfg(x) sin wx dx
: 0

0 =
Now, by definition of Fourier cosine transform

 Fdaf+bg)= ’\/% J'(al‘+ bg) (x) coswx dx -

, 0 , :_
T % -_-a’\/%fﬁx) coswx dx +‘b\/%ff(x) coswaix
-0 - g%
; =aF(f) +bF.g) y .

Lincarity Theorem of Fourier Sine Transform:
 Let £ =Fyf) and o= F.(g) are Fourier cosine transform of f(x) and g(x). Also, -
letaand b are gonstanté then. ‘
F, (af + bg) =a F(H + b F.(2).
Proof: Process as Linearity Theorem of Fourier Cosine Transform:
Theorem; Let f(x) is continuous and absolutely integrable on the x-axis. let f(x) be
Piecewise continuous on each finite integral and let f(x) 0 as x—e. Then,

Fclf_‘] =wF,(f)- »\/% £(0) and Flf"=-wEd(D
2 ; 2 -
005 Spring Q.No.6(ajGR; 2008 Fall O.No.4(bJOR; 2008 Spring Q. No. 6(OR

: 5 A . . http://t. pieeai neers np
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Proof: ’ ) S o

——

L_Cl f(x) is continuous and absoluwly integrable on x—axis and alyg
piecewise continuous. So. the imegmuon by parts exist. Also, |y i L ) iy
: Al

X—)o0,
Now,
: oo - by
Flf'] = “ff'(x) coswx dx S
‘\/- [coswx f (x}]o vf\/_ ff(x) smwx dx

5 ‘ =‘J\[:. fl0) = wiw; [_'.‘ f(x)=0as x - o]

- . And,
. e 2 e

‘ E(f"] ='\[%fﬁ?'(x) sin\fvx dx : B :

. : 0 ! : - 3 3
: B o S SRR
: =‘\/;: {[fx) sinw.xlu -w ’\/%J' f(x) coswx dx -
: v ; : kit i
=—wF, [f]

Complex form of Fourier Integral Pte : o

Since, the Fourier integral of f(x) is. ‘

oo

fx) = fi'A(w} coswx + B(w) sinwx] dw

' e DAY . . %
: > P fi+ =
where, A (w) =7 f.m coswt dt and B (w? . fi(l) sinwt dt
’ . .‘ —m foe- -2 -‘ "_V‘ v-:Do-.;. .

Then, 5 ‘
f(x) '= - fff[t) [cqswt Foa;x-f:mwt sinwx] dt d\:v
= —f ff[')cqsw{l—x) dt '

Since, (1) is even 01hcrw15c lhe mleor'ﬂ value is zero. So, we may wrile,

o0 oo

f(x) -21 fff(l)cosw(t—x)dldw

——pe

Chapter7 | Fuuricrlntcgraland-Fourier Transform |

) 135
* b
oy o
ff(t) sinw (t —x) dt dw = 0, being fﬂ) is even,
Als0- f :
. 0000
Thens —
: 1) [cosw (l—x)-r:emw(t d
) 257 ffi()[ > x)] dt dw

g —Oa—00

j‘j‘f(t) alashan) dldw

5 m) ﬁf ﬁffrt)e"“’dt ™ dw

4 e [ cos @([—x):cosw(x—l)]'
Pil. :

& 1 .l"" o J
N ?(w)-. =ﬁ.ff(t)e ‘dt_ . A e 1)

f(k)-\[—ff(w)e’“‘dw S eE Tt )

Equation (1) is cailed thc Fourier :ransform of (1) is cumpiex form and (i) is
called inverse Fourier transform of [(t) :

: Thedrem [Linéarity of Fourier Transform] :

“Let F(fy and F(g) are Founer transform of f(x) :md 2(x). Also, let a and b are
constants then,

.~ Flaf+ bg] = aF[f]+bF[ o]

" Proof;

Let, F[ﬂ and Flg] are Founcr transform of f(x) and 2(x).
X Now
Flaf+bg) =—A= f(af+ b)) e™ dt

—00 .

1. = | iwt . 1 > -i\l'l- *
- d
-\[2_1: fﬂt) c | dt+b JZT': Ig(t) ¢ 1
—00

5 i s F[f] +b Flg].
rem [Founer transform of the derivative of f(x)]
Let ftx) is continuous
mlcurable On x-axis then,

FIf'oo) = iw By and  F[f"x)] = W F{f]=-w'Ff] .~

Thi s Cbpy Scanii by bhum
http://t. -

on x-axis and f{x) = 0 as Ix] = o and ['(x) is ab:\'olutcly.
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Proof
Let fix) is continuous on x-axis and f(x) = 0 as &l = oo Algy, ¢
absolutely integrable on x—axis. So. the integrating by parts exists,

Now.
[--]

1 =W
FIf ) = = frwe Hdt

L -0

[frey c"“‘ +iw flﬂ) e d:l

L

[ fx) = 0aslzl 5 o)

)
-‘\IEI

#\1—12_— - .}m) ™ gy
T

=iw F[f]
Also, _ ) "
[

FIf" () = £ (1) e ™ dt

Hl-

\[—I:!fme"“'-i-lwf(l)e"“’] +(1w) ffﬂ)e"“‘

L 5 | -
=—_\I’_7;(iW)1 ff(l) e™d :

=PWHA G s
= -w*F[f] Ny [\

.Parseval s Identity for Fourier Transform

If f(x) and g(x).are piecewise continuous, boundedyand absolul:]y mic"rablc on
x—axis with Fourier transform F(w) and G(w) rf:spectwel_y then

jF(w)G (w) dw = fﬂ&(x) dx

N

and lerw)F dw= ﬂfrx)lzldx. v

—00 —00

where, (7) indicates the comﬁlcx conjugate.
Proof:

Let f(x) and gfx) are piecewise continuous, bounded and absolulely mle"fﬂb]c an
x—axis. So, the Fourier transform and its complex conjugate exist.
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fF(w)G(W)dW-\[—- fff(x)GfW)e"“dx dw

f"x) fG(W)e'”dwdx

=ffm§‘(x) dx i)
o e, .
‘ AISD.,IIF(W)I-qwzf_F(w)F(w)dwT-*ff(x)f(x)dx [as (1)]

= j‘lr(x)F dx

-0

Parseva] S ldent:ty for Fourier cosine and sine transform

..( oo

; ﬂi" fF (W) Gw) dw = ff(x) g(x) dx _ ii., ﬂF (WP dw = 'Ff(x ) dx
g ey 0 i g
i, 'j‘Fs(w)‘G,-(W) dw = f f(x) g(x) dx j‘lF,(w)l’ dw= j]f(x)F dx
K SR 0 0
Convolution of Two Functions

-, The convolution of given two functions f(x) and g(x) is denoted by f*g and is
defined by /

(f*g) (x) = ff(p) gx-p)dp= f f(x ~p) (p) dp

Fourier Transform of Convolution of Two Functions

Let F(f) and F(G) are Fourier transform of given functions f(x) and g(x), exist.
en, the Fourier transform of the convolution of f(x) and g(x) is d&fine as,

F[(f* =
B e [(P*g) (x)] =[2 Ff] Flg]
(f*g) (x) = ff(p) g(x—p)dp

‘http://t. aliemeoccrs np
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Now, Fl“*g)(.\) f fffp) o(x — p, dp c-l“\ di

—00 —00
Put, x —p =q so.dx =dq. Also. x = (=) = q 5(-), x ~w=g
< Then, =

l o0 0o )
F”'*g r) -— ’ g( d =W P +yq)
[(F*g) (x)) \,—nfflp) q)dpe dg

—00 —00

! g —iw ] pu .
=\[2—7"“\/_2—; ff(p)c Pdp'-\[_z_—g fg(q) e™idg
=\27 Fif] Flg].

2005 Fall Q. No. 6(b)
Define convolution of two functions. Statc and prove convulunon the
‘ Fourier transform.
2006 Spring Q. No. 6(b)

Define convolution of the two functions. If fix) and g(x) are Piecewis;

Orem op
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1 :
; ~= (f(t) coswt dt & B(w f(
with AW =7 f ; _ V= f 1) sinwt dt
0 ! —oa
Here: | 5 0 "y
.. —| [0.coswt dt’+fcoswt dt + SR -
‘ AlwW) = 3 f c 7 fm:’ coswt dt

g . B 0.

[ using ( ]

" [==]

I (e coswi dt
Ee o

-0

(1) W

- ['.'fc‘“ coshx dx =

[—-—-n———'r (f—']) coswt + w sinwt)jlo

» .
2 (a cosbx + b sinbx) +'c}

continuous. bounded and absolutely integrable on the x—axis then Fif*g) = \z
“Fif) Frg). ~ . :

-

‘ Exercise =7.1
Show that, . it
0 for x<0 -
COSXW + W Sln“\ i
f( N T dw=v 5 for x=0.

ne™ for x>0
; [2016 FallQ No. 4(b)]
{2017 Fall Q No. 5(b)] [2011 Spring Q No. 4(3)] (2004 Fall Q. No. 6(2)]
Solution: Le[ =
0 for x<0 .
T

=93 for x=0 Q... -
7™ for x>0 g *
Then, we wish to show e
% (COSXW + W Sinwix ® 4
= posbilsnana i), WL > P
f(x) j‘( g dw )" RS 1))

0
Since. on the right part of (ii), the integral includes sine and cosine funﬂlon Atk
we should determine the Fourier integral for {(x).
Since, the Fourier integral for f(x) is, -

oo

ftx) = f [Alw) coswx + B(w) sinwx] dw ... ... ... (i1i) .
: :

" 1 e

@ Do e

And, ;

, . o 0 » ,

Bw) = 0.§§nwt dz+ﬁsinwtdt+fr:c" sinwtdt | [ using ()]
—o0 g 4] 0
== (e sinwt dt

e

- 00
=
|:——'r{ sinwt - w c-oswl)]
14w 0

ax

) [ f smbx dx = 7T—— (a sinbx + b cosbx) + c]

e
W o,
=T [ e™~0]
. Then (iii) becomes,
fix) = ﬂ?&?ﬂ”%%ﬁi‘ﬂ) IR I (iv)
: 0 ,
Thus, from (i) and (iv) we get,
. . 0 ‘for x<0
[=5] . -
(cosxw + wsmwx) g 1 T or'x=0
1 +w ; 2
0 ) ',"E(,‘_l for x>0
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) anv i bid
| =
b. f( T:sm)sin bW 3{2 for D<x<x

0 for x>
0 z

Solution: Let,

2 - :
fixy= {2 i ERE M
0 for x>m :
Then, we wish to show, . 5 ‘
f(x) = f(]-c+nw) sintwdw . .........(ii)
0

LN

[2016 Spring 3(a)

UR]

(2012 Fall 2(a) OR] [2007 Fall Q. No. 6(a) OR] [2004 Spring Q. 6"
. ' : o

The integral part in (ii) has only sine function that mcluded parametric valye ,

So. we wish to determine the Fourier sine integrand for f{x)
. Since, the Fourier sine integral for fix) i is

[(x):fB(w) sinwx dw A Y
4 _

with B(w) = ;2—: [ sinwidt

0

) }& = j- ;
== = sinwt dt + {0. sinwt dt ["." using (1)]

T 2 =

0 T

g T d _[—coswl B _1—coswn
-fsmwl ,[ == = .

0 -

" Thus. from fl). (iii) and (iv) we get,

‘0
j‘(i:w;} dw: g for x> 0 \’
0 4
Solution: Let, s .
: f(x):‘ﬂ;—-,L forx>0 B E e gt (1)

and we wish to show,

f(x) = f(c‘“w") L TR S TN * (i)

o (iv)

l—cosw‘m & l—c sn’w , 4 &
5 nwx dw = smnwdw

[2006 Spring Q. No. 7(¢)]
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/[c;"lmii) has only cosine function that included the parametric
. The? 0. we wish to determine the Fourier cosine integral for fix).
valué 1 the Fourlcr cosine integral for f(x) is,
since.
ﬁx)_.fAfW) coswxdw. .. (i)
0
2 =]
. A(W) = ;r-ff(t) coswt dt
with, At ;
0
: Her¢. i
Alw) =EIT coswt dt
00
oo i -
=~ coswtdt .
@
y . - 3 e..( ) o0
g & - [-1-;-‘;: {—coswt + w sinwt)
: ; 5 [ fc cosbx dx -"—'r(a cosbx + b sinbx) +c:|
7 4 1 o e
o T+ w [e™-0l
Tﬁercfore. (iii) becomes _ .
. % coswx : .
lf(§)=fmdw . S (")
0

Thus. from (i) and (iv) we get.

—x
coswx
forx>0

f1+w 2 4

{% for0<x==

0 forx>mx

. d. j.sm'lrw S.'IIIYW

Squtmn LeL &

- [ wsinx e :
r(x)J LA i,
0 forx>mn 4

and wish to show

sintw s:nxw

() = f .......... e (i) .

0
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Since, the integral part of (ii) has only sine function th
variable x. So, we wish to determine the Fourier sine in
Since, the Fourier sine integral of fix) is.

f(x):j‘B(w)sinwx dw
0
. 2o
with Brw)z;-t*ff(t) sinwt dt
_ 0
Here, :
2| “wsint | .
B(w):; f_;;_— sinwt dl+f0. sinwt dt
0 ' b4

oo
"= {sinwt sint dt

T

1% ?
=‘2‘f[COS(W— 1) t—cos(w + 1) t]dt

T
r. 2 sinA sinB = cos(A - B) - cos(A + B)]
"l sinfw— 1)1t sinfw + D tTF
=2 w—1 7 w+l o ‘
Isiftw=1x sintw+Dx —
=§l: w1 =~ ] :| [."sin0 =0T
< 1| sinwm cosSwT  SinwT COST Bl o :
=2 w-—1 w+ 1 [ sinigQ]
sinwn[ -1 1 W o R
== [ w+1] [feosm==1]
_sinwzn . 5
=" B 1 i
sinwr j :
==
l—wr 3 . .
Now, (iii) becomes, '\’
f{x)z-fg%ﬂdw R4 (V)

0
Thus, from (i) and (1v) we get,

T sinx
= sinTw sinxw =5 for0<xsm
[ e
= 0 forx>T-

0

at includes {he

Arg 5
tegral of f(x). P ey,

| using (i)

o

Chapter 7 | Fourier Integral and Fourier Transform | 143 .

~HX

e
2y sSinWX gy, =——forx>0,a<0.
Tew 2
at+ W
g Let
tioa: ) —ax A
3 f(,@):E—;—" forx>0,4<0 ... (1)
“Then. we wish to show, ‘
2 * w sinwx 4 _ e i
f(x)=f—arm:' w (ii)
0 T

egral part of (ii) has only sine function that includes than

C]carly the int
arametric variable x. So. the Fourier sine integral for f(x) is apphnblu Since,

the Fourier sin¢ mtegral of f(x) is.

f(x) = 'J'B(w) sinwx dw
o & '

 gwithy B(V_V} ='7‘[ff(t) sinwt dt_

0
Here,

© oo

';Ee"" sinwt dt =fe““ sinwt dt

o‘-—ﬁs-

0

g e«af
[a o 7 (asinwt—w coswt)]ﬂ

[ : fe sinbx dx = "#'—(a sinbx - b cosbx) + c]

-

o

W o oo
‘ STew el
Now, (iii) becomes, _
*® wsinwx | we™ e ot o S B .
fixy = fm dw=""73 [ using ()]« e vvn o (iv)

Thus, from (i) and (iv), lhe requirement holds.

COSWX qre* )
f(k’ wi dw._—z— for x > 0.
4(102 " NO. 6(a

FA - 5 ) -
Ind the Fourier cosine integral of the function f(x) = €™, for x > 0, k > 0

and hence show that f —v-——rk Fo ¥ dw ge‘“.
0 :
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Solution: Let, , A o T,

—kx
e
fo="73— forx>0 ' )
and we wish to show, .
7k coswx :
f(x)::j(‘li'w dw s wenowe (1)
A ‘ .

The mtegra] part in (ii) has only cosine function that included th
. value x. So, we wish to determine the Fourier cosine integral for f(x)
Since, the Fourier cosine integral for f(x) is,

€ para mc[nt

\f(x) =fA(w) COS WX de (iii)
4 :

; 2>
~ with, A(w) = = ff(t) coswt dt

0
- Here,
2 % ekt :
A(w):;choswl dt
0

oo

= fe"" coswt dt
{= =]
[ T —T(-kcoswt+w smwt):l0

[.,ffe"; cosbx dx =.;r?+—bz (a cosb# b $inbx) + c]

k
T |
; Thercfore (iii) becomes

. kcoswx = o '.
_ f(x)—j T dw - ) .....,.“.:..(w)

0 _ 'y A "
Thus, from (i) and (iv) we getf \ 4 :

COSWX e B
j'()(g+wz dw = 7 ‘-erx>0.

0

2. Find Fourier cosine integral of the followmg functmns gt

- f""’{o 1?1“
»

- 145
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e

. . (ot
Solutwn' “n 1 if0ex<1 P
flx)=y0 ifx>1 oprernrenan (1)
i ine i 1 of f(x) is.
he Fourier cosine integra
No“_f-‘ -
L2 ) = ff Al) eos e ! . (i)
’ p ‘ 0
2 J 2 -
where A(\‘f.) = 'E'ff(t) coswt dt
0
coswt 1._n W o S
£ /)
- Hence, the Fourier cogine transfom of f(x) is.
: 5 % coswk sinw
-2 W v
PR ‘ A 0 G
o P Ro<x<a
. '-;(3()‘; j ifx>a
Soluticfﬁ:”Here'. ,
£ : Cif0<x<a
g 0= {0 s

ﬁow, the Founer cosine integral of f(x) is,
. F(x)= .I'A(w) coswx dw
; 0

: iy
where, A(w) = = f f(1) cos wt dt

0
R Sl
e f tcoswt dt . ‘ .

0 ; i %
g

. .—Rflcoswt.d[
0 ]

5 / a
== [l ____smwtz e o fsinwt dt
W w
’ 0

_2a 2 [- coswt]a
=—sinwa-—|——| .
. w 0

w w

2a 2 2
wl < i pe

Tw SiWa+ 223 cos.wa -
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Hence.

asinwa - coswa — |

7 oo < . N
F.-(x):?f[ 'w B :lcoswxdw

0 i .
c.. fix)= —lz x>0
Solution: Herc.

f)=m—27 x>0 i (i)

1+x
Now. Fourier cosine series of f(x) is,
- = <]
F.(x)= fA(w) coswx dw
0

'..) oo 1
where,  A(w) =;J‘ﬂl) coswt dt
. O ‘
2 = ’
- -1 AW
'J:IUH) coswtdt =e

0
Therefore, {ii) becomes.
(==

F.x)= Ie"‘ cos wx dw
o

3.  Find Fourier sine integral of the following functions:

1 ifl<x<a
@ fix)= {0 ifx>a
Solution: Let,

f(x):{I if0<x<a.

‘Now, Fourier sine integral of f(x) is,

0" it dsspiasas: (1)

F.x) = (w) sinwx dw ....... wa(ii)
JE 4 ,
0 y ‘\0
: 2 ol \ -
where, B(w) = - ff(_l) sinwt dt. [ - 1 9
0

a. oo .
Here, B(w) =% fl.sinwt dt + J‘O.sinwl dt
. 0 ‘a i

2 _2_|i—cos wi g[l-—cosaw:l
Tmlow o Jy Tom w

Thirs Copy
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‘n]cﬂ‘ ! a5
2 ] —cosaw | .
R = Ef[-—_— ™ ]sm wx dw.

0

sin X if0<x<T
(b) r(x)={o C LR,

Solution: Let, : ek coall o
fx) { ifx>m
wa, Fourier sinc'in;egral of f(x) is,
y - s
Fis) = B0 SR )
N 0 2¥ Z
-~ 3%
where, BOW) =7 f f(¥'sinwt dt.
B |
.‘?‘f ‘- p 2 T . ; oaO : ;
"Here, B(W) =7 fsxp‘t sin wt dt+f .sm'wt t
} < P »‘ 0 v ‘.VA n

2]': - '

=;fsinl sinwt dt
G 1

=3 f[co's(w— Dt — cos(w + 1)t] dt
o . S
= { e 714

1 sin(w—-1)t sinfw + 1) t

Sl ow=1 T w+l

_1[=sinwm sinwn]

“nl o w=1 Tw+1]

2 sinwT

Tl —w)
’Ihen (i1) becomes.

sinwT sinwx dw

F(x)_—f W)

f;‘f(x)= e lf()<x<1

if
Soluliﬂn: Let, x= 1

e*  if0<x<] ;
f(x)={0 ek, SELET
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Since, the Fourier since integral of fix) is,

‘F,(x)sz(w)_sinwx‘dw' erernreeneeenes (11)
0 \

with, B(w) = %ff(t) sinwt dt

0
o i i
Here, B(w) =; fe' sinwt dt + fO.sinwt dt
' 0 s

E 1 _
) ='2' e' sinwt dt

A

0

= o e Jl
= M et k l
n[l e (]Asmw‘l w coswt) A

N

2[e(sinw — wcosw) + w]
“x ) 1+w
Then (ii) becomes,

e(smw wcosw)+w Ty, o
F(x)== f[ T ]smwx dw

Th:s is reqmred Founet sine mtegral for f(x)

'

: 1 0<xcl
(a) fix)=4-1 1<x<1
\ 0 x>2
1 0<x’<f

. i ‘ o
Solution: Here, fix)= {—1 1<x < 1\
- L0

x>2-
'l'hen the Fourier cosine transform of f(x) is/

F.(f) ’\/—ff(x) coswx di

\/_ fcoswx dx -~ \[ fcoswx dx

e - o™ ;
[ (e=sinbxdx = peredt .f:mbx = b cosby) ,

1.  Find Fourier cosine transform of the followmg functions: A

Thi s Copy
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.//_.——:mwx]l _2_[smwx 2

i ;1;[ w 0_ n w . .
| ! 2 [sinw sin2w  sinw

= El: w ow A w

ifo<x<a

(b)ﬂx)={0 ifx>a

: x if0<x<a ‘ .
 golu ol tion: Here. f(x) = {0 T ifx>a ... (10
Founer cosine transformef (i) is
 Now. , the -

F (ﬂ__ 2 3 coswx dx

W (s"' ) m(‘“’“ “’")];
Bl -2
[

aw sin wa + Lcos wa — 1]

o

n’

u"
|

Now the Founer cosine transform of - fi(x) is.
' "”t F(f(x)) ’\/’fl+x cosot dt

—m

] Wehave f1+t_cosmtd =

'I'herefore F Af(x)) -‘\/_ x%e ‘\[

-y 453

Nld

Soluhon Heré

R - (O fo<x<l

ifx>1
: N°W the Founer cosine transform of (i) is,

F(f} {fx coswx dx
l— wsmwx ‘ coswx 2sinwx L
TL wz e
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'\/E[sinw 2cosw 2sinw:|
=EN\[D| Tt T -
TL oW w w
2 [2w cosw + (w’ = 2) sinw

; x 0O<xc<«l
(e) f(x)_—,{z—x l<x<2
. 0 x>2
% Solution: Here, - .
x O<x<l d
fm:{z—x‘ l<x<2 ... (i
0. x>2

Now. the Fourier cosine transform of (i)-is.’

F AHE \/' fx coswx dx +'\/_ fcoswx dx —'\/_ j‘x COSWX dy
sinwx coswxl) \/' smwx _\/E [ Sinwx  coswx 5
: Srumm— ool ¥ e +—1—}
LD owT W |

"

l:s cosw—l] ,\/:[sm2w—smw] :
2N\|D| T -
: T wo

[2 sm2w —sinw  cos2w — c'osw:[
+ .

s

w-

1
sinw gl cosw 1 2sin2w  2sinw -2sin2w  sinw  cos2w  cost
Sy B s e A2 i L
Tt w W “’_ w W w w w £ W ]

2 [ 2cosw + cos2w — ]
sy S| LW COSIW — ]
T wo x

cosx if0<x<a
M fx)= ifx>a
cosx if0<x<a
0 ifx>a
, + Now, Fourier cosine lransfonn of ()48, -

F.(H)= J f cosxcoswxf\

‘\/_ f[cos(w+])x+cos(w—l)x]dx

.

f«

Solution: Here, f(x) = Y o~ W (Y

sinfw+ 1) x  sin(w - l)x]:.

1
T[ w+ 1 + w1

- sinfw + 1) a Sl"l(W—l)a:i
.\l- w+] =1

n
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'/;mm—m of the following functions: -
! Fouri
Find

-M a>0 s it e (1)

HZE e f) =€
;}llll“ }?:cur;ncr sine Iramform of (i} is.
Now

£ (o™ sinwX dx rrererveerenens (11)
FafD - f .
.0

Since

=aX .

==l
@ e B . ) l
— —_ =
J‘c""‘sm“’x dx = [ﬂ—*—*a = (=asinwx = w coswx) P AR

Hencc (i) becomes, ks
Flll =\ o
P<x<1
b f(‘) - {“ X > 1 s
Po<x<l

Sulunon. Here fix) = { 0 s 1
Now thc Fourier sme transform of f(x) is.

p d , COSWX 5 sinwx 2coswx
> & \[Q J'x sinwx dx R s PME T2

' 2[—cosw 2sinw 2cosw 2

SNl w TTwW T W

o ) =e™

 Solution: Here, f(x) =e™ =~ e (0]

‘Now, Fourier sine transform of (1) 1s.

Fs(f) ’\/_fe SINWX X oo, . (i)

Smce i
3 '
gt e~ C —-ww
s f smwx dx T3 o2 (- sinwx —w coswx) T

1Y
Hence, (5) becomes,

Fs[ﬂ \/_ a'+W‘

@ 109 (—,___)

X' +4
Solution Tue 1
* Here, H( X
X) Xed ] g, (i)

ow, Fg
Qurier gjne transform of f(x) is,
caned by bhum - -
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Fif)= ’\/"[ (l +4 sinct dt -

e

é

3.
(a) f(x)=2e 5+ 5%
Solution: Let .f(x) = =24 5e

Then the Founcr sine transform of f(x) 1s,

Fs{f(x)} =‘\/‘;ff(x) sinwx dx
St ’ 0 :

oo

0

And the Fourier cosine transform of.f(x) is,

B {f(x)} =\/;2r'ff(x)cpswx dx

Find the Fourier sinc and cosine transfor

0

2 l
=-"\/7{[ 25+w (—5 sinwx — wcoswx):l+5[-e—-r
([ 5w
25+ w 4+ w’

m of the followmg l'uncuon
{2015 Faq Q. No, )

2| .- : i 5
£ ’\/;:' 2. fe's" sinwx dg +5 fe ““*sinwx dx

(-2 smwx wc:oswx):”»oe
= i 0

25 . 5 3
=‘\/z 2.'fe'5"coswx_ dx +5 fe“z?‘_(:oswxdx

: | 0
= Ag |:2—-"'rc-s’i (-5 coswx+wsmwx)]+5[
0 25+ w-
: -
: , \’
20108 W10 J°%
=\ 7L 25+ Wi 4w
for0<x<a

1
b. f(k)={|) forx>a
: for0<x<a
Solution: Let, f(x) = {é fg;x >a

Then, the Fourier sine transform of f(x) s, .

: 0

4+w

_ 4

(—2 cos».w:c + w siriwx)]}o

153
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Flfx)] = ;ff(x) sinwx gx

g, e
_./\/:z-fsinwx dx . [ fix)=0 for x >a]
=\/=

i ’\/— -coswx]o _\[ (I coswa

d the Fourier cosine transform of fx) is.
" An

Fsi f)} -\/;';ff(:c) f:oswx dxv P _ ‘
0 & - N
. o 2 [ sinwx’ 2 (sinwa
=‘\/§fcoswxdx ='\/;|: = I =,\/;( w )
A ﬂ : .

. ¥ .
¢ m

> Find the Fourier transform of the following function:

1 ,a<x<b
X)=10 ,otherwise
Jution: Here '
g : i 1 a<x<h ]
flx)= ‘otherwise (i)

N0w the Founer tr:msform of (i) is,

Fw) = ;/r—**fﬂ x)e ™ dx

n

'LI{“ 'A‘l{i

FE e

a

[ "'"]

—e

2, ?('xbé'{. —a<Xx<a
,otherw1se '
So'lmioh Here, f(x) = { SRR . (i ‘
iy B ol g | 1)
. e Founer transform of (i) is

" This Copy ﬁed by bhum
http://
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Mathematics IV

I} 1‘

V F(W) o fei e—i\u d’&
e

a

fell-iﬂfdx

—-a

s

L1

e

e('l,,-m:._ e ! ,-iv.')n]
T-iw

ey .‘ ,0 < x<a
g"' fix) = {0 ,otherwise
So}unon. Here,
0 < x<a i
fx)= { " otherwise (i)

= Novf, the Founer transform of (i) is,

0 5, :
. l:ae Ma g i l]
= T T R
.\,_ —-w W W
) e iaw+ 1) -1
w2
x>0 -
X<0
- xe"‘ :x>-0 Y
? f(x) K _..._(1) ’

N0w Founer transform of (1) is,

F(W) fx et e"“"dx __Rf‘ lnu)xdx

be o 4 a o ] xe 'll\'x_ e—w«x. a : :
k F,(-w)= f xe ™ dx = \{Et [ — (ﬂW)':L

2

;ﬁle ».@|

[ e—(1+m)x
—(1+iw) "~

A

VT L

-1 ,—a<x<0
s, fx)=91 .,0<x<a

0 Otherwise

C-“ +iw) X
=1+ iw)]lf

: -"1] * ‘Softtion: Here,

Thi s OopyJ

‘ht'tp://
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alution’ Here- . - —1_ —a<x<0 =
il = MK TTe “aymevorien ovwass (i)

0 *Otherwise

Fourier wransform of (i) is,

a

= ﬁ f "“"dx+}{' _Md?_‘

E e -mx}o [C =iwx } g \
i +1 T :
T =1w .

1w | n d
[ _'COSW3] 4

NO“'

n

&

n

-4 a\—

l

eiv.‘a c-—i" i _l-]
2
i iw

e z + 7
1w W IW
N

(-l-[—coslwa+ 1])

1w

3

a

]

1

%ﬁlm

w

- x>0
f(") {0 ,x-l) x<0
= e"x x>0 : o ;
, SRR { @ e

Now, Founer transform of (i) is,
(- -]

1 Hiy piw
e-(‘_’+m)x _dx

___.‘l_ °° -2x '-n\x =
: F[W)—\I—Z_]-r‘fe ! dx 42—

A

0
[e—(ZH\\)x ]""

'\,—n(2+1w)

‘.fq|~
a

2 —X2

(L (cosaw.— 1)) [if=-1]

BL aime 2 - " [2006 Spring Q. No. 6(b) OR]

Solution: Hcre.
. —x f
t(x)~e 5 SRR |
Now, the Fourier transform of (l) 1s,

Scaned by bhum
rs np
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XY 1 s
; e daammn 2 o dx . —w\z dX = [ ]
= [ € 7 1 1 -
PR \}21! : : " CF(W) = thf \] nl-iwi
i _-oo 3 A ¥ _a
{XI - ) i . 7 _ 1 [e-llu _ eimj /\/E (SinWﬂ)
00 T HIWK ). =T=| T gl = = =)
S N - , VLN o NN
2n : 5
ey iy o lxlca T
tf‘l co l‘:-’_-- l.w):}"_'%l-p . < { l a
— ewzh EAWEET e © dx _ y 9 f(x)" 0 i'( >

e L2
thn Hcf . ) 5
SOIu Jvat d .|)_d<a

o oL ; : P ffx}—{o v e ()

: ! W oo -{(ﬂ)zc.
_-_q%'e 2 ife 2 ) dx : _ Now.the Founer l,:ansform of (i) is.
2 o NG a
Pit, ("T'W);‘pm”cn dx = \/' dp Then, : e ) _' L)
ﬁ s - i | ) e X a
£ =S P == e
F(w) =q;—e ZVE ifeT dp = \f Zx}?: f R . S \ar Loy T eiwrd,
b4 g :
- ) A ‘ = i o] _l_(a e"“"+ae'“") "'"LTfe I:na__eiw:?):l
» S A ( _.,’ =W g )
= R e J ‘ - > y "‘r——lﬂ [Zat M+e lir(éuhc_i\?])} [ it=-1]
Woe "‘n -!!i.. > "fw ) o (Vs (R '\..'.-‘-‘r-n-. a friy ; : . & w b :W" --"21-‘-“ .l _ &
Kﬁic:_ijf e Tdx =2 :f e"’z'&x [Being {ﬁe‘ii"'én‘}ﬁ'ﬁﬁﬁmfd fs‘é{'én] : N fﬂ 5 1 B e e
. ; X ! o > _ 1 N
= » 0 ‘ ) = '\[—?I‘l:? (aw.coswa - smwa):l
e ir \e"f-'z%]-t—t [Setting 't =x] 4 _\/% [l(aw coswa - sgyx:f)jl
K]
S '.‘.l_r R ’ _—_ ! J -9 ’ i 2
= e (i dt & (R \ -, : : : fi | < ]
s aXar?s 1 Finshe Furie ranstopm of w={p=F R g e shy tht
, 11112:-1‘ : J.” (\ cosx- smx) _-31:
'fe () . . dy g €055 d‘& 1.6,.
, _ Solution: Let, '
= Ffl/i) ' ‘ ' 4 et
o 8 . b pinn i 1-x> forlxl<1=> l<x<l’
=\’ [Unﬂgpré‘perl ies of ‘ghﬁfﬂnéﬁﬂn]----- e Iz { 0 for IxI >’ 1:>x<-l x>1
LI ‘;'I‘lxl<a. i e : ; -
8- ) =iy - M-> k" : i ! Then, the Fourier transform of f(x) is,
vyt 13 ’ g o - B i TR Y P S .
Soluimn Here ] a ; < : 5 filg(x)}z-__ ] f(x) e dx
T( : hl(a i) gl i B ‘\F:ch‘ J
: X) = 0 Bgia e G : L L

Now Fourier transform of (i) is,

! ) Thi s Q)by aned by bhum
e http:// [L;; np

Scanned with CamScanner



158 A Reference Book of Engineering Mathematics IV

|
fi-x)e"“"dx : _ [+

-

-

a4

2 2e™ 2™ e )] _
e oo e

4 cosw 4sinw | T
) __.—‘—-_—--—‘— l_ 1 -—-—l]
- —W 4 B

-4 (w cosw -Sinw)

Y AL AL

2n w

This is the required Fourier transform for f(x).

Now. the inverse Fourier transform _for f(x)is :
! iy T :
=— f(x)) e™* dw
f({‘) \l?f‘tfﬂ )
T :
7 f(x)=——= (F{f(x)) e dw - =
n'dnf_x) ‘\fZthFl(]. .

= }F[ff_x)} (coswx + 1 sinwx) dw:\[ﬁ: f(x)- :

= [ w cosw —sinw

:%I[ -

-

(u)

w CDSW sinw

:l [coswx +1i smwx] dw= \,_n

1
T

ﬁ\) =) for |X|>]

—iwx —iwx H
—iwX Qe v
[I—X)"——f'z"’( ot 2)(~1w):|

A;}plying by pany]

o (1)

1 L forki<l
..Vforlxbl

{ usmb g (i)]

CIearly T—-sn‘nwx isan odd funczton Therefﬁre.

W COSW — San

R ¢ K“

W COSW - Sinw

" Also, coswx is\an evcn functxon 'I'hereforc.

. T W COSW — Sinw * W COSW — Sinw
f‘—_w'l_ coswx dw'=2 f—':——
St 0
Thus, (ii) becomes,
. = W COSW — Sinw T .2n
2f coswxdu-—'—{l—x)

coswx dw’

for Ixl < J.

Thi's Cop

_I_ aine — <
Set":Z(bem %

w0’y cOSK — SINX L4 l)_:.g.ﬂ
f"co COS(Z)d"‘“A(l‘d» =76 -

T
nd the Founcr t

1 < 1) and w = x then,

ransform of f(x) =
1. B

os kx dx = 'k.
_{(] +X

n: Let f(x} e-mx form> 0.
r cosine transform of f(x) is.

[

Sol luﬂ"
» The n. the Fourie!

g 'FC”(X)}:-\/;If‘(x)c.oswxdx‘_

D |
O[5~
QA = (€™ coswx dx-
= = A % b9 » " e 5
2 l e P . 2 ey
: ot £ —5——7 (—m CoSWX + w smwx)
. TLm” +W 0

;.
£ e

= s e - =
: T\ + W : S
Th:s is the required Fourier cosine lransform of f(x).*
Next, we wish to show :

cos kx et
e f(l-q-x dx—-
. o e : N o

Since, we have the inverse Fourier cosine transform of f(x) is,

' F(")f:\/% j'Fc{ f(x)) coswxdw

L emro ™ COSWX B sy
et = ¢ (m +w‘)d [." using (1))
SEIX:R m=

l>0 and then w = x. So that,
cos kx) ?

‘th 1+x°
f =t

Thls is requlred form.

Scaned by bhum

htto://t.dEeeci ncers np
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['.'feﬁ"c,é&.sﬁx dx'= m (a cosbx + b xinbx) + c]'vr £

€™ “m > 0 and then show thet
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12, Fing the Fnuner

sine transform of ¢™ for x > 0 ang th
f(\ sin m" " shay thy,

icr sine transform of f(x) ls.ﬁ
T

|hb FoU ’
m- 2 e form> 0. Fslﬂx” % fﬂx} B
) 0
Solutlon Let, fix) = e™ for x >0, o |

Then,"the Fourier sine transform of f(x) is

\/’f::sxnwx dx e 1 }}

X 0
Fs{fix)) = ‘\/Pff{x)smwxdx . oy :

o /
'\/-fe sinwx . ' : .
: . dl j-s._‘fa—-(smwx) dx
\/5[ il N e e "o

—(— - 0
5 l+w-‘ sInwx wctl)swx).

— sinwX dx

c%%

ﬁng integration w. 1. t. w then,

1= '(a—rd —tan‘*(ﬂ)
b= fFwrdwstan (g

f(x) \/_j?s{f(x))smwxdw

= e =;12‘ WTS;m;,wvi dw ‘ '[',' ysing @] - Then, (i) becomes l‘ .
0 Fg{ffx)] = \[ lan"( ) A A oo )
: X < -
= f (“; smwx) dw _;Er;; N This j S required Founer sine transform for f(x)
+w
e

AILd we have the § Inverse Fourier sine 1ransform for f(x) 1S

fix)= \/— J'Fs[f(zc)}smwx dw

| ' ) N ' tan™ (—)smwxdw
'Hus:sreqmredmtegral value, : ' . e 3 B f

13. Find the Fourier sine transform ‘of f(x) = 'L"for x>0andaz (h then shev i '

Setx:mand theu w=x, so that,

f(x +J draTi- ; ‘\’ : _,,A.' £zl " '

§%ﬁ8$- land then W=

1 =X we get, . : g
. - . re * > ¢ Tha _Tt_c:_
tl?a! flan ; slmx.dx ='2—. : N i B ftan sinx dx . .
A : ; L ! 0
. b e ' msjs T z .
, R I&Guired mteur ]
Solution: Let f(x) -——-forx>0 a>0. - A~ ; gral form.

Thi s Copy} Scamed by bhum

o http:// LJNenoi neers np
T —— & §

& . oo
. ! » : - fe"g‘pgswx dx
waw e o € : = fE =t
[ ; fe' sinbx dx =T+ 5 (asinbx - p cosby) “J : . i
2R ; ' & & R usmg nmegral formula]

S . . —~a COSWX + W Sinwx :I

= ‘\[ (m:) . () ‘xg [? 7 (=a )
.- This is required Fourier sine transform of f(x) -
Since, the inverse Fourier sine transform of f(x) is, Tt w',
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14. Find the Fourier sine trans[‘orm of ¢™*

1+x?%) 3
0

:demm . show that f(—‘ﬁ‘} dx =

Solution: Let fix) = ¢
Then, by Q. No. 12,

FS{ffK)} =‘\/?': (l_:’:-;

| T s (ii)
By Parscval S ‘

1dumty for Fourier sine transform we have

ﬁF\{f(\)}l' dw-ﬁf{x)] dx
0-: C 0

”f (1¢w (i_“(=37f_fr&)l3"c.i;
0

For alI XE R €™ has positive value. So, e =¢*

\).’1 T e~ ‘R
:f(uw-)—d“’— [_2:| =3
0 .

Here the nﬁht parl is free from x. So. set w = x then.

f(]+x)‘

This is requ:red mtcgral value.

18, - Fmd the Fourier cosine transform of ¢ for’ p >_‘ O-énd then show that |

(l+)\)‘ 4

Solutmn. Let,  flx)=e™ -
Then the Fourier cosine fransfoy,of f(x)fs, 0

Fe{f(x)} =’\/;:'ff(x) cosw&
§ 0 L &

-4

='\/;-r-j'c"‘ coswxrdx A
' 0

2( . ¢ ey P
=1\ [ =1 77 (—coswx + W sinwXx)
Tl +w

for x > 0 ang then by Using Py

This Copy Scdned by bhum

JE&EI_S,HD

http://t

o jer Transfurm |
Chapter 7 | Fourier Integral and Fourier

2__’_"v - i (i)
A\l +w/S

=

yof f(x).

nsfom
counc trat
i osine transform, we have

[‘u

f['htsi‘l s identity fur Fourier ¢
gy P
'EF {f(x) dw ff f{x)| dx
0 : - < \ .,
=2 -—I—-r)' dw =fc*z’?dx [." using (i)]
?f_E(HWf i i)
! : e e
e dW <L l: ’x_l _‘1_1:' i
= fiT+ Wi =R s
p : king w = x we get
: {hdnghit part 15 free from x. So, taking w = .
Here ¢ _
G, "I
& __."-‘-J'”f(l o) 4

i (];e réquired integral form.
Pl 1 for0<t<1

16 Solve the nmcgral cquat:on f f(t) Sm“’t dt = {2 for15t<2

0 for22zt
Solution: Let, - s el g el : ;
‘ el I for0st< !
’ffmsmwz desi 2 for e s v RS ()
: 0 for2zt

Since, we have :he Fourier sine lransform of f(1) is,

: : i ’ 5 ! for0<t<1
" FslHn) ‘\/- ff(l) .smwt dt = '\[; 2 forlst<2
3 o . 0 for2zt.
Now, the inverse Fourier sine lransform'is,

{( t\/%st {f()) sinwt dt

Q0
b STt
s fl smwtdwﬁsinwth—fO.sinwt de| [ using (ii)]
0 1 B

22 J[=cosw! —coswt]*
n{l._ w :|0+2|:T—]1+0 _

163

e (i)
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=%[l —:vg.\w - (CEWW c:)-,:!w)J \
\ W = :

== (1 + cosw - 2c0~.7w)

TC

Setw=xandt= * X, Which is possxblc So,

2
fix) == (1 +cosx -2 cos?.h)

Tms is rcqu:red valu‘. of f(x).

OTHER INIPORTANT QUESTIQN FROM FINAL E
7 PRACTICE

XAM rgy

2002 Q. No. 6(b);_2011 épringg No. 4(b)

Find lhc Fourier transform of the fupction f(x) =™

A irier Integral a
Chapler 2| Fouricr "%

ifo<x<l
otherwise

rier mlf-‘“fa

e s T > 0.
o g 5 gy = 5 7 FOT X

Y
Hin‘ SL‘CO

S ansform - and evaluite

1

.,

) 20()15' Fall 0 No. 6(a)

Dcﬁne Founer sine and cosing transforms. If f(x) in continupus plel::qw“e
]

it

each finite interval and abqolule]y inte "rable on x—axis, f(x) 2 0asx 5 = lbe
1

F{f(x)l:WFlffx)} \[f{m AT (0) = w Ry () \/-ﬂn)

2_[_)();5 F__!O No 6[bl

if 0
Fmd the Fourier mr.cural of f(x) deﬂned by: f(x) = { 0 :“ :: i

'2004 (Spring . No. 6(b .

Deﬁnc Founer rransform of the funclmn f(x). Show that it }s a 1m¢ar operation

X 1f D<x<a
Find the Fourier tran.sform of the funcuon f(x) 0 ongg(wtsc d

Hint: For problem part ggg pxerclse Qg Q No. 3.

2004 Fall . No. 6 » ' d
Defme Founer smc transform axouﬂﬁf Ua‘“smm ok tbe .fy;} ehian f(x};l':
Fourier  cosine transform and “Fourier {;_azgsfonn of fe B2

k J0<x<b
0 - othcrw:sc

2005 Sprlng Q No ﬁga!

s

Sbowlhatfi:sr@ﬂd ie"gos; (ifx>0

0

ftx) =

’

Deﬁnc Founcr sine and dosine mtevrals ‘Show that
>y 0 1f x<0
?Mﬂd =2 ifx=0,
Ay 1+ w et x>0
0 .

#d Fourier Transform L 165

1 of f(x) from :Fou'fi"’ g Show that

nd Pé'ri: See Exercise6.1 Q. No. 1(c).

Fourier  transform  of

% ifklxl
ifxl>1

fiint: For prébléin part, See exéreise 6.1°Q. No. 1¢a).

PR oo e fe e ofey T e Y thye
Define Fourficr transform of a function. Show that:

0l e - o
{ w::nmx K int x>0
f(a T d"’“z fornb_o

3

0

o7

.|'
205" FailQ No. 6(b)
1
: Fmd the Fouriér transform of f(x) = Xe ™
m\smw_ﬂqg(y y
F1 d - '1 m‘z
n !he Foutier lnleoral of the functionlf(‘x) 4
) ‘to

" .This Copy Scdned 'by bhum - :
http:/'/t.me/L,e’ sers np . e

‘Hirit: "Problem Part: See’E\erclse"ﬁ‘I{Q HN) Ife)

i’F'O‘_'-g?x"<:l
Hf'=]
drxsi
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H i
2007 Spring Q. No. 6(a) T~
What is a Fouricr Integral? Using Fourier integral, show that )
0 + WSINXW, ¢ ifx <0
f&-—-— 2 ifx=0
‘ 1 +w

me™ ifx>0
0- B :
Hint: Second Part: See Exercise 6.1 Q. No. 1(c).

2007 Spring Q. No. 6(b); 2008 Fall Q. No. 4(bh): 2009 Fall Oi——..L)
Fmd the Fourier cosine Iransforrn of the fum.uon f(x) =¢c™(a> 0). .

2007 Fall Q. No. 6(b); 2012 Fall Q. No. 2(b)

Il ~if=1<kel

F_ind ‘1hve Fourier transform of f(_.'x_) =10 otherwise
2008 Spring Q. No. 6(a) : |
Find the Fouﬁer‘integra] of f(x) = {é :{:::: ]] J -
2008 Spring Q. No. 6(b) : : ‘
. Find the Founer transform of f(x) = {0 Li}?e:\;;l :

2008 Eg]l Q. No. d(a); 2009 Spring O. No. 6(bJ; 2009 Fall Q. No. 4(a)«

‘ sinwcoswx (2 if0<x<] :
Show that: f——d w=qm4 atx=1

0 ifx>1
0 ' . 4

2009 Spring Q. No. 6(_)

B v l
Find Fourier sine and Cosme tranaform of f(x) = { 0 g?;g,;i?: .
Solution: bce E\ermse 6.2 Q. No. (d) & 2(b). :

2011 Spring Q. No. 4(b) OR; 2011 No. 6(¢
'Find Fourier sine and cosiné trans of fx)=e™ (a>0)
Hint: See 2007 Spring for F. ouner Coﬂnc transform. Process for F. 5 T

2011 Fall Q. No. 4(b) _ 4
Define Fourier integral. Find the Founcr cosine and sine mteorals of the fur
 fix)=e™forx>0anda>0. ; ,

Th| S Oopy

it

COR .

T éd“-by ‘ bhum

.(‘haptcr 7 | Fourier Integral and Fourier Transform | 167
) 4(b) OR
2015 Fa" o o {1 for Ixl< 1
form of f(X)= 90 for IxI > 1
ur’c[‘ transiol
Find Fo
‘ 6(b .
‘ 2015 Fall , NO- o integral. Chonsmga suitable function, show that
Four "
pefine : g
I “2““" if0<NST
smnm sinwx dw = o U
. 0 if x >,
; b) OR 5
11 ( . No. 6 .
-ZM; FZ the Founcr cocme transform of e™.
in .
. No. 5(a 5 ; .
016 Fall Q. ; - . o
2 Fmd the Fourier cosine and sine transform of f (x) =¢™*,a> 0.
2016 Fa]l wNo. 5(a OR
i y the convoluuon thcorcm for the functions f (\() = e X and
: : S % 1-x* ‘forixl<1
d the F"ourier transform of the fu‘nct;on f(x) = 0

forixi>1"

17FallQ No. S{a) ¥ i i - iR -

Startmg from Fourier scnes, obtam the Founer integral in complet form.

SHORT QUESTIONS
20029 No. 7§c[, 2004 Fallﬂ No. 7ga[

- Show lhat Founer sine transforms is a lmca: operation.

Ouner sme transform,

003 Fall . N, 7,

Ll

£ f(x) i : ;
i (®)is even, find the Fourier integral, -

Sh : : |
OW thal F {af(x) + bg(x)} = {-,IF {f(x)} -+ bF { (x)] wherc Fs stands: for lhc
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2004 Spring O No-7 "
mnctionf(x)={0 10<K<1

Find he Fourier cosifié integral of the s
2007 Spring O..No. 7(d) | o
.Find the Fourier sifie tfransform of €.
@aa
4 ‘ .
\’

Thi s« Co

Py
htto /] el < 0

B W : .. du
kz One dimensional heat equation. o c axl, _

\ S a, : N
. 4 Two dimensional Poisson equation: 5

E .

it 8 pARTIAL DIFFERENTIAL EQUATIONS

e Deﬁnitiﬂns

1 d'iffercmia! equation: | ; X _
partid tion involving one or more partial derivatiyves of an (unknown) function
Al . § “ . s ¥ i
An equ it independent variables(is called a partial differential equation.
of two ©

The order of highest
; al differential equation:

1 differential equation is said to be)linear if it is of the first degree in the
nt variable and its partial derivatives.

derivative is calledithe order of the equation.

Linear part]
A partia
depende i .
neous and non=lomogeneous equation:

3, Homoge ; . : . "
Ali terms offan equationfcontains either the dependent variable or one of its

5 ol i 2. s 4 "
derivatives. then this equation is said to be homogeneous otherwise it is said to
eri . 4 : :

be non=h@MOZERCOUS.

.

Important Linear Parfial Diﬂ"ere'ntial Equation of the Second Orde\r

3 5§‘l ope'dinwnsional wave equation: ? = c‘l Y

Bl azu

AL o Ju du
3. Two-dimensional Laplace equation: 5;‘;- + 3;5 =0

. b ' 2

u' du
1+ Erea f(x, y)

5. Two dimensional heat equaﬁ(_)n: %% =c’ ('g_;lzl + %;2:) ‘
TN TSN . Yy W

- Lwo dimensional wave equation: 3 =c¢* |33 +53 "
; = . t ox* " dy/

1. Three dimensional Laplace equation: gl + 'g':% 2y

x> dy +822=0

.D T, _. o g 30y
: el‘l\'atmn of One Dimensional Wave Equation

_ Consider tightl
5. suppose that:

Ul B " . M . J_ ki i
" The string is uniform and there is no resistance to bending;

Yy stretched elastic string of length [ and fix it at two ends O and

'I};he tension caused by stretched the string before fixing. is so large that
the action of gravitational force on the string can be neglected.

The strin
Scaned by bhum

[ ]
g performs the transverse motion in only vertical plane.
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Under these assumptions, the wave produced by a vibrmm

Let us suppose that the force acting on small portion of the String

.string does not offer res:starrce to bendmg, the tension is langem,a] TO lhn. b ]

of the string at each point.

Let T, and T, are tensions at the ends points P and Q of that Portion,

points of the string move vertically, there is no motion in the Ince the

direction. Therefore the horizontal componcnts of the tension must be ¢ oy '31
Onsty,

Therefore from figure, we get )
T, cosa = T> cosP = T (say) = constant T (1)

In the vertical direction, forces in vertical components are =T sing 5
of T; and T. Here negatwc sign appears because the component atpPj
downward

nd T, iy
IS dl]’ec[ed

Then, by Newton's second law, we get. :

Resultant force is equals to mass of the portion times the accelery;

- . 0]
Thatis, ‘ : 4
: 2

T.sinp — Tysina = pAx 3—‘1‘ a0

.where p be the mass of undelected string- per unit lenl’lh Ax is the Ienorh of
_ portion of the unperfected string. ¢

Dividing equation (2) by equation (}) we get,

‘TsinB  Tysino _ pAx o’u R >
Tacosp ~ T,cosa ‘T "or : o ¥

= tanB—taha:P-él%i_E S (3)

‘We knew, tano, ‘and tanp are the slopes of the string at x a.nd X+ Ax respecuvely
Where, ' ‘

8u| : 2 du
tana= o | and, tanf = 5

ut ;;Ax
From equation (3), we get p. -
| ) ] T
x| xeax ox |z T :
; =8 [a_ ‘ p!a- -
& Ax | dx AR ax 31' . g
Taking limit Ax tends to zero on'bothssides. we get, ; )
lim du _pdu d’u ‘ '
Ax—0 Ax ox x+Ax ax “Tot’ . . i
du pdu ' '
= WTT or

Chapter8 | PnniaIDiffe'rentia] Equations (PDE) | 171

here ¢ ==
erecT =7
et p

us.oC
x ] mc rcqulred

one diménsional wave equation.
Ll ﬂ]l ‘ \
Wave equatiomunder certain initial and

of D,mensmnal

d on 7
. somtdar conditions . '
Boun L drmenSlonal wave cquauon is

We have © _ . l . ’
aucau T i
ot - ox’ ‘

e u(x. 1) 15 the défiction of the string. with boundary conditicn

.where

et {0 1)=0 and U(L =0 for El“ l ~iR455) (2)

- dition : '
And mmal con :
lx, 0) = f(x) (initial deﬂecnon) ------- 3)
: ‘3“ ;U = g(x) (initial velocuy) P e, 4)
LS a ;
= Le rlilx. = =FRIGE) “ 3, | w TR s (5,
" besthe solution of (1). Then by differentiating we get
Ty s Pu_ .
_a-t_z =FG and . ax" =F G

where dot denotes denvatlve wlth respect to t and prime denoles denvauve thh
respect O ” T e e
Pumng these values in equation (1) we get -

FG=cF'G
-G F :
.= E:'C—;z-i;=k.(say)
Thrsgwes ] R
-kF=0 - et (0) :
.and 'G kG =0 U (T

which are ordinary differential equation.
: Wehave to find F and G from equation (6) and (7) under the boundary condition (2).
. O=u(0.=FO)G(t) =
ad . D=ul,)=FL)YGE) forallt.
Solving equation (6), i

IfG=
2=0.thenu =0, whlch is of no interest. So G=0 and we get’

F0)=0= F(L) e B o (8)

" Thi-s Copy Sganed by bhum ;
http‘://&n__, 2
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and frqm (8), we geta = 0

-

=b. L ;
Case II: SuPPOSC Lhat s 0 Le‘ . ;;.}:e;: =0 Wthh 15 of_no lmerc‘l b oo .
: ) =A% Then , Use,
f F'-PF=0 equation (6) can be wriyg, ag - 0

Its general solution is

" Its general solution is
. F(x)= A.cos Px + B sin px
From equation (8), we get
Fl0)=A=0 .
F(L)=BsinpL=0 s

i Let B # 0, since otherwise F = 0. So. we get s‘inp.L =0
) -
= PL=nnm = P-= T for n is an integer.

We have B =0, éetﬂng B =1, we gei :

F(x) =sin PfE X
We obtain infinitely many solutions . 2 B

F(x) = F,(x), thus e % ;

Fu(x) = sin'%t x for n=1,2;3, ,(9)

. Solving equation (7).

We have k = == (nrx_) . Thus equation (7)is
" .
G-c’kG=0 4

e Sp 0 - YaPcnt
7 = G+?t.12'] G=0" wherel!="f‘_

Its solution is

Gy(t) = B, cosAt + B*n sin At
Therefore required solution of equation (1) is

: . nn
uy(x. 1) = (B; cosA,t + B,* sinA,t) sin T X

l . 9 . : i ) Thi s Oopy'#ned by bhum £ i
: . http://t
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Chapter 8 ,
: isti jons and the
: alled the eigen functions or characteristics functio
ions are € -
o runcllo A
These

Clﬂz 1 \4 T
i ter1stics alu f Ih 1 &
are Cal d CIgEn alues Oor Chalac eris v es O. e Vv b ating

=77
s 1o L Ao Age Ko weioeec 118 called the spectrum. . 4
giring: dok se Il] ;ioﬁ uy(x. t) will not a gencral solution of given (;q;xazzln.
‘ i . ' o -
© Again single So:t:,] theorem the solution of given wave 15 the sum of finitely
=" "y fundamen
Then b : |
mnny u'n‘ : . 4 : : 3 " L
’n‘lus. o9 - .
u(x. t) = T ou
; -n=1 . |
‘ ) nw
l 5 eos si i ...(10
C oo u(x D)= > (cosA,t + By'sin Agt) sin T B oo (10) |
; ﬂ=_l » N Y 4 %
From cquation (3) 2 (4) o
dx, 0).= f(x) an_d_ ol == g(x?.

Frofftequation (10) we get.

" £ oo : i T
ﬂ'ummsZBﬁm%w=m)
i n=1 d

= o IE _eien

;= f= X BysinTx
n=1 . e

which is Fourier sine series, the coefﬁciem

L Lo . v

' B,=2 [ 10 sin ELE x,dx )
3 : . - 0 i . % & ' ‘ .
- Also, we have aa—t: =0 = &(X)

A nZ Ii z (-ByAq sinA,t + B A, cosA,t) sin ELEx = g(xj
: n=| ) o ‘ . =0 a
= Z] B* A, sil_i ‘t;‘_:l't X =g(x)
n= Py .

Which j - . ' p
1 the Fourier sine series of g(x) with period 2L. Then the coefficient

L - 3
2 .
B*n-ln =E J. £(x) sinnrn x dx

i Lo
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u= (B c
n Osln[ + B* si 1.4
L (6 A e n?‘n[)m“ L X
Where A= cnw o ol =

. @s the positive X-axis,

- The temperature u a
from one end and th
section is the same.

any point of the bar de;
€ time t. Also, the tem

pends on the distance X of the pg
Perature of all points of any crog;.

: 3

X+Ax

) 4

X .

R
Al

The amount of heat crossinggany, section ofthe bar per second. depends on th
area A of the cross sectio, theﬁlﬁuctivity K of the material of the bar and the

du/’ ;
S &0 (e

temperature gradient A |
" Therefore Q;. the quantity,of heat flowing into the section at the distance x. ‘
ou

=-KA [g:l ) per sec.

2 N e . ’ ‘. F: cIeaSe‘
(Here negative sign shows the sign on the right is attached because as X it
u decreases) 1

, 5 5 3 distance’
Again Q. the quantity of heat flowing out of the section at the
Again Q2. ; L .

X + AX

|

3

;:r:ntial Equations (PDE) |

K [%ﬂ g

o) heal reta y ] w C eSS AK 1S
f HIEd b 1h lab lt.h thl kﬂ
t

the (otal amov R

SO IR
Ol_QZ=KA_ D /xdx :

Fi

¢ ¢ of heat in the™Qy
e have the 4 of chaflge 2. i
e ARy | Sk NN
= SPA Ax ot - B ; :
2 i ! i “material.
: i [y;e specific heat and p be the density ‘_)f m | :
re § 18 0 : ; _
- ,yv?‘e. ion (1) and (2) we ge ) =
bl
SpAAX'é-{:KA 'aX' x+Ax ox gl S - ’
S au Y [(.a_;)MAx - ax X
X ﬂ_ Sp-a_;=K o Ax . 2 .
€.}ung lirfit as Ax =0 on both side, we get fec T ;
Iﬂ. au gt Ju K_BZ_U. 4 ‘

forg = Kae 2 ,75:,3_933‘2
- O I R T
{ S = e A

]

where c =% is.said to be diffusivity of the material.
s 8 SP - 4

Therefore the requiréd one diméﬁéiqnai heat equation of the bar is
O i el ) :
o =e e where ¢ =-Sp :

Snlutiun_of one dimensional

ot heat equation under certain conditions
onsider one dimensional heat e

‘ quation, -

o, g L :

at = d_x-!' ; (1)
Under the boundar 7

¥ conditions (0 1) = 0 = u(1, 1), v t

o oo et WL D =0=ult. ), we: o0 )
: Suppznscel‘mlmal conditions u()s, Ot ¢ 07 Mp 2y — 2% (3)
b the <% D= X(x) Tyt g=h
b‘ : -
}'- the solution of (i) then by (i) we get ‘ el Al
M, xT:C:"XuT ' ;
oy,
sk "' ftes the differentiation w. r L. t and prime () denotes the &
i Nvalive
T x»
N [ Er-f = _)('— = k (say)

Thi's Copy.Scarned by bhum
http:// np -
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: . . Chapter 8 | Partial Differential Equations (PDE) |
{ This gives us, : : - .
' ! 2 . ) ’ : Lot 0 as ¢jp #0° :
l T-ke’T=0 and X'—kX =0 — simp
!

177

] . R s (5) - .+« =sinnm®
Since k is a constant_that may positive, negative or equal to ze % J
' Case - I: Suppose that k 0. § =p° . =) L
PP S0, letk = p .IT'hen fS} gives, =p =T ' ! '
L an 2 . holds on whole uniform rod. So, T
T-pc'T=0and X" -pX=0 : ' . the f:lﬂ_cnnn ; oo nmx _‘i}_“m N (9
Whose solution be, _ T B E” R TRRE g 8 sin(T)e y i W'
T=cie™ +ce®and X = g emr . e ' £ =-,,,J " "N :
Then, (4) becomes Ry 2 2 and Ap = CsCl0 h
& B T - ' G =pC AE o
U(x, 1) = (c;e™! 4 gyemty (C3e™t ety = ’ Forinb— ](?’:‘J u(x. 0) = f(x) then. (9) gives
By. (2). u(0, t) = 0 then (6) give, , 2T - oy [.IE.&)
O=cy+c, ' ' & | 0= ZJAH kA S
o q‘f‘+ Ge 20 ' . : ' | If.mngenf?ouriér sine series. So, ¢ - . #
,  Also, by (2), u(l. t) = 0 then (6) gives o el - iis is B2 5 I Qe nrrx) 4 IO - |
O=ce+¢,e? _ (v ' An,._.?ff(x)sm(_ ) * E
25 €8T 4+ ¢, M o Rt ' ¢ R, e i i T
. Solving (*) and (*¥) we get.c3=0,¢,=0 : )i the required solution of (1) with value of coefficient that is gi :
With these values (6) gives us u(x, t) = 0, which is impossible, | o :

* Therefore, (6) is not a Possible solution of (1), . - ' -;-\'5“'-- . - S !
Case - II: Suppose'k = 0 then (5) becomes, P T : Ry . :

I 'i':ﬂandX":O ‘| : ) ;o B y 2 = L
Whose solution be, ° 3 P =sin 9t sin 4
i T=c¢; and X= CeX +c7 ° W ion: Herc; LT 9I'$in4£ ]
e i bemonss - ‘ : one dimensional wave equation is
. . 3 . 510n4a
u(x, 1) =5 (cex +¢y) o Shmsendioig) “I.Wehave;t 3;1: um;;; :a ik
= By (2), u(0, 1) = 0 then (7) gives; ; X s, en e L R (]
* O=c5—-¢; 5 ; : Y : = PSS : :
=>c-_.-=[)aslr.‘5#0.!#0 , ; '_-_. Since, .u=smt53nz : o ;
Thus, ¢ =0,¢,;=0. . _ R ] o du. X - T X ¢ y
£ 5 . U & .90, S, =9cosOtsins 5 = =—sin0t = i
. This.forces to (7) as u(x, t) = 0, which is_ impessible ), - s v : Bf : RS SHE oy D% g ALCOs
Thus, (7) is not a possible solution off1). £ E Y sin9; sin X _f)il;l = o sinOicins
Case III Suppose that k < 0. Let k = —-p#Sey, that (5) becomes, ' o : 4 ‘ ox* 167 4

From (i)

T+pc®T =0 fandx" + pixsd

X == X __81-9'. 3 _E_. 3 _l_ x . X
R . BSItsing ¢ X — 7= sin0t sin
Whose solution be, i . ? 15 i = A
T=cy e-pzn:zr and b Cy pr + €y sinpx ; This i : C=236 ; g o= .
Then, (4) becomes, e - % Vs satisfy (i) with ¢ = +36.
Uk, 1) =cy €T " (Cy COSPX + Cpg SINPX) - svveveernens (8

o 0084t sin 2
n; :
Here yy €Os 4t sin 2x. -

By 2)ul0) =cy=0 ascee™ %0 i
€ hay,

Also, by f2).-u(.~', t) = O then, (8) gives us,
Ay 12
O=cyysinpt . ascee™ 20 wd B E "B ;
. s This Copy Smaped by -bhum :
. ¥ , ale)

€. one g; -
3 dm-lensmnal wave equation is .

4 . http://
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_a:_u 1azu W A
at2=c-§f * v (1)

Since, wu= cos 4t sin 2x

. 0

Then, :-f = —4sindt sin 2x and
. ou - l

Also.. a = 2cos4t cos 2x and

. . L
From equation (i), : =3

y &

a—tz-'= =16cosdt gip, i
a_
e = *4Cos4l \ln I

'—16 cos4t sain 2x = c*{—4 cosdt sin 2x}

=5 - T6i=dc®
= c=%2 :
Thus, u is satisfy (i) withc = ¢ 2,

(c) u=sinctsinx
Solution: Here, u =sin ct sin x.

We have, one dimensional wave equanon is

: _8‘ ,0°u :
=cC" 5 e
Erar TS )
Here, . .u=sinctsinx
. u : 2 .
Then, J; = Ccos ctsin x and
. du . 1 FRari
Also, Jx - sinctcosx. . and

From equation (1).

1 . . P4 E
-—¢~ sin ct sinx= c>{-sin ctsin x}
= —? = —c? which is true. -

Thus, u is sausfy (i) with for any c.

2, Vcnl‘y the given function to sat:sfy ofie dlmenswnal heat equatmn, .

~ Solution

(@) n=e sinx - \’
Solution: Here, u =e™sin xi /£* W

a_
= -C si
a[_ n Cl sin x

-

u 5 -
axz ==sinctsinx

We have, one dimensional wave eqﬁ;iox} is

B o (i

ot ox” i e
Here, u =e™'sin x
Then, %:';:_e" sin x Cand - 'a—:=e“cos X
Also E();E =—¢~ sinx ’

i equation (l)

,e'rsm x=
=+l

c—-.-

pis satisfy (i) wit

it 3x
® u=¢ cOSu €
., Here, U=
s(,]uﬂolli‘ one dnnensm
we ha

.~ c0s.3% -

From equﬂllon (i

Thus uis sansfy (1) w:th

(g u= =¢™cosx
. Solution: Here, u = ¢ cOSWX.

du_ 9%

" Wehave, u =¢™ coswx -
u

du

Now, from (3),

Bl
; Tw

() U= zxy

Chapter 8 | Partial Di

du 8 s
: a =0 %’ ;
Here. g e coq 3x
ﬁn du 4{" cos. 3x
en. . Jt <
o _g.‘l=,3e“.‘ sinf3x B
0 x . 5 C_- -

3e“"cos 3;( =c¥ -—9e cos 3x)

3 : §'=C ax'_) ...;g(i}

Then, —=—=-
, 3 9e ™ cosmx

Also, = ave
ax * e " sinwt ¥

. _-'l a - .
Te " coswx = (:1(_(02 e

* Thus, uig satisfy (i) with ¢ .='i

Verlf
y the gwen function to satnsfy two d:menswnal La

) u= e"-sjny

; B
Thi s~ Copy ﬁid by bhum .
http:
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{-e sinx}

he=x1.

nal wave equauon 1s

O
and ¢ -3—;% =-9¢ " cos 3x

[

UJ

We have, one dlmcnsxonal wave equation is

and E=— W e cosSmx -
COS(X)

P

1
®

place equation.

(©). u= tan™! (9
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Solution:
{a) Here.u= 2xy.
We have, two dimensional Laplace equation is

. 8 u :
-ax a S 2= 0 fl)
We have, u = 2xy 3 !
X, g N,
'Pnen._ 'ax Yy an ' X.
d’u B
Also, e 0 and .67 =0
Now, from (i),
du u ;
axt oy’ = 0

Thus, u satisfies the Laplace equalton
.(b) . Here., u = e*siny.

We have, two dimensional Laplace equauon is
d'u du
EWA 1 =0 - (i)

We have,u =¢* s:ny

Now, from (i),
du 9%
5;3+ayg-e siny —e*siny = 0.

Thus, u satisfies the Laplace equation.

.(c) Here,u= ﬁn" (%)

We have, onedimensional wave eqi:ation.is
ou Ju Rt
F¥Y +ay__-; =0 L.... (1)

Weh;_ave__u:tan‘ll(l) s ‘ o/

au l ( ) &
Then, (X) EE +y&
au Cx
Also, -

=)
By X" +y
Now, from (i),

’u a U +2xy _ ny1 b
x By Ty TC+y)Y T
= 0=0 .

Thus. u satisfics the Laplace equation.-

du 9
Then, I = ¢ siny and ,au =¢"cosy.
N . BT ' Qu ‘
Also, . 32 =¢siny . and By" =-e*siny -

1

and

.and

Chapter 8 | Partial Differential Equations (PDE) | 181

‘ ."r n ])all a] d ffcrentlal equatlons
0 g 1 I
1hc h)" 1
4.

SOIV (b) uyy =0 (0 Uy = uy (d) u, = Z?Ay“
=1
@ W
tion: B
So]p : ‘ = _a_; -
Here )
@ g
¥ = u == y

earalln" we gel

=

= u,=C{x)e"

= du=C(x)e’dx
Integrating, u=C(x)e'+ b(y)

s Ju
U =2y, . = a—:=2xyu

@) Here,
= Tu =2xy dy -
Integrating,

log(u) = xy® + log ¢(x)
"= d=clx) exp(xy)
e -
Clearly the auxiliary equatmn is,
|\ S A 0 ¢

= m=j_-

]

(c) u“-l.l="

}og{u) =y + log(c). where c 15 function of x or constant.

A ot o) clx) e’
- e
p.=0 = 5‘):»' =0
@ Hee vy
Integrating w- I- LYy, welgel,
92 - C(x) i
dy
Awain. mtegralmg w. . 1.y, we get,
. = C(x) ¥t D).
o Here. |\ uh=ug - _
(© . =
¢ Putiiy=Vthen, ~ Yy=v = By_v_
l av
= v = ay : 3
W, Integrating we get, log(v) =y +log (C) . Cis function of x on constant.
: v= C[x) e." E

where c(x) is function of x or constant.

vand B are function of Y or constant,

fhi s Copy ianed by bhum : )
http:/ L " ™
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Exercisa 8.

I]Ic SO] .()]l Ol o e—-(l S wav t10: 18
uti 1 l
f n lmﬁnsmnal ave equa 10n i .

L]

u= Z (B, cosku[l.'. B,* sin),,) S-”;';-_T‘ x

n=}

* where,

y pL :
4 _enm 2 )
'R.,,T-‘—“L .anr'jo f(x)sinLEEx dx .

L
1l . nm
B* T 0 g(X)smT_-_xdx

1', Find u(x; t) of the string of lehgth L =xn wh -
: Zero alnd the initial deflectionis

(a) k| sinx -%sian) G ; . 3
Solution: Here, L=7 ¢ =1. initial vclocity;g(x) =0
and, initial deflection f(x) = k{ sinx —% sin2x). »

Also, A, = ncjt =+n. ‘ ;

Since-we have the solunon of the one- d:mens:ona] wave equauon is

u(x )= Z (B, , cosA,t + B, *sml,,t) sm—x & - ..0)

n=1

z ,
where. B, —2 J;) f(x) sm xdx : and B l,J..J‘ g(x) sm( )xdx

Smce g(x) =0. So,

B* ﬁ (il (k)xdx 0

Then (i) becomes, . \

. _ _ i" -
. u(x, t) = Z (B, cosnt sinnx) -4 S (1)
n=1 7 !
Slo. - u(x, 0) = Z anm nx

nl‘

. : k i
Since given that u(x, 0) = f(x) =ksin x -5 sin2x

This Copy St

: : in'e'd by “bhum’
http://t.

1 -
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Chapter 8
e, = :
heref© i ;Sm Zx Blsz-&-Ba sin2x + Bysin 3x + ... ..
:’ B|-‘k B1""'21B1—0 BJ—Bj-...

thy requlred solution is given conditign'isiy, -
. ;

e
U= S,

=By cost smx + B, cos2t s:an :

There fore

k-
=k cost sin x == cos 2t sin 12X

= U(XQ 0= 2

0 glx(}f Gy 4 Gl - initig vclocnyg(x)
suuto mldcﬂecnon f)'= 0.1 x(m %),

gﬂd ::[e have the solution,of the one dlmensmnal wave equanon is
inct
u(x t) Z (Bncosl,,t +B * sml,,t)sm—x W | | 8
> 4 ,!.-;1 a3 ‘ s
where B,= g L f{x) s’inﬂLExdx and B.* -—— cr(x) sm( )xdx
4 Smce g(x) 0. So, " - : e
> - 3 rL
1 _)L,,L J g(x) sin (L)xdx 0
A ot :
PR i N . : .
by =~ L f(x) sin nxdx [Smce L k. c=1, A= CM —=4+n]
[ e -
“x ,L 01(7"* X)smnxdx
0 us

frx-x‘)( ) o= 3x)("—1-)+(—6x)("—'1—) r~06)

gl

_n:—
—-]2- X n+l
n ("1)

"I'nerelfore (1) becomes

o0
.

u(x, ) = Z (B cosnt sin nx)
n=] -

i _ i
u(x, 1) = Z -1y "Ercosm sinnx.

n=1 A
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.qolutmn: Now, for initia) deflection equation of

OAisf{x)—'x- : for0<x< /2
And the equation ofAB is
f(x):l—; l'orw2.<x<1r. )
- [x
n o for0<xgl
Therefore, f(x) = i
] s —

- for2<x<r:
" Given that, L = .

¢’ = 1, mma.l vclocny g(x) =
giveh in (.-

Since, A, = ﬂlci—m- bz Hﬂ” I =+n

Smce we have the soluuon of the one dlmen&lonal wave equauon is

u(x, t) = Z (B, cosA,t + B, * sm)L,,t) sm—-

n=|

L .
2
where, B,= L IO f(x) sin nT_:'E X dx

“and 'B * =
Since, .g(x) = 0. So,
; L'

B,* =_3-2£ g(x) sin ( ) xdx = 0

And,
5 (" :
_ B, =EJ-0 'f{.x) Simnxdx
/2 . T,
2 I B b J (
=xl Jy  Fsinnxdx ia
‘cos nx (sm nxﬂ o ( X (c
T + 41 -=
-n R 4
- [ G %;“ ik
2n s
__4 [ m:] :
_-(n-:'z): sSin 2

Thus, the equation (i) becomes,

1}
AN

- (1)

0 and, inigiy deﬂccno“f
1]

n —A.nL

sm nx dx:I
1 (sm nx))
joe e
-n ‘ TI -0
e
2

0S X

= T 0s Nt sin nx.
u(x, 1) = Z (nn)' sm 2 cos n

i T
. (nn
-[0 Ag(X)_srm ('f)ldx

. (i)

Thi s- Copy S

T
4
0.8( z&)=03" 02
> ¥ 4 :
L x<
f()_._—i.-OZfol‘4< 2
So, 11X
uation of ABuiS” _
ad, the £ 0-042(}(_5
y-—0.2=31r E 2
. i
)0l B o y=-28, 04402
'y--0.2=_'_4_ x-—2 T , e
! : k i
= y:—%s"x+0.6 for-5<x<4‘ 2
s, ok
R T
w—(0.‘2) ‘for_%<x<'2-
' B e ()
R Sn:
. Lﬂgﬁﬂoﬁ) for-2'<x<-&— :

Giventhat, L=, ¢ = |, initial velocity g(x) =

0 and the initial deflection f(x)
isgiven in (1),

y e ne D
Smce A= T = = i

Since wa have the solution of lhe one dimensional wave equation is

ulx, B = 2 (B, cosh,t +B,* sin}, 1) sin (‘—)

'ﬂl

LI
Mer, B, = I f(x)sm(L)xdx and B*—'—-—I g(K)Sm(“)xdx
Smcegx) =0.5g,

. A_n]_J‘ g(x)sm( )xdx-_O

T
B, =ZJ s
T Jy f(x)smnxdx

caned by bhum
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r
/“\

, .

=)

N
N !
/‘r\ k

=]

o

= A

X

(ﬁ'—'w;)
+ | (_9_8_’5 LIS

: +0. ) (ov. nx 08 s
T 8

R
2 08 xx COSH,)E- . o ;
=— —_ 2 sin &
S I e Y ——53—] 0

Iy
b ]

33 sin s
Tn
BF%“LQ.—}—_!-_‘JI 0
NER A
Boog_ L6 1
2 ——'—_,+___1=0
a4
32 ¥16 .1
B=s32716 16,
o Tow 3T _32 321
2 9'.1:-\(‘ e Q
Thus, the equation (i) becomes 277 +\ﬁ)

ux, )= —==|2_ ".] ' 0s 3
) n_l:Z ﬁcostsnnx—§(2_+_\ﬁ)co_s3:sin3x+...:|

R

z B, cOS 2nt sin DX

w0 E o

.........

have.
§ince: \I;C: ) 0] sln 5x

n=l
Xt .-
3 = Bysinx + Basanx +. B,sm3x ! B4sm4x + Bﬁm 5
1 X=0]
= sin

paring coefficients, we get
Co m

B,= 01fn¢5anst-1

1hen:fore (n) becomes :
uGe b= By cos 2(5Y U sin 5x

= u(x, i) cos. 10tsm Sx

3 Aﬂgh
Min its equilibri
ofts points a velocity 3(Lx —x).

wtion: Given that, Length =L, -mmally deﬂux:on:e f(x) u(x, 0) 0

(
]l.l ter 8 Par nﬂ] leleltllhll Equa“ﬂﬂl PDE ' 87

tly stretched string with fixed ends at x = 0 and x = L is initially at rest
um position. Find u(x, t) if it is set vlbratmg by gwmg to each

Scanned with CamScanner

and initial ve]omty g(x) 3(Lx B R
J 2 Find the 4 p A ;  Since we have the soluuon of the one dxmensmnal wave equanon 1s
7 ¢ deflection u(x, t) of a vibrati
c? = 4 for zero initial velocity and initial deﬂe:lt!insstx:;f of length 7 ay ulx, t) = Z (B coslnt + B * smlnt} sm— ......... @
: n l:
Solution: leen that, . lnmal deflection f(x) =sin 5x > h a5 5y '
; 5 where, B, = e . (nx
Inmal velocity g(x) =0 and - Length (L) T L I f(x) sm L X dx ; and B, * = L L g(x) sm'(—L—) xdx
A]So. Cl =4 =c=%2 2 ¢ Smce f(x) 0. SO¢ f X
. al' : v ; %
Then,. =S"E=+2.n ; W ¢ _ : : R B“‘_‘— f(x) sin (_‘)xdx 0.
; L =" & A-’ o 5 And,
Since we have the solutionfof the\e dimenSional wave equation is B ot
. v : n -MLJ- g(x)sm( )xdx
v L
u(x, t) = Z (B, cosk,,t+ B,* sinAt) sm ......... () ; _=_2__ L :
n=1 5 ) ] y lnL L 3(LX - X.') Sin (‘—) X dx
i ; ' L (o8 » : :
where, B, = -l:_[ f(x) sin nf xdx  and By*=37 L g(x) sin (L) L ki R (BE) .
. ¢ , s g ' “nL| x- xl)—-_L,__ 1_ cos
Since. g(x) = 0. So. ‘ : gl -(L- ZX) +(_2)
# e R '1(ﬂ)x.dx—0 : - * L ‘( ‘—_ﬁ—
F—Eorp o o S1T = .
B, }\.Lju HE L ;e IR , 2 =In6—-l:_2-l.3 : (L
T -n 1i) becomes, - : : L n-‘rﬁ (cos nw - 1)]

This Copy Scaged by bhum
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12 -1
=R;.;‘1?[] - (="
T - 3
121} [i —(=D"
~ ert n :I
art o
= if n is odd and has zero value if n is even,

Therefore. (i) becomes,
. N 24 fenelyem) L (@nt)n
| u(x.t) = Zl o (2n-1)° St ( 2 ) s:.n (._._.l_-___)

4.  If the string ‘be fixed at both ends, find the solutmn w:th the follow;
' Mg inity

conditions. The initia =
iti ldlsplacemcm u(x, 0). u, sin X L and i initial Velocity

zero.
Solution: Given that,

initial displacement f(x) =u(x, 0) = uu's'in% X
And. initial velocity g(x) =0 ,
-Here. A= nm

.

Since we have the solullon of the one dimensional wave equation is

ux b= Z (B, coshyt + B,* sinA,t) sih%x e G)
n=1 ' ) 2 ‘
2L -
where, an":j f(x) sin%xdx and B *-—J ex) sm( )xdx
= _

“Since, g(x) =0. So _
JL,,L J. ‘g(x) $in ( ) xdx =0
. Then (i)becomes - Qb .

u(x, u-z Bco%‘*— # s eS0T
© n=l : )

erutl=0m (i1) then Yot
5 ~ ... ax
u(x,0) = Z B,,smfx
n=l
Cmx S R,
= U|)SIIIT=B|Slnfx~+B:SlHT+...

Comparing coeff. of B,'s then we get,
B|=Uu. ‘B3=0=B3=..'....

Chnplers | Partial Differential Equations (PDE) |- 189

ﬂ?e re l'orC-

cosl, tsinT L

u(s. V) = 2]

- mt . T
= uy €08 L T s L

= l.and
i f the vibratin string of length L=m ¢
find the deflection u(x, U 2 " .01 x if 0 <x<W2
g ME% —!. -l' deflection is zero and initial velocityis {0 0 (m—x) if 1:!2 <x<T
jts initia _
LengthL=m €= L
Given that. 5
suwtio™ tion u(x, 0) = f(X)
el GELEF 001l x 1f0<x<ﬂ/2
*Iniial velocity 8(?" - {o o1 (=) fr2<x<m
cnft _ : It _ 2.
aso. MPL T E nad :
gince we have the solution of the one dlmensmnal wave equauon is
inc
! u(x )= Z (B, cosknt + B * sml.nt) sin3— L ......... (i ,',

% = xdx
where. By "LJ fx)sm xdx  and B lnLI g(x)sm( )

“ Sinee, f(x)= 0. So. -
B_LJ. I(x)sm(L)xdx 0

" Then (i) becomes,

ufx, t)-ZB*sm?L,,tsmnx i o BT (ii)
“n=l
Hege, ‘
B* =5 [” g(x)sinnxd
By _l_nltj 8(x) sin nx dx |
.2 7l2 x " ..
Fm 'L 0.01 x sin nx dx + j 0.0 (- x) sin nx dx
=9_0_2_[ XCOS X Sin nx l cos nx sin nx‘
o e f""‘f—»n E- 0=~ |
L© BLELT (¥4 T T
.i ‘ 08 T +sm > E_c_os ) +‘sm 3
7L D "’2 -
: nn
b8y : :
"k ’

§i
PUeE, Ay = =xn, So,

. Eas This Copy Sganed by bhum
g ! http:-//:&' ‘np
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Therefore, (ii) becomes,

K u(x, t)—+——*Z'wsm( )smnlsmnx !

6. A hghtly stretched string ol‘ length L is drawn a Slde at jtg Mmidp,

distance 3‘ perpendicular to the equilibrium position so that j
S j

posnion is given by f(x) = { L% :: &;:::”f

Itis mmally at rest and suddenly released. Fmd u(x, t).
Solution: Given that, - LenOLh L=

I . if0<xe<ls
In.mal deflection f(x) = { (L-%) L2 <k <L
" Initial velocity g(x) =0 '

" Since we have the solution of the one dimensidna] wave equation is

-

ulx, ) = Z (B, cosl.,.t+B * sml,,t) sm T Sl )

n=1

where, B, =EI f(x) sinLEEx dx and B,*= 1.,,!...{ g(x) sin (%)xdx

~ Since, g(x)-() So. .
B,* _A“LJ' a(x)sm(L)xdx 0.

Poiny @

l‘nlm

i DE) |
| Partial pifferential Equations (P

21:
npr  nemt -
)= %.#sm—‘z cos [ S sing L
(x, = 1{' ; ] :
% u n= ] ) | ating Df
' r
y) f the followmg equation by wsing sepa
0

6]utiﬂﬂ }’(X' :

1 ble‘S' {2005 Spring Q. No- 7]
nriﬂ : . :
W b Giventhit SRR PO AR (i)
Let the soluuon of(l)Gbe ” o BN LN (i) -
ax. ) =F
‘F is t('un:hon of x and G is function of y only
where | .
Now, - - 4
FE =FG
u = FG - and
d tand prime represents parual denvauve w.rtXx :md y respecuvely
y where 0
“Then fronifi).
| FG-FG'=0
1 ‘0 5
F G .
= ?: G.3 A (Say)
This gives,
[+]
i > G'
lE::l and a;k

Integrating we get,

Then (i) becomes, . _ logF=Ax+logC"-  and logG=Ay+D
Yy b, P2 I Fagehd o ° : = G=DeAy
HE B, cos tsm P W (i) ; = ‘ :
“(x o= _ HZ_!: € l“ § : . Then (ii) becomes ‘ i .
2 u(x, y) = CD M+ + »
Here. 2 oy, & Mx +y)
2 % ¥ B _ = ux.y)=ceMty forc=CD
EI f(x)sm T Jdx \ : it & : e Ty
L2 LYo - [sb)luu“(“y)u
. _ (nx Olution: Gj
=.2. J X sin (%r) xdx + J‘ /2 (L-x)sin ("Ij') % dx iven that. \
LiJo SIL _ L . ' ux+u~—(x+y)u : RNl
= o mr (VR : . ﬂ o gl{_r_x o e \ohmon of (i) be '
sin C i
2 cos T L L L = _ Y)Y =FG -
_2 M- I‘.’E)l WereFig, o0 o e (ii)
L ( ) Gz:) K _E.. L » Noy 4nction of x and G is functlon of y only.
af L Lo, 1R CimeL IR Ssing u=FG
==l ——.ZTcos 5 +7 3 sm niwo . and u, = FG'
L{ nm 2 T . - B : i iﬁ ied bys bhum g
n
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[2012 Fall Q. No. 5(b)]

o

192 A Reference Book of Engineering Mathemnlics v

where dot and prime represents partial denva:we wm
Then from (i), . Skt ’cspc‘c:i\,cly ] Y

FG+mI=(K+)’)FG 4 d]l "'Gvgﬂﬂlat Zyu=0 o (l)

Chapter B

IJ’O

G T A

et

= §+%= (x+y) { solution of (b€ i (i1
: L - ufx yi and G is function of y only:
F- . nction ¢ Of"
= E—x—9-+y~k e Fis IUN€ A :
€] = y FG' : 'y and y respectively.
= ir. 4'x and y resp
* 'This gives, : Now» u,,,d. prime represents partial derival lAve W
;: . " Jhere 00 :a[l'l) e
o = I g-: ; en from {
k-_f:x and G:—k-f-y ™ xFG"'z’FG =0 L
__,]megra:ing we get, : _ sy
iy % x3 2 i
logF—=kx +5 +log C - and Iog(};_kﬁ-"i.ﬂogn
:_ F=C¢kl+x-ﬂ ’ :)G:Ije'kY‘);ﬂ . : gx
Then (ii) becomes. _ : A .
u=FG=r:'e:"“'”‘2"3"1"'”’?"21 forc.-:(:[)_' _ q : 7
= _ . . ﬁup_'-lllog‘?‘)*logc and IogG.=—l+h)gD
(@) u,-u=0 © " [2008 Fall Q. No. 2(b); 2009 Fall Q. No, w; b ¥ G=er™D
_ 2006 Spring Q. No. 7(b); 2006 Fall Q No.7ay & D= FECA Ry T
_ Solut:on leen that, | en(ii) becomes. :
u,—u=0 (1) > 4 u(x, y) = x* -Y”* forc=CD.
Let thc'so]uuon of (i) be Sy Sy %
u(x, y)=FG . (u) ' 1 Uy =9u=0 ' :
where F is function of x and G is function of y on!y _ > Pudotion: Given that, - Tt ’
NOW. . W, < i . uh=9u=0 . i :
_ -FG il =FG' 2 - The aufilia_ry zqugtion 0§y 3¢
 wheredot and prime represents pm'nal derivative w. 1L x and yicsper:uvely m+9=0 : o
~ Then from (), i LR N =2 m=+3i
[ . % = | : : 'Dlerefnre the general solution of glven equation is,
FG :FG =0 - u(x, y) Acos 3x+Bs sm 3x
"~ F G oy, - o
. = -E=E=k(saY) ] \’ ;‘ I,:Yuy 3 4 pi : ; ! o
' y ' 0l |.| 2k
3 This gives ? 00 Given thay, 53
o : . - Y=y i
F 1 ; Wi, e R g pRE T R SRl (1)
F=k and % R I" the solution of (i) be - O -
lnh:grating we get, WhemF 1::"1 }') FG 5 ; : 3 (11)
_— - . unction of x and G j f
logF=kx+logC - and logG= .‘é +logD Now, is function of y only
. = Fz-Ceh . ] = G.=D'e)‘-’k : ﬁ:zFG al'.id = o
Then (if) becomes, ;e ' Gt ang i represents p.?lr:;l dFG ' -
u(x, W= cere iy for ¢ =CD lacd o and ¥ I‘e'ipectiyg]y_

Thi s Copy daaned by bhum
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Then from {:)

ﬁ v
=> F =X (say)
This gives,
K G_2
\ F=A  and Gy
Integrating we get, .
logF=Ax+logC - and logG=Alogy +log p

- F___Ceh

= G = yk D
Then (ii) becomes, g

ux,y)=ce*y*  forc=cD,

A tightly stretched string with ﬁ.(ed end points x = 0 and x =

sz 2 . X :
a position given by u = u, sin® (r) 1f it is released from th

€ rest frop thiy
position. Find the displacément. %

i ' g fB slhen we get,
=Lis initiany, § Comp‘iﬂﬂg Jthe coefﬁcnent o

Solution: Given that, Length=L

Initial deflection f( :.c) =u(x,0) = uy sin’ (lL".)
And, the string is released from the rest. So, initial velocity g(x) =,
3 fer)d
A.ISO. i = L ]
Since we have the solution of the one dimensional wavé equation is

u(x, t) =. Z (B, cosyt + B,* sinAqt) sm 7 o M

n=1
L )xdx
where, B“"'LI f(x)sm L xdx y and B *-—'—J g(x) sin
Since. g(x) =0. So,

¥ =ﬁ glx) sxr&ﬁ xdx= 0

Then (i) becomes,

u(x,t) = Z B, cosl.,,tsm ' :...‘.._.---(”)
n=1 : :

Put t =0 we get,

“us ... (i)
u(x. 0) = ZB sm("‘") P .

n=l

Thi s Copy Scai by bhum
http://t . np

: Also, ln———

| ) 0 ' . 1
Chapter 8 | Partial Differential Equations (PDE) | 95

-A = IsinA - 4sin’A

g
we kno¥:
2 3sinA = sin3A
o sin'A = 4

: A :
0. X :
S (0= (3 gin 5 = sin L )
u(x. 0 L

’{‘herefore (iii) & gives,

n=1 =
X 21X 3mx N
"—BlsmL+B»sm L +B‘5m L ot

BF%J? B,=0. By=-7'. By=0=Bs=....
: ;'Iherefore. { u) becomes ‘ - o

<Yy
u(x z)-,4 cosk[ tsm L =4 cos*?qtsm L ‘
AR DR o .« 324_)

. :; ‘u(x. t)= 2 (3_cos—fsin _I:—EOSTVS"' L )

A s!rmg is strelched and fastened to two pomts ‘L apart. Monon is started by
. displacing the string into the form u = k(Lx - x o) from which it is released at

time ¢ = 0. Find the displacement of any point on the strmg ata dlslance of x
from one end at time t.

Salulmn Giventhat, Length=1

ln:uai displacement u(x. 0)= f(x) k(Lx. x)

And, the string is released from time t = 0. So. initial velocity g(x) = 0.
ncm : - :

Smce we have the soluuon of the one d:menswnal wave equauon is

u(x, ty = Z (B, cosl,,t-t-B *smk,,t) sm L X (1)

n-l

wh 22
tre, B, J f(x) sm %y dx ~and B.* l,,L J- g{x) sin (—-) xdx
Smce g(x) 0 So : : o )

Aery 1 L _[ g(x) sin (—) xdx —b
bccOme‘ :

Then (i

(351nL'S‘nL) ZB‘s:n"fx : G :
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+ X ‘)'- § B, cosl,,lsm '
' BB sn0 s ey B (i)
Here,

f(x) sm— x dx

l"‘lw

[}
™o

|

k(Lx —x%) sin (—) x dx

e
- =0 20, &
[ .

2 cosnw. 11+2 F:l .

"
r"I;w'

2k
L

o= \ = [(—])"+l}

~ Therefore, (ii) becomes,

oo

~ 4L°
u(x, t)=Z nI;Jr:‘(

n=1

(-1)°+1]sig-'-'?cp£%‘_

2
equation % =c? % with ¢? = 1. The length of string is 7 and ends are fixed.

X the deflection u(x, t) of the vibrating string,
* Solution: Given that, Length=L=m, c’=1.
- Initial deflection u(x, O) = f(x) = 2(sinx + sin3x)
And, initial velocity g(x) = 0. e

Also, ln-—_'—ﬂf‘ﬂ:n' . '

Since we have the solution of the one dlmensm‘mve equaﬁon is
u(x, t) = Z (B, cosA,t + B,* sm?L,,t) smg-x ’ ......... ()
= ;

i - KL 1‘_’.‘) dx
where, Bn=_ j f(x)'sin:r;_lt'_x dx anc{ B,* =L—I: .J:) g(x) sin (L <
Since, g(x) =0, 50 ‘ i

B.* = l,,L J g(x) sin ("—) xdx =

Then (i) becomes,
. Thi
ht

10. The vibration of an elastic string is governed by the partial differentiy

. The initial velocity is zero and initial deflection is f(x) = 2(smx + sm3x) Find |

ial Equ‘ations (PDE) | 19/

" chapter 8

‘ = AT
X ;
‘U( n=l

------

dx.

Hre
Bn T

T
ZJ. f(x) sin nx 4%

=}, 1l
_-2',[ fx) sin %
L

Bn=ﬁ'0 i
PutBn"'OandL=Tm=1"—
Now: 4

ogntsmnx
x,t)" Z B, ¢

n=1

pun-O‘hC“

) o e 3 . (ii)
(x 0) Zanmnx T v . ‘

n equation becomes

n'I

Z B, sinnx = Bysinx + Basm2x + B‘sm3x + B4sm4x

n=1 .

;—, 25mx + 2sm3x =

Comparing,we gel : ; :
81—2 B1—2 B2=0=B4_=Bj=.......\...

‘Ihen 11) becomes
N ) = 2(cos tsin x + cos 3t sin 3x).

- 2
‘equatmn a;t; = gxg with length 7 and ‘ends are fixed. The initial' deflection

kx for 0 <x < w2
u[x, (i d it 9 =
)=0and initjal velocny it l ,Su 0= {k(n— X) formw2<x<m

i Solunon Given that, Length L .
' Tnifial deflection u(x 0) =f(x) = 0

Inmal veloc:ty glx) = _\ = llu (X 0)= {ll:?ﬂ: -x)' .fg:' ‘(I)d; iy
3 | s <X<T
Als’o, ';M:m Ao ‘

Hmt Same ‘as Q No. 5 w1th k=0 01

rFmd-‘ | ; -
the solmi f ‘one ‘dimensiq
1]ern-g.ihm ‘ on of one-dlmcns;onal wave 'e'qu'ﬁlion of the ﬁght tri :
o i stri
; nder 'th difion‘'u = (0 't) 0, u( d“ B
ﬂf\‘_ - v @ ’ u, t) = 1 = ‘
E" . . dt =0 angd

1=0
‘Copy Scaned by bhum -
e/t . ne/ engi neers np

The v1brat:on of ‘an ‘elastic string is governed by- the parﬂal differential
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Qulutmn Given that, Length= L=n, u=(0,1) = 0.

(x.0)=f(x)=x gl ! 3 S .
lnmal deflection u(x. ) = f(x) . o ey 05; 0410 - sy diees
du ‘ =g 0.0506 %1V
And. initial velocity g(x) = —| =0. ; sp
. = 1] DEE-B'
| MW=L .
z I : ) “di i 1 iven initial and
Also. l,.=-’£-=cn. - . 1 solution vnl’ one dimensional heat cquanfm undc_:r giv
; . . We ]:jary condition 18
Since we have the sqluli_on of the o:jc dlmcns:one.xl wave equation - poun . ) e -lnzt \ .
' u(x.t)=ZB"S'“L“ '

L . nm
= +B.* L
u(x. 1) E (B, cosAqf + B,* sin,t) sin X
.on=l L
2t nz 2 .ﬂ) in 2% x dx
. Nt == X sm-"
where, Bﬁfj fx)sinT"xdx  and B,* n(x) mz gere Bi=T Jo L
0 )\_nL sin .
d : ](] ¢m. So. () g "lVeS

Since, g(x) =0. So. ; gince, L= y: ; .
; . A nEx\ hoot &
lnL.[ (x)sm( )xdx 0 SR u(x t) = Z B, sin (——- e 0 . i)
; . . ] n=l -
Then (l) becomes, 3 P i< Oif equatlo n (u) ‘ :
u(x, l)~ Z B, cosl.,tsm L X 2 et (i) F u(x,U) Z B sin (0.1) nax . __.;i'ii) ;
n=1 y ¥ 4 & : n=l . : &
Here, [%' GiV‘én thf, - fx) = ulx, 0) =sin (0.1) x
.2_ J‘J’r st iy | [ T TRy TheRdil) gives, : : & J *
B." xz Jo el nzgdx =T ot e . : ; sin (0.1)x = B,smO lxn+B«sm027tx+B;sm031tx+
: 2 { RCO_SQE} o : o ' Equating coefficient of like terms then we get,_
= Lo n ni] Tt By=1. By=0=By='.... :
Them (.“) becomes, g ) P oveis 4 Qs Therefore (ii) becnmes. %
u(x. 1) = z = ( 1™ cos nct sin nx : , i ( c) e
© o=l ). - ¥ X u(x. t) =sin 0 Inx e i <

S
= u(x, t) = sm 0--11“ e 1732 U100

B Given that,  f(x) = u(x, 0) = x(lO X).
Here, wnLhL— 10cm, -

Exercnt"‘ 8.3

1. Find the temperature u(x, t) in a\r o snlver {lenglh 10 cm, constanl cross

: sectional of area 1 cm’, density 10:6 gm/cm?, thermal conducthit
1.04 calf(gm sec °c), spegifichheat 00056 cal/(gm °c)} that is Perf“m}
insulated laterally, whose ends,are kept at temperature 0°c and whost jniia

o rlo
B, =02 J‘O x(lef—-xz) sin 0.1n7x dx

temperature (in °c) is f(x), where ¥ s : =02 IUO X2 Eﬁ%ﬁ_(m_zn %1(_%1:;_):1:?1_(_2) O?S?I:;:)’F 4
(a) f(x) =sin (0.1) mx (b) f(x) =x(10 - x) s : 5 : 0.
Solution: Given that,  Length, L = 10 cin, Cross—section area, A =1¢1 =02 [ (;Dlsn(;:)‘l? for 12nm :l
Density p = 10.6 gmv/en’, * Specific hat, s = 0.056 call°m O ‘ 04
Thermal conducuvny k = 1.04 cal/gm sec’c T 1 [1 - (=" . : o~
Also. u(0,t)=0=u(L, 1) ‘ - : ; .

Thi s Copy ﬁaned by bhum
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Therefore (ii) becomes

0.4
ulx. 1) = Z .17 I (1= (-1 sin (0.1) nnxe‘“‘.’-’ﬁnznzum,.,

n=1

2. A homogeneous rod of conducting material of le

ngth
at zero temperature and the teﬁlpe::lt)uc:: has its engg
f(x) = 0<x<50 '““‘a"y E'f'
100 -x S0<x<100 ' 4
Find the temperature.u(x, t) at any time.
Solution: Given that, Length =L = 100,
Initial deflection u(x, 0) = f(x) = O<x<30

100 X 50<x<100
And. u(0, t) =0 = u(100, 1).

ncw nc‘!t
L 3.,,._ L =100

Smce we have the soluuon of the one dimensional heat equauon is

u(x l)-ZB sm L xe nl i ...;.:..:(i) '
. on=l
2 [F
where, B,,‘-—-E o fx) sin%xdx

Here with L = 100,

: [ 50 . 100
B, =]00—J‘0- xsmwoxdx+L0 (1oo-x)mmxdx

N o (nn A (ﬂ),
1 X Cos Imx sin 100 X Cos ]00 51N 100 :

("_ﬂ Yy | YN (ﬂ) 4 (ﬂ)
~\100, s (ﬁ) 0 TAl00 . = a

=502 100 ' nw®QI00RL nm 50A100  pm (1007 o mr]
50 o Y2 et 2 m cos 3"+ (o’
400 nx 1 | S 4
xgs:n ) ) .
“Therefore (i) becomes,
. I
: iqgsm 2 EE_) —pe/100) 1
uix. t) = P T sin{100/ X
n=l _
Thi s @py Sc

- 201
| Partial Dxffertnml Equationy: (PDE) | 20

: " Chapter 8 .
= kept'a
: fure ufk, 1) ina slab whose ends x = 0 and xb v
r Firld 1he mm!:::: and whose initial temperature f(x) is given by
era
3 .,erntcm whien: ﬂ<x<U2

when L/2<x<L
Length = L

f(x) #

ke ‘ :
lecn tha when 0 x <L/2

goluﬂo”
Tnitial deﬂcction uix: 0) = flx) = { 0 ° whenL/2<x<L

Ands u(0, gy=0=ull. t). -

et
AlSO' l'bfL' P

havelhe.solmion'of the one dimensional heat equation is
5 fce we ¢ .

' (ke 1) = Z B.rsm"‘x*e ool o + ()

n=l".

L
wherenBs =T .I.O _ff_x) sin T xq; \

Therefore (1) becomes).

; - (neny’
mm‘""‘kﬁlsm"‘; siﬂm [ L) t

sﬂ “Mn ) iz : ‘
= ﬁﬂh‘f:e temperatore | in alatérally msulated b’ar of length'L whosc ends are
Mperature (), assuming that the initial temperaturc is
f(x):{. © it 0<x<LR '
-X 11’1.‘/2 <xw<l}

3 (2004 Fall Q. No, 4
2006 Spring Q. No: d(b); 2007 Fall Q. No: 4 §§§

2011 SprmgQ No, 5(b); zmzhu() No. 4(by)

2005 Fatt @ N, San:
St 2O0% FalE Q. Nos 3
; Given' thyy. Length =1

by bhum
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Initia) deflection u(x, 0) = fx) = {
And ul0,t)=0= u(L, t).

Also,~ =Xz
L -
Sin .
e we have the solution of the one dimensional he
- ;
= : nm
u(x.t)-ZB..sm'fxe nt < (i)
Z

g L :
2 o~
whére.. B, =E J‘ f(x) sin '—'x dx -

L
Here
2 [t "
B, =7 jO f(x)sinnf't'xdx o
L[ 2 o L :
=l Ja xsm( )xdx+ J- (L) sint
=L L L2 L/ xdx
[ IE mt e
cos X sin-

- g’ 5 m'r.
=L Zl'l . COS +11Sm'_
4

Y

Therefore (i) becomes.

4,

£ n_zﬁm( s

5. Find the temperature ,distribyt ﬁ a laterally msulated thm copper bar 1
© (¢ = 1.158 cm?/sec), 100 cim | ind'of constant cross section whe
cndpomts at x = 0 and X = 100 are'kept at 0°c are kept at 0°c and whos¢

initial temperature 1$, (i) f(x) = sm (!) ()1) X

Solutmn. leen that,
=1.158 cm*/sec.

% w5 11158352,
- Then, 7‘-n=--j':ma Ac= 100 n-

——r—sin (._..) x e—(unlll.) t

L =100 cin. “u0.0=0= u(x'oo.‘t)

i

ntial Equations (PDE) |

f'-hlp-tl‘rs’ | Partial Differe

L)

{ ell lhmﬂx) e 01) ox = wix, (13}
- ired tcmperalurc is given b)’ AT
req )
'3 — A x5 e ()
xl}"Zanm 2E. . T, .
at €quation is ; n—l S . gaY : - : :
I 8 B _-2- J' f(x) sm'—‘xdx >
i wheff- ’."'L_’ 0 -
| L ]om and tFO in equauon (i) then i
Pul H T -
oo u{x o)ﬂZB sm(OOl}m’cx T ..,.‘(iu)"‘.

- n=1 ok

3 me equanon (1) aﬂd ("‘) "

: ; n—l o +

= B, sm (0 01) X ¥ Bosm (0 02}1'cx + B;sm (0 03)nx i,

or i
COST"X  sinT-x
on- T (HTE)-’
=L L A
£ @) g
2) o 2

.Bl—l B'v—o B'-l—"

1 -refore(u) bccomes " .

24,70

u(x, )= SIH (0 Ol)rtx e—(l lSSIlUU)nt £5

f(x) u(x 0)-sm (0 Ol)nx sty
dow, 0

3sm(001)m-—sm(003)1tx <e
sm{Ole) _4 : S sm3A 3smA 4smA]

_n] 23 1 3 .
n, u(x 0) sm (0 Ol) x?t—4 sin (003)7tx SE (iv_)

Mo fromcquanon (m) and (1V)

e _
78]
m(UOl)nx— sm(OGB)nx 2 Z B, sig (0 S

—Bl sm(om) il
X + Busm (0 (]2)7“ +B
h \Sln (0 03) &
: Paring coefﬁcnents of like terms s ek £ ) WX + B.;sm (©. ()c;),tx %
B| :*— B = S ] .
a By=—> B g

4 Ma=U=Bi+ ...
'Iherefﬁre (i) bECOmes A B L ¥~

(i) f(x) = sm ?(0.01) 19‘-

-

l)- 2 Sin (0, 01)mx e““ 158100y 1 l ‘ . : > 8
= _ - T3 5m (0.03) rx e~ 158wy ®

yf.bhum e Gy
i np ‘.- ‘ g o :

Poomna o - 12009 Spring Q. No.4 (b)]

Scanned with CamScanner



e <
v

" by ;ma A Reference Book of Engineering Mathematics v o ) e
: ) %6. Find the solution of one dimensional heam
il i ¥ condition u(0,1) =0, u(L, t) = 0, u(x 0) rk‘:j&e T¥ ang i
- % ‘ d
};’5’ * Solution: Gwen that, Length =L,
e e 1
Befs N 100
ke Imna] deflection urx, 0) = f(x) = e Ll
£ % - :
' ‘::, r ;\nd, u(@, 1) =0 = u(L,1). Also, _hen
- & L
) : . :
S ; . ;
5 ? ince we have the solution of the one dimensional heat equation i
4i. % o _
[ .8 % . Am ,°
N urb = 2, BesinTxer L@
§ o P n=1 i
T a
1 o~ fL
% L T £ 2 "
T Z" where. B, =t IO f(x) sin L X dx
:;,: % + Here, . .
" :_ 5 L . :
i _2 . nx
g ¥ . Ba ,‘=]_ JO f(x) SmnT_'x dx
\h
2 100 R _
=f_‘ T 0 X sin r x dx b
(8 (9 ‘
7 agg| Xeos\T ) x sin(T)x
BT + 3 S
ol Y |
S L L ) . .
: . L 0s nrr:I SRS, h
,:- o m‘:c i - i
7 2_00_ n+1 :
T onm 2 | [
¥ Therefore (i) becomes. ' e ) :
200 (“n (T) M e-(nzlznzl'L ) .

, i;g;
R X

ulx, t) =

¥ n=1 r\
az
] under the condxtmn

e N
f,&‘ 7. Sblve t!wone dimensionalheatéequation 5= at = ¢

¥,
PRy 3 & {i) u is Ftite at t—vos (i) u(0, 1) =0 = u(m, t)
;;J& ISbluﬂon Given that, - Length=L=7

Initial deflection u(x, 0) = f(x) = 7x - x>
And, _u(e:."l_) =0 =u(m, 1). Also, A,=nc.

»

(iii) u(x, 0) = -y

This Copy Scan
http:

-

tial Equations {PDE) |

.

aU '.'Q—g-‘is o

. —_— it siat N

'one dimensional heat equation 3¢ =" ox & X

¢c.the S

o we DAY ig =o
pi : : 1%
;i = el %

_ Y Bpsing 5 %
alx. V= Zl Lt & ki
"=

& =

3 . et <

- : ) G I (1 N Cane
p Z B, sin DX.€ ~ Ae
: . R
. R iy
N : : -
B.=t f(x)sin 7 X i
where. Po =L .J0 & - o
4 - *

glre: U el ; T ©F
P £ ' e
B. ,-"0 fg)sin g x ©X _ ; ‘ S
N > 4 % ) e

o !
2 I (:r.x'-—xz)vslm nx dx
L JO B

cos nNx ‘2!
; v 5 6y

|(m( G g f—2>——-r' e e 1
_%[_2 —‘_T_COS Iﬂt +- }'T] ,‘-'
= e . s

A
4 = o e B A

csie P e ‘ 2.

—“.“3 [1-=17] s o :i

=ﬁ? if n-is.odd and zero value if n is even. "

CTmn . : : % A.
Theréfore (1) becomes, : : : g % s 3
! _ < {2n-D"t - ; . i < _-,:,‘
Mlx, t)-_z Z@nd) sin 2n—1)x.e : Ts

. i
n=l L . 3 : Ai

8 A rod of" iength ‘L has its .ends A and B maintained at 0% and 100"

‘respectively until-steady state condition prevmls If the changes consists of
‘raising the temperature of A:to 20°c and reducing that.of B to 80°c. Find the
temperature distribution in the rod at time t.

Solution: Given that, Length=L, 3 : -
nitial deflection ﬂ(x:' 0) = flx)=7x — x>
Mdu(0, )= 0.and u(r.b) = 190. S s
Wehave one.dimensional heat equation is oL
@E b a gu { ‘
‘o =C" ax ErE (1) - ‘
FQI'VSIC' d VE o
‘ ady state.condition flow is independent on time. So,
m : ) . : ¥ . =
v
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du e ; Ty 0 0 = f1(x)
at o \ it 0) ) 1
’ tion is

Therefore. equation (i) becomes, i i 4 iie requircd tram:cm solu

Qu_ perse %)

ax2— . ; & y = Z B, sm
Thisimply u=Ax+B ... (i) - s el
Since-we have initial condition : s ;

u(0, 0) = 0° then B = 0. o ' where: L
; 10 7 7 5 (40)( 20) Sin (-—-) X dx
= ° kbl = _=
Also, u(L, 0) = 100 ; then A =t : _ . X
. Therefore, -, ) ) ; : . - oS (-HLE) sln ("‘)
4 100 CEed . TR N ey
u(x. 0) = f(x) = 0 —_—k lmllﬂl temperature. _ =Iz: G—g}' -20 (_n_j!.) L (__ ,
: ey =L L 0
Again we have boundary condition (after some time) [
—90° - _ - 80° : L

u0.0=20°"and - u(L,0)=380 : SRR Rl Ry m:l
From Equation (ii). ‘ = L m &

20=B  and 80=AL+20 = A= 43 __=;4;9[1+(_4)"1

‘ 60 - ' : . : E 0 : X
Thus, u=7 x+20. N 7 4 40 [1 e 1)“] i (ELE) x et
_ ‘ _. . St AR Z "

Splitting temperature function into two parts ( —'men o n=1 ; i

ulx, ) =u(x. 0 +u(x) - . (i) . )
Here : ] : . = " (x. ) = uy(x, 1) +uxX) e

= 3 : S ulx, = U)X, 2\ - i
©oua(x) = steady state component - oo 2 - 2
2 S 40 [=D"+1] o (AR ohat
uy(x,1) = transient component & tends to 0. = u(x, t) o 60" == 120- Z - sin{7, ) X¢
60 . 3 n=1

u(x) =7 x+ 20 ;

To find transient temperature we have to find initial and boundary condition | o Tre ends A and B of a rod 20 cm long having temperature at 30°¢ and 80°c

until steady state prevails. If the change consists of raising the temperature
of A to 40°c and reducing that of B to.60°c. Fmd the temperature
distribution in the bar at time t.

Solution: Similar as Q. No. 8.

From eq". (ii1)
u(0. 1) =uy (0, 1) + u‘,(O)
= 20=u0, t)-20

= U|(0 t) 0 ‘-
AL \ ‘ i 1. Find the solutnon of di 1 h
u(L, ) = udL. D +u(I9) .’ ‘ : B 5 4 { 53 one imensional heat equatlon such that_u is finite at
= 80 =uj(L. 1) +80] : i t"';ax—i)alx 0and x = L, and u = Lx — x? fort-()between\_(]to
= - u;(L 1)=0 4 4 ; ; , x=L,
) Here boundary conditions are u, (I ty= 0 =u,(0, t) o A Solution; Given that, .I‘enéth . L.
For initial condition, 3 Tkl Selbolomii, i~ ﬁ
Putt=0in (i) - L i =f(x) = Lx - x*
u(x, 0) = uy(xy. 0) + ua(x) ¥ G w( B=0=uyL,1)."
100x _ ) L8 60 <+ 20 ; ¢ have the solution of the one dimepsional heat equation iy

L
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ulx. ) = A, + Z Anms%,‘eﬁhzr

n=\

L
1 .
where, Ay = L J-O f(x) dx and A “3 I _
: it | 0 f(x) cos (9..75)
i L L b L/xdyx
A":E' fx)dx =+ ) FTEd o
J0 LJp Wx-x}ax =-—-[..’£_ T
And, : - LL2 - 3 =~I-".
) 0, 6
. L v
A .-.:3 J £ nx ’
o L 0 X) cos, "f X dx
L : . :
- ="'2- j Lx 2 nrx - :
L Jo Ux-x)cos L xdx |
" sin o x Stia (“_Tt) 5 . nx
== x—x3) iy L sin=—yx
L B x)———-—-mt T e
SR
R L} ' :
=E — ;n:COSD.T[—-T‘_a)
" Thus the required solution under this boundary condition is
s,
- 4 -
u(x, t)- - L Z '1'{(—1)“+l]cos i xe’*
’ o V A P
Sy Pu h initial @ad botmdaryscondition 2
11. Solve Bt " < = with initial and boundary ox
X= Bandxﬁnandu(x,ﬁ)—ffnr0‘<h<ﬁ- .
Solution: Gwen that, Length L\’
Initial deflection u(X. 0) f( ’z for0<x <% .
And, u(0, 1) =0 = u(m, 1) el 4
Since we have the solution ofhe.efic dimensional heat equatien /i
n=l ’
L fi12:4 K

L :
where, A, ='ll_. Jo f(x) dx and An =T 'J.O f(x) ¢ II..)

=0a

This Copy Scaneﬂi bhum e
http://t. .

Her®
|
AT q
sin nx
- z __2.1;““‘"" co_snnx 27”0 |y
2_[ gcosnxdx =g A
A Tx o i : \
=Z- +—Tcos 0T
T
) ='-4-a'(—l)n
T
Thus () beCOTES: ¢
e 2 ="
- nx e
£4 ~7.c08

u(x. 1) =

4 .
. ‘
6 y
X

rivation of two dlmensmnal heat equations
Consider the heat flow in ametal plate ABCD.
Suppose, that the plate ‘has sides Ax and Ay

with thickness €.
Then, the heat enters Ihrough thc die of the

[
Theoretical Part

plate be, . :
4( o (a ) AK i ' D(x, y+4y) + Cin+Ax, y+4x) ,
ay/ ¥ - Y -
and -okAy (a&y) R P S L —=
The negative sign is nsed far heat is decreasing :
form, Alx, ¥ + Bix+Ax, ¥)
Alwg, zhe heat Tlow out. through another sides -
of the plate be, , j
au - ouY
<k oAx: (ay)y +ay and -k o Ay (a )x +Ax

Thus, total heat retained by the plate be,
. =heat enters through its sides ~ heat flow out through its remaining sides

du d
=k ou u d
, : -f’-ll}' [(ax)k-p Ax T (ay) ] + k 0'. Ax [@;)\M-A\ (a:) '\,-] — ([)

Slllce.‘ tha ”
we'have the heat gain by the plaie of length Ax, Ay and thickness o is

: ‘DAxAy%—u—'
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Derwatlon of two dimensional wave equation

where, s = specific heat, p = density of meta] platc-
Then. (i) should equal to sprAy %—
Thercfore,

du Ju du o :

sp- At = kOZ-— [(ax)a + A~ (ax)x ] Ay [(au)\ +Ay =~ (‘g‘ll) J

a;a.Ax-—;O Ay — 0 then, - 7

*u ‘

a 2
du* kct o du a du

: i o * Yy

Setc —*};—p-then ‘a—-'c I:gxl: +g; ]

‘This is required equat:on

k CAY
Pat-— Or.a =+ka

Cohsu]cr a stretched clastic membrane in twe
) 0 dlmensxonal of v1braunu

| mduct of
/d]aw lhe [OICL 15 equal N thL p
. n
n's 5ec0 ‘ |
NCW‘U ) A

- (a) The mass of mcmbrane

per unit drea is constant, And No resisty '
n
_are allow : “I

(b) The tension per unit length T caused by the
and in all dxreclzons and does not change during

() The deflection in the small portion is c
and all angles of inclination are small.

Consider AxAy be small clement of membrane. Let®T be the tension o per yy;
length. Then. the forces acting on the sides are TAx and TAy.

Since. the all angles of inclination are small. So, suppose the angle is nearly to

zero and the horizontal componems are nearly to I. Thus. each particle moves
vertically.

membrane same at all

pom
g the motion, >

ompared 1o the size of memhgip

Suppose, that the angle of mclmat:on varies along thé'sides be o and B. Then,
the vertical components are ~TAy.$ing and TAy smB when T acts along at Ay.
Thus, the resultant vertical copiponent be.

TAy sinB — TAy sinay® .

TAy tanﬁ —TAytanot 4. Horizontal components = 1]
TAy (tanp =tana) # . - :

. du 4 du . & . _
o2 3x Sl oy
T Ax A)’ Ax \x + A‘( X wey S .

Being tangent is slope ‘at the point.
Similarly, the vertical component act along Ax be, Ly

1| 9y 9y SHeE 2
= TAxAy Z; y+Ay' X .. :

I

This Copy Scangd by bhum
heto /1 i "

J«T-hic = requirr:d t

SD!utmn of two dlmenswnal w

11
ations (PDE) | 2%

| Partial Differential Equ

Chapter 8 mass and is

Byclcrationl a u
CC g -
o s = prAY or Ay, So.F s sum of (1) and (2)
gince: : | 1o force act along Ax and Ay,
alt0
is equa’ ™ .
AR B s
X Ore. W o]
ik 51§ 33 o || A NIRA | |- pax Ay 5
L{22—-—] 14T\ Ny © :
Ay = x + AX X . sY
TAX AX IF _E)_u : ?l’. :
-]’L VAN AS AR :
ol e
g Ax 0 MR p‘p;en,
Takl Yu gig -Ea u §
P T at
o E._.'El-_l' ﬁéq. : :
[ T 8;71: : 3(911:5 au)

wo dimensional wave equation. -

ave equaftion under certain-condmpn

ider two dimensional wave equation.

Consi s g
g (a U ") T T
Froiak Cr g = ‘ >

Wihu=0foralltz0 - R T A
ulx, ¥, 0) = f(x, y); -wl(x, y. 0) = g(x. y) P Bl (

assume that u(x, y, t) = F(x, y) G(t) - ' y i R )
be solution of (1). Then, (1) gives, .
FG=¢' G(F,, + Fyy)
s BG BF dF
where, G: B = and F, = ay_ ‘

i

T g ey A
S o= TG=F (Fui+Fy) -—T—U.z (say)

This gives,

G+X'G=0 §% B i Siastin (5)
Aud F“+ F“ +fF=0 ' L gl el (6)
Where, ), = i
The Equatm

N6 is called Helmholtz equation.

Y Fuys wmm)
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be solution of {6). Then, (6) becomes.,

dx
18X _ 1&Y o,
' = Xx Yy =k {sny)

For otherwisc the solution is not possible.
That gives.

¥ 1 A 1

a a_' g i . \ ]ccon!ﬂ"mq mcludcs n
o ;
vZ%. x. aszllﬁ' o’XY=0 : ast

[ G 19
X ox° ==k and "?a_yT-t o= )2
S ¥X » 3y
with p* =’ -

whose solution be |

X(x) = A coskx + B sinkx
And Yty) = C cospy + D sinpy
where, A. B, C, D are constants.
Then, (7) becomes,

F(x. y) = (A coskx +B sinkx) (C cospy + D sinpy)

Since. u =0, forallt. So.F=0atx=0,2:¥y=0,b
-AsXx=0then A=0. Alsp,as y = Ulhcnc-
Sothat. at x =a,

Bsinka=0
= -sinka=0
=sinnn
nmx
= k= 2

Similarly, aty=b, p =,_n% assinmn=0
Thus, (8) becomes., '

Fuis = s ) n5)

be required solution of (6)
And, we have p* = o - K 2% coy
So, A=ca=c\pH Kk
‘ m- o
= Mlmn=)\=¢r= ‘;r+5‘.r
Therefore. the solution of (5)'be,

Gun(t) =B nm£ﬂ‘i7\,,,,,t+Bnm sind,t
Thus, (4) becomes,

ulx. y, t) =Zu,, (X.y.1)
= ZF oY) Gpat)

. T
= LB,y €OSApsf1) + Bosind ) sim—

b

L
5ma

“as B # 0 otherwise it leads impc;ssible so.lmi;m.

. '~wh§re. -Amg=B.D

[ using value of p and Kl

Chapter8 | Partial\Differential Equations (PDE) | 213

ni.c. ulx. 'y. 1)

Z ZfB.,.,. coshipt + Ban® ithygt) sin—p— sin— - (10)
mpln—] '
f(l)
red solution 0
= f(x, y). Then, (10) gives.
uix. y- 0

I mvc
“e. Y) Z Z Bin sm(n‘“) 5”;('—1)
f(x,

m=In=l
g_]ffdn"e mulanc Fo

;|sfeq

urier sine scnes So,

——“1) dy dx

HTSRCTS

00y
nnx —-1) dydx L (11)
= an ab ffffx v sln( ) %m( v

'),_ ) = g(x, ) then. (IO) gives,

which ish

Also; Wé haves (X,

glx v)& Z Z B,,m* ln?,, smhm( - )

- 9 m=In=1 e _ j
| _ghich isthalf range muniplc Fourier sine series. So. ' ‘
; nax) . (mmy) |
L ool oo
:1 d

Hence. UOJ is required so]unon of (1) with the coefficients value given in (11)
and{12). ¢

Lrpluuan in polar form: .

We have, the Laplac:an in Cartumn coordinates be, ‘ T ¥
o°u 3‘ \ ; x
V'u"a 3 a o b '(l)
Setx=rcosf, y =rsinB
Then, ]
du_ Bu o Ou 38:
o =9 ox T8 3x
= U, + uy By t
And,
.azu 2 X b
a_;('§= U™ Ul + U Ty + Ugg ex‘ + Ly Bu
Simj!arly
a'J

9 W= u""- ul”rr)-' + Uty + s e + Uy 3«\
Since, we have

X=rcosh, y =rsind

Thi s Copy Eaned by bhum ‘ i
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o . - s
So. r=x+y and B =tan \x) S
Therefore.
A\ [—XT, B
rx=bv (_) xxjr =T:-..x1
r ' g \p—-\
X
1.6, l',=';. ' x»=}l:1--
Also, ! o
b e
=7 and Tw=7
And,

- r
Similarly, ; :
=
B, =+ 5 and 0,.= —".)r\l
) r 9 N T
" Now,
ou —2xy
‘5‘)‘_1——11“ +u, +Uga +Ua( )
And, .
d'u ( ~2Xy
ay: = U.-, + u' FUp | TT) + Uy )
Thus, %

9%u . afu
%%, (_,_%H),,m(_r;w

G RCRCE

-Urr+ ur+u°!lir- D

I‘}ns is requued form Y o Q

Note: The Laplace equation is poldr form _fae, L

| ]
x Ml +?_”au=xQ o
d’u 5" Nk

being, ERRdew 0. i 4

Note: The Laplac:an in polar fonn,in‘three: dimensional geometry be
du du 1 )
O Ty’ T ozt Tlmt p Ut T et U

Being x=r1cpsB. y=rsind and z=1z

Such form is also known as in cylindrical coordinate form.

( ' Chapter 8 | Partial Differential E

: uﬂdc

quations (PDE) | 215

e
- dimgnf;ional

io nditions
ot cd?mensl onal wave equation
wo

wave equation in circular membrane

0
nﬁid cf

"..E‘-:

s\ =

Q_) —

et e = \=
N
L\,
e’
\Qr’
A=
=
=

ot

2 l‘oﬂﬂ- .
T, (Pl 1D “) ................ @)
T ar Troe’ :

P C %
ircular membrane hasgadius B and ¥hradically symmetrical

ar
ci
hat the t means does not depends up on'6. So that

ose !
‘?ulfclilo ur, . Tha

g,
89 1 7
Then (") becomes. ' 4

by (2 1au) T SRR
agdc( rr00.P 2 ki 3

ot
Consider 3) Sa“Sﬁcs the conditions

_ulRy :)_0 forallt=20. - e e (4)
ulrg0) = (). ut(r,0) =glr) . (,5)

b Q- - :
A ; l:l-(r; = F (r) G([) : reaegesetaneine (6) .

be {hé dolution of (3) then (6) becomes,

. 1
EG=¢ (GF“+;GF')

" This gives,

G- B B%
F6-F 7 _F= k'(say)

Thatglves : :

G+NG=0 2 SR TR 5
And - 1="+-I;:+k1F=0 S e B, s (8)
where, A =

Since (7) is second order differenﬁal equation whose solution be,
Gult) = Ay, cosl.,,t + Bmsmlmt T LT—)

And, fur (8), set"- ==, So that,

' aF BF ds oF
F == =i
or " s or k ds

Ag. e _OF -3 (ar o _,OF
%, 3 o Ta\arSar ~Kos
S (8) becomes, '
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This is Bessel's €quation with n = (),

Clearly (10) has solution Jy and

Y N ;
first and second kind; respectively, v Where J, ang Y,

are BQSSQ]"‘

Since. at n =0, Y, has no finit “Ctiu,l
_as f(r) is finite in :5)_ ¢ value. That means Y, hay N0 meapj, b
Therefore. W Bt sQ‘lulio,,
Fir)=J)ys) = Ju(kr)
Be the solution of (10).
At bounddry F(R) =0, being G # 0 and by (4)
So. s has infinite roots. Say, .
s=ay, Cform=1,23, . |
O'.m . 9
= Kl R form=1,23, . - being 5 = kg
"ﬂlus,' Fun = JL( )form—l 2% . |
Hence, (6) b;comes
L utn = 3 (Ancoshyt + By, sinkot) +J, (——-—“”"
B 0 S A
m=] :
By (5). u =(r. 0) = F(r) then, (11) gives,
; ra.m
fir) = Z Andy ( )
m=] i
+ Which is Fourier Bessel series. So. Q.
2 ‘ (r'a m) S o
An=RET (am JTEO I (TR 47 G- (13);
" 0 .
form=1,2.. o

Thus, (11) is requlred solution with the. value of Am and.B,, g:ven in (12} and'

(13).
-

Potential function and ‘iﬁsa%sz' Spherical membrane’

Potential function:

3
If the Laplacian form. is equal 10 zzgo then it called ‘potential ‘equation. That i

the equation V’u = 0 'is. calied potenual equation: And'the* solition” of ¢
equation is known as potential {fun€tion.
Solution: Let x =rcosd'sing, y =rsin®sing, z=r co_sql
Then.
Bu\ ( .o P’ :| B oo (n
Wi ar " or, f st 00 smfp 20 *int0 08° .

Cons:ider the boundary condition, u{R 8, 90y =fid)

_pas {emperature is fixed.

hen- ¥
t
i 'rlf[aa (¢ aar) Snd 99 5 (sm0 a¢)}

otential will be zero, that i§

@ .
sethatu‘f 8= AD B Q- )

:upsl;!unon of (2). Then we gﬂ

52(7 %) e (S"“" 3¢> g

= Aor
This gi¥és: ; -_ it q.
' “-%(ﬁ%%):m. ....... )
And.' » :
¢’ | 1¢aa¢(sm¢a¢)+kB DT (6)
4 sin
Sefcosdt 2 the, W —sm'¢
Also, |
d d fdw
3Q = dw (dcp =-sind 4w dw

So that (6) becomes,:

AR )
( %J: Bsm¢3¢ smq) 3 k(=)

d ., dB" S o % 1
.a-;[(l.—w)dw]-rn(n}l)B—lO.. fork=n(n+1)

‘ = (l—w)d—B'r 2de+n(n+l)B =0

Which is Lagendre s cquation that has solution,
B=P(w)=P(cos¢) fornz0
Also, (5) becomes
PA"+UA =n(n+ 1)A=0.
which is called Euler—cauchy equation.
%etA=1"then,
oo~ 1) "+ 20 [® —n(n+l)“-0
= oa-1)+2a—-n(n+ 1) =
= o+ 1) —n(n+l) 0
This gives o = nand o= —(n + l)

Thus, A= and A =r™*D
Henge, (4) becomes,
uir, ¢) =
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= ulr.§)=c, rP,,uosq;) and ug*(r, 9) = JESLEST
lcos)
So tha, 7
oo oo
ulr, @)= 3 c,r'p, (cos®)  and ufr, ¢) = ¥ D01,
©on=0 5 n=) - mCosg)
This is rcquxrcd soluuon
- Exercise 8.4
1'- Flnd the dcﬂecnon u(x, y, t) of the Square membrane With 5
= L If the initial wloc:ly 1 zero and the initia] deflection i =1 dng
’ (a) 0.1 sin 3mx sindmy

(®) kxy (1-x) (1-y)

Solution: Giventhat,a=b = c=1.
(a)

&8(X. ) =0, f(x. y) = 0.1sin 37X sin 4y -
We have the solution of two dimensional wave eq

u(x,y. 1) = Z Z (Bua cosh,,t + B

m=1 n=]

[2004 Sprmg Q. 1\
uation is o 4lby Ogy

oy . mn
mn™* SINA, 1) sin 3 sm'-lt-)TE

i)
where B.*=

mn* =0, being g(x, y) = 0
Now E

]

_ o 1 -
“Bi =a_b_.[) .[J I(x,y)sm»-a—x.sm‘g-ydxdy

=4 J;) J-U 0.1 sin 3nx sip 4:ry sin mnx sin nxy dx dy

I LS, N
=0.] [ JO 2 sin 37 sin mmx dx]]i 'L 2 sindﬂtﬂy sin N1y dy]

1
=0.1J. {cos(3 m) x — cos(3+m)7tx]dx

J [cos (4 - ) ng \§(4+n)aty]dy

:0‘1[8111(;3 n;l):tx s:r:;3+r.r)1)m:’ |:sinf4—n)7:z sin(4+n)m[]l
m)m +m)x |,

(G-mn 7 @+nx

sin (3 M sin (3 + m)x Sin (4—n)yr  sin (4 +n)ﬂ}]
=0.] TR o2 tmn : -
[{ B-m)n (3 +m)r }:H:{ @-n)n (4 +n)m
] (sin (3-—m)n) (sin Y-nmn
B-mg 4 -mr

Therefore,

Thi s- Copy

i jons (
| Partial Differential Equat!

Chapter 8

=02 3, B g
in (3= M ?l"—m'-—'ll)”—- for m.n
_?1(”'75'.'}?)'" @
Bn”

11 ¢ l rule lhe“
[ tert hﬂs OI() IOIIH SD. USIIIC" LhUplL.’l

B-‘ h

fl)f

=01

Bu - TN
; " 37 4-
1 . o] - J = cﬂ:STt.
NoW ﬁ\/-a:%;:m‘\/;; - .,

=C

A=

ution from Equation (i) is

]

No¥

and others Z€ro-

the . required so!

4n
‘[‘n B, €OS At sin 37 x. sin 4y

=
! ~0.] cos STsin 37tx sin 4my

g by (1~ -x) 1-Y)
(b)

ven,
golution: G): o sy N (1 - 9

K(xpx)(y -y &
iy, 20p)=0 L | e
{ Thé solution of 2 — D wave eq’.

; ( sin m7x. sin nmy dx dy
‘ (e y, t) = =ab .[ I fx y)

=4 [ j I f(x, y) sin m7x sin nry dx dy:|
: 1 1 :
4k[ '[0 (x - x%) sin mrx dx L (y—- y:) sin nmy dy

1]

= . 1
2 — SIN mX COS X
=4k[(x-x1).-—————°°;::m‘— 1-2x).-—————5m3;153 + () =IO

m'r’

[(y_yz).-—cosnnz (l—2y) —-sm H+( 2. cosm_t)_rl

—dx sm =Sin me 2 cns mﬂ: sm mt 2 cos mt 2\
= m_ . + _‘_' e T i |
T n'r n's

0
For any value of m,

sinmn = ( i
Then

¥

B, =4k(_2008mn 2 2cosnt 3
TR ) (e,
'16](

m(l =€0s mm) () ~Cos nm)
Scamafﬂ by bhum
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1 —cos mn = 0, when mis even
I —cosnrn =0, when n is even

Now, when m and n are odd

l—cosmr=1-(-1)=2

N
l-cosnm=1-(-1)=2 ;
6k 64k

Hence, B,, =
Y Y~

,n
and, A =cRt ""+"“—1R\jm +n° -—nm

The n:qu:red solution is

[ oo

(x Y. 0 In"un'lnh €os (Nm™ +n° . 1) sin max sin nry,

m=1 n=|
for m and n are odd.
Thus,

o0

1 . ;
Sulxoy. )= z oo cos (mm” ¥ 1. 1) sin X sin nny

- m=1 pn=] ) ‘ "
for odd value of mand n.

Find u(x, y, t) for the rcctangular membrane w:th SIdeS aand b vulh el

2
the initial velocity is zero and initial deflection is sin __m_ sin éb’_‘l

-

2nx . 3my. e
Solution: Given initial deflection f(x, y) = sin o sin _bx initialvelocity, g(x, y) =(,

The required solution is

oo ©o

u(x,y. t) = Z Z B, cos )\.,..,,,tsm—sm—b“1
m=1 n=1
Since B, * =0 . 5% gﬁy) iol |
Here, \ ,

4 b’ pa . .m’n:x: e
Buun =EE J'O L f(x.._y) sin y &8 sin =y dx dy.

b pa. .
2nmx . 3my o omAx . Ny Lo
iJ. J- sin“a".sm—bz.. sin =~ . sin g dx dy

i PDE) |
| Partial Differential Equations (

Chapter 8

0 f.unhercalc-ulation, we get
n

=] and,

A
L I+
J-cr:\/l-‘g—: n‘\[ "'_"- n\/n'

e

.'[hus the required solution is :
servrsalma [0 03)
u(x, y, 1) =cos | Tt ; + e sin

4 Find the vibration of a rectangular membrane of sides a = 4ft am.l b s 2ft, if
the tension is 12.5 Ib/ft, the density is 2.5 slugs/ft?, the initial velocity is 0 and
the initial dxsplacement is f(x, y) = 0.1 {4x x?) 2y - f) ft

: {2007 Spring Q. No. 5(a) OR]
Slution: Given that,

Xy=01dx-x)2y-y)ft  and  g(x,y)=0,
: I_125 ‘ :
Also, ¢ =552 =5 :
Then, B,.* =

4 L
Bz g5 JO J.O 0.1 (4x - x?) (2y—_y2)'sin%3.sin“-?dxdy

4
1 ' 2
== 3, . Inmx
20 _[) (4x - x°) sin =4 dx J;] 2y - y* sin n;c! 5

: ' ;
B ¢ T RRX mmx I 2Sin-3ﬂ,sin£g!dy]
‘=a_b o 251nT.51n—a X 0 5 b
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I : :
ntegrating firgt Integral we gpr
get,

_ 128
= m_ln] {1~ (__l)ml

25

-—

m'r’ (for m odd)

and for the second integral
__l6
=m0 -1y

L
“n'n? (for n odd)

fo
r ev?n morn we get zero value of the ingral
Now

B M 0.426050
e 20mnn’° mn’

(form & n botp odd)
Thus, the solution of the problem is .

m.,n odd

- - ; .
u(x, y, t) = 0.426050 Z z —-1—:cos (4 \[E?Tn-) Sin%n—x_smﬂ
v 4

#

OTHER IMPORTANT QUESTION FROM FINAL EXAM For
X ] PRACTICE 4 :

|

Problems related to one diniensional wave equation

Theoretical Problems:
2004 Spring Q. No. 4(b); 2011 Sprin

2No. 5(2)22011 Fall Q. No. 3(a

. "u B
. . > N "
Solve one dimensional, wave equation _lJ = under the condmun

P N P ‘ o
(i) u(0.t) =0 ui)u(l.n&ﬁﬁ) w(ef0) = f(x)and (V| =3

2 4
OR 2008 Fall Q. No. 3(a) P

=c3 7
Show that the solutions of the.one dimensional wave equation 57 = P

satisfying the boundary conditi
(B, coshnt + B, *sinAgt) sin

ons u(0, t)=0and u(L, H=0is

(—-)x (n—«l 2. 3,50
us(x, 1) =

OR 2009 Spring Q. No. 4(a g™ Pu T

F ll uix 1 “()]ll one (l men io W L _C
1 { ) T ] S1 ﬂal ave Cqua[loﬂ
m . a a

astic string which is tightly

wave equauon of an el
d two ends ar¢ fixed.

v B e ion of
. stf 0. 2(b - e u, Ay =0 by using separatl
08 Fall b enswna] wave equation. Solye ux #Hy ! .
; erive O ne-~dim -‘ “

variabIes: 20k , \
. No. 2(2 \

211075 rin ,d1mc"5i°"al wave equation completely.
. Solve 0“ :

ms %

. ,Proble |
/’N’-b ) i 1 = 1t when ¢* = 1. the initial velocity is zero
me ot = =1, y

Find (% Y of the stfifig of leng . e

andithe mmal deflection is: f(x) = {k(_ﬂ: —x)ym-a fora<x<F®

fopeit it S -0,ct=1
ngth L = 7, initial velocity gx) =4,

Findoi(x. ¥ of vibrating string of le
and initial deflection is 0.1x (£ —X).

4004 Fall . No. 4(b) OR; 2005 Spring Q. No. 4(b)
2004 Fall Q.

2009 Fall Q. No. 3(b)

-1 ; b
Solve i i initial
Solve one dxmensmn;ﬂ wave equ_auon with initial de.ﬂe‘,cnon 100 sin3x and !
velocity if zero with length L = 7 and =1

o

OR
Find the deflection u(x, t) of the string of length L = 7 when ¢? = 1, the initial
velocity is zero and the initial deflection is 0.01 sin3x.

2005 Fall Q. No. 4(a) : - :
Define partial differential equation. Write down one dimensional wave equation
and heat equation and similarly two dimensional heat £quation and wave
equations. Solve one dimensional wave equauon with initial deflection 0.01
sin3x and initial velocity zeroand L =, =1

lm',-srm No.4{BYOR - =

Fm :
d the soluuon of one d1mensmnal wave equauon with initial deflection l

: sm3x + smx and initial velocity is zero.
BFa g, N, 20) | M
Fmd th
e squnon of one dimensional wave equation corresponding to 1}
o
tnangular mma} deflection: f(x) = y

2K o K
L L aill<x<ln, —-—(L £

, L
With its initia) velocnty zero and c=], B

: Thi s Oopi “iii bhum . B 2 B
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| Partial Differential Equations (PDE) |

7 P t

“Chapter 8

Express the Laplacian vy o U  2u
P ay‘ In polar co-ordinates_

i

au bl a u .
hca q ation :-‘ 's‘ i i ptlon.
. : t .equ l C th rcqulred aSSle
‘ ‘l . lcﬂsiona] b al ) ax

f

Soh'e 0

S
201 ; Ve equation comp] ¢ .ge0ne dim . .
6 Fall Q. No, 6(b mpletely, N perive . . A

Find u(y, t) of the string of length | = 5 wﬁe

; : i . ROBLEMS
and the initia) deflection is 0.1 (% — X) =1, the initjy) velocity i M

- if ug. Its
d sides is initially ata uniform temperature to

:. : B : ith insulate wre. Find the~
| S Dodly) - ki Ad of ]engctljv]:nll;y ::oolcd 10 0°C/andyare keptiat that tempera :
Find the Solution . 7 g R s e SU san ul(x, L). . ) > 2
of ¢ ction u(X. - , :
‘ method, . one dimensional wave equation by usipg py: ) lf,,r,pg;raiurff fun & N v , vy
20 ' Alembery ing Q. No- 421 : insulated copper bar 80 cm long if the
16 Spring Q. No. 5 a Sprl mperature u(x, 1) in a laterally insula ppet B2
2 - 4 [hc te s o, o o How lonﬂ
A stri Find i g (ﬂ) d the ends are kept at 0°C. g
posmorrl:got(‘)i lef;gth 20 cm is fastened at both ends is displaceq ¢ .| temperaturess 100 sin {go C and the enc . =
quilibrium by Imparting to its points ang initial velo:i(: from its nith x {he nﬁxin;ﬁm température in the bar to drop to 50 C?
H ’ i or | . 3.
g(x) = {;0 if0sx<10 . gl mke al data fon€Opper:: Density: 8.92 gm/cm
= i ‘ ‘ c : : - e °oC
‘ x - ifl0<sx<20 , : : ; Ph yS] heat: 0.092 cél/gm"C Thermal conductivity: 0.95 cal/cm sec C
Find the deflection U(x, t) : speeific heat:’ . : 5 ; :

Ao, No.alb) il e .
?1“9‘“10 encous rod of conducting material of length 100 cm has its fendsl |
) te}l;f at gerd temperature and the initial temperature be defined by Gl=

. s - ' & ~ for0<x<50
- Derive one dimensional wave equation %i.'i‘. it % with netessaf] f{’l‘»oo_xlm, 50<x<100°
: f N Tk

_ 2017°Fall Q. No. 4(a)

Find the temperature u(x, y) at any time t.

assumptions. . 16 Spring Q_No.ﬁ{b! . -
2 Find the temperature distribution - in ‘lat_ex_'ally insulatct_i thin copper bar
Problems related to -one dimensional heat equation | (¢#=1.158 cm¥/sec), 100 cm long and of constant thickness whose end points
I_w})]e_m_i P atx =0 and x = 100 are kept at 0°C and initial temperature is :
e o QAL (x) = sin*(0.01) mx. : . '
2003 Fall Q. No. 3(a) . : ] 2 Q& : ; :

” 8 gt P U ¥ 017 Fall O. No. 6(b); 2016 Fall Q. No. 6(b) . _ £ = e
Writing one-dimensional heat equation with ¢orresponding initial and boundary Obtain the solution of Gondimiastonal hoat eqha tion completély
conditions solve it by using separation of variables. ~™ | | T 2 2

OR 2011 Spring Q. No. 6(a) .- WV

Write one—dimenional heat .equation'and solve it completely.

i
i

| E " 2005 Spring 0. No.4(a) %, "y b
;

“Problems related to two dimensional equation
sdtoretical Problems: . = o

- : NG SR all 0. No. 3(1y

I | . ; fmeénsional ion of a rod of leagth L. Wit Wi Sy

| 1 | Find the solution of onedimensionalsheatr equation of a r - e Write the i an 5 :

8E i it . ; , 2 k - pcLCary 1ion at infinity and obtain Legendre equati ym i
LRt i 110, No. 4(b ' , i LSRG L
I || OR2007 Spring Q. No. 4(a): . : ' Dl

Liggame -~ 13 - b ' Cdu a0 Solehe equation: a"f —2f9u 19u o 8

‘ ¢ ;{ ﬁ% Find the solution of one dimensional heat equation 3/ = ¢ 5.5 bt 'ﬁlecircu] HOE =€ \GE Y gy ) Where u(r, 1) represents the vibration of
i ! Ve R ; “Ular membrape in 1 s ’ ’
| {i E1’ tl temperature in end points and initial temperature f(x). ‘ SR - D€ in time t, under the conditions .

VR e ' | i " 4 . s L1 UR, 1) = sl y L
LR | _ : % _ D=0 for a1 1280 (i) u(r,0) = fr) (iiy & -

b gt - i al,,=E0

1; L1 ‘1 This Copy Scaned ‘ bhum '
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2005 Spring Q. No. 5(a) OR'

Define potential function and
. then find th i
spherical membrane. Sea
2005 Fall Q. No. 4(b)

Derive two dimensional heat equation
of variables.

on of 5
Potentia g,
Clig,

. and solve u_ —
u, U_‘ =0 by usin
g 8 ‘Cp
P

2005 Fall Q. No. 5(a); 2007 Spring Q. No. 5(a) | Y

What is Helmholtz's equation on F(x, y) and

F(0.y) =0 =F(a, y) = F(x. 0) = F(x, b). solve jy Subje
OR ' 4
Derive Helmholtz equation and then solve lt using initial and b
2005 Fall Q. No. 5() OR Oundary equy,
n.

Wr{le down Laplacian in two dimensions. Express La
Write down Laplacian in cylindrical co—ordinate.

OR 2005 Spring 0. No. 5(a)
Wrile down Laplacian in polar co—ordinate and cylindrical ordinates
2006 Fall Q. No. 3(b); 2011 Spring 6(a) OR '
" Define potential function and find its solution by spherical membrape
2008 Spring Q. No.5(a) : '

Derive two dimensional heat equation and wave equation with regira
assumptions. P S

2008 Spring Q. No. 5(a) OR

placian polyy £00rdipy,
£

2 2 >
Solve ©di i ‘ . ou @&(du Ju)
1 two dimensional wave .chétlon T szf 3y in circul

membrane.
2008 Fall Q. No. 3(a) OR

Show that the Laplacian in cylindrical polar coordinateds ug + % U+ T Ueg + b

2009 Fall Q. No. 3(b) OR 4 .
\ . 1 1
7 Uy

o
Show that the Laplacian if uin&a’coordinate isVu=zu,+ T +7

2009 Spring Q. No. 5(a) 2 4
Find the solution of two dlmenmonal wave equatio
necessary initial and boundary condition.
2012 Fall Q. No. 1(b)
Write the wave equation for vibrating c1rcular membra
and boundary conditions and solve it.

n in circular membrane wi

ne together with its initd

> 191;,' Fall Q. No. 6(a

Chapter 8| Partial pifferential EqQu

o6 t to F(0, ¥} =
6F }1c1mholtz s cquatmn of F(x, y) and solve it subjec
“fhaf is
E2 p = 1 and
mbrane with a = !
016 £2 tion u(X, ¥ t) of the square me e
/ﬁ:mal velocity . is zero and the initial deflecti
l
1 Slnjm Sln
20162 q rin two d;mcnsmnal heat equatmn and solve completcly
pe erive
Separation
1 Q. Ne. 5(a ; ; g
B F: ¢ pamal dlffercnhal cquanon with suitable example. By separating
n
! - yatiables solve Uy + Uyy = 0.
5(b ‘
2015.BalkL- . No: | o
ﬂl(b) Pefine partial differential cquatmn with suitable cxamplc.«By separz!tm,..
: +u, =0

the yariables' solve Uy

Solve Uxc * U, =0 ' ) -

" SHORT QUESTIONS = |

2004 Fall Q. No. 7(c

Write down the one—dlmenswna] wave e
conditions. What is the Laplacian of u?’

2004 Spring 7(e)

What is Laplacian of u? Write down the Laplacxan of u in polar and cylindrical
coordinates. :

2008 Fall Q. No. 7(d); 2009 Fall Q. No. 7(d)
State the two dimensional wave equations in polar form.

2007 Spring Q. No. 7(a
Sol IVBUW-'.U =0.

2007 Fall Q. No, 1(c) -
00 Solve v, + u, = 0, by using separation of variables.
8 Spring Q. No. 7(e); 2011 Spring Q. No.7(c

Solve the pamal differential equauon Uy ~
Variables methods.

13

quatio.n stating boundary and initial

uy = 0. by using separation of

: ¢
_ This Copy Scdned by bhum *
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2015 Fall 0. No. 7(a)

Solve the partial differentia
2015 Fall Q. No. 7!\‘([ 3
Verify that u = X+t

2016 Fall Q. No. 7(a

Solve by using separation of vanahles u,-u,=0.

1 equation u, = 2xy.

i ) | \
B s alala]

]

? is the solution of one dimensional way, -
. atjg

Thi s Copy Scaned

i, -_1 : 9.

SFORM AND ITS APPLICATION

z—'l‘ransform)

uon (
s <5 Let f() be the function of time t defined.in the discrete time invariant system 0.
., then the Z-Transform of {{t) is défined by

T.ZT

Z f(nT)z"" :

Z[f(t)]
: n=0/

"3

. _@hefé z be the co;hﬁlex number in the region where |%l <Randt=nT.

Maclau rm.s :'.;erlgg and Binomial expansion gives

n=0

log(l-x)__):_"r'
o n-0 :

—al ‘
‘fl—r=a‘+affar_+...

“forl < 1and a0,

‘+“(“" D..(n-r+ D .

n(i-1)
21 VX+... : ]

: -'io.'_uvﬂ')n.:-“..f_'u

+..Jorixl< ]

2123

1
(l )—1+2x+3x+ Trs

Some fuﬂctlons- g ; |
- Unit step function: (Unit Heaviside Function)
A f"m:“o“ f(x) is callcd unit step function if it satisfies, 2
: for x=0.1,2,3,.
o 0 for x<0
OR e : 1 for x<a
”2 e d(x) B ) for x>a
Unit Ramp fuucnou
A func“‘m f(x) is called unit Ramp function if it satisfies the condmoﬂ

“f(x) = {x for x30

f(x)

{vim x20.

0 for x<0°

by bbim © ' ' ¢
http://t. mel engi riﬂtnp : . 4_1.‘
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retion
3 iof!i:;':::lfﬁ‘; is called po|9nom|al funcnon if it defined as

for x=0,1.2...
f(x)"{g for x<0

where. a is a constant.

4. Exponential function: ‘
An exponential function f(x) is defined as,

e™ for x20
Hxy= for x<0
where, a be a constant.

5. Sinusoidal function:
A sinusoidal function £(x) is deﬁned as.

smwx for x20.
fx)= for x<0

6. Unit impuise or Dlret—deita Sunction:
A function f(x) is called unit impulse function, is defined as,

1 for x=0
0=10 for x=0

Linearity property of Z-Transtorm

Statement: If f(t) and g(t) are any two function of t in the discrete time periog 5

2T, ... then, Z[af(t) +bg(t) =a Z[f()] + b Z[g(t)], -
where aand b are two constants.

‘ Proof: Let f(t) and g(t) are any two function of t in Lhe d1screte _time penod (1%

2T,......then,
Z [af(t) + bot't) =az [f(1)] +bg(D] z™" -

=a Zf(:)z*hb 2 mz™"
n=0" n=0
=a z[f(t)] +bz[g(t)] -
This proves that Z-Transform is linear.

- First Shifting Theorem

Statement: If Z[f(t)] = F(z) th % Al
e )] = F(z) then Z[e f(t))= F(e z)= [“z)}:—ue
zn(:)]':'F(z): Zf( N
ow ' Y y

Z[e'a'f(l)] = Ze 6 272
n=0 o

Z e—anT f(nT) 7 = Z f(n'I') (eaTz)—n & F{zen'r] = [f(l)]z._)ze

.. n=0 ; n=0
v Thu;. Z{gﬂ!f{t)] =£f(z)]z;>ZeaT ‘

Thi s Copy Scaned! by. bhum
http://t.mel/ enqi np
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hiftin Theorem:
t: If Z1f(1)) = F(2) then Z,[f(t+T)]_z[F(z) —1(0))
c .
ot L“ e
~ Z(t =F@ = Zf(t) M= Z[(n'r)z-n
; % n=0 n=0
Now, 4

z[f(L+T)] = Zf(l"'T)Z
n=0 ;

= Z f{nT+T) N

n=0 : .

S =Y fln+ YTz, .
Put, n+] =k-lhEn

{‘“. G Zf(kfr) Z—(L b
A k=1

g;f - A ;sz(knz'*

R 4 i ‘ k=1 .
r?‘ S . * ’ } |
F« Bl w EE T T2 f(O) =z [F(z) - f(0)).

¢ n=0 : ’ P
Thus, Z[f(t+T)]=.z[F(z) £(0)): : = 0

Theorem 1 ‘Show thiat Z{t*} = - 2Ty, [Z{t“ ‘1]
Proof We have. ‘

2t = Z Z(rm‘ ™ and
S ‘n=0 n=0 ' n=
Here.

{zurln— z(nT)“ e (z"“)

‘n=0
2T @t e
- n=0 .
e )an* - -(ZT)zul

Thus z{m =_zﬂ:-—[zitL ).

{tk—l} - Z(nT)k—l "

Scanned with CamScanner
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{ o 21101 =)= (F(”)!-m where Zita) <, '

Theorem 2: Show
{ Proof:‘ We have. '

7(f) =F@) = Z (= T (T

n—O
Now.

. ; oo "n .o-o : AR 2 . !
Zlﬂnf{.l)] = Z,-aﬂ'f(.l)z- = Zf([) (;) =F(;),= (F(Z))l-’ua E

Theorem 3: If l'(n) =0 for n<0and ll' Z{f(t)} = F(z) lhen
i CZift-kD} =2 *F(z) forn>0 k<0
" Proof: Let, Z{f()} = F(2). 2
Now : 7 -
zrf(z km Zf(t—k‘r) Z" = thfn k)T] 2
n=0 L n-0
Put. n—k m then, = :

z{m m}— Zf(m’l‘)z“““”
¥ m:—k S e (53
=Z.FL -Zf(mj[‘}’_z‘_'“ '{ f(n_) =0, for all n <0
. =2 ZU). : A
'l'hus Z{f(t kT)]_ "Z{f(t)}-z‘*Frz)

, . ' : k—l
“Theerem: lf Z{),,] y then Z{ymk} ...z ':y - Z(xm'):l

,Prqof:Let.Z{ynj;y_ o S e SR B,
ST Nowe - T I % han e "'“:.-.'v ’

e ot e, y {‘,.7.;:- s
Z{Y:»k] ZYn+LZ "Zk Z'yn;k'z'{nfk) ‘ . O

v Put '“"k mlh'en ' }-\, ,
=y ymZ"“& ' :
N
" =2 Z y'mz?m’..;_rz Vi th)
=0lk : ‘m=0
= ~1
(-5
5 hiitey lm : B

Thi s Copy gScaned by bhum
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In itisl yalue theorem:

J Zi(0) = F@ then, £0) = z_,,_ F2) and ', 2 F(2) = f(l_) as £(0) = 0.

Let Z{f(t)} = F(2) = Zm) ™

yroof‘ n=0 :
r . f -f(0)+ff1)2"+f(2)z + .
so, : \
| B 3 5 21:1:‘“ F(z) = f‘o) - W [..' l/z>0asz ——)m] e
: Also, set f(0) = 0 then, -
Fo)=f(hz" + f(Z) V...
éo. 2F@ =)+ 2" +....
o - lime
ot Th?ﬂ’ z—300 2 F(z) =f(1).

: Fmal value theorem.

I Z{ORE F(2) then, e, 1) = 1T (z-1) F@)

2 proof W] f(tY)h= F(z) and we have Zlf(1+T)] —z(F(z) f(0)) .
Now,s
z‘ﬂ‘,‘l [z F@) - 2 §0) - F(2)]

1

z_,1 (Z{fe +T)l F(l)] :
z‘l‘;‘l (“Z f(t+T) 2 F(Z)J

z_,,} Z IE(nT + 'n faD] 2

. n=0
= }_‘,[f(nn"n f(aT)} [ laszo 1]
1i=0 : '
= ﬂl_’l,“a-, (T + 12T + 3D +...- f(0) - (T) - f2T) ~....]

C 2 e 11 10)

= f(oo)'~ £(0)
= Zlﬁ‘l (z~ 1) Fi2)- f(O)_,ll‘,‘;f(t) -(0)
oy Nl I)F(z)—t_,,,o £(r).

Comduﬁcn of funct:ons

- Let f(ty and g(t) are any two functions. Then, the convoluuon of the 'functions is
: denoted by f*g and defined as

-

méer s np . - AT \ﬁ
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k of Engineering - ; _Chapterg | The
¢ 5%, 3 = YD eln-k 1l ; L7 Nows T 2 o
[fng)(ﬂ) k=0 “Zi ™) = Z{E) = z-re® :
; . % ' 5 by
Convolution Thw“’ form of f(t)and g(t) rcspectwel t - z z-rcosd + ir sin
1L F(z) and G‘g ar;(f)—-g:)“s " : e ~ z-"rcos8 ~irsin® ¥ 2 —1cosB +ir sin®
t)glt _ : :
5 u[z[gl);fn i z-Transtfm of f(t) and g(t) respectively, Te,, 2(z = 1 cosB) + izr sind
T00 = 3 3 .3
: (z —rcos®)” + r sind
z"‘ : 4 !
F(z) Gl = Z f(kl) z5 Z (mT) ‘ i A . _ 2z —rcosB) #iEm sm9

n=0 " n=0

..[f(0)+f(‘1')z Ly T+ l[g(0)+°mz +22Tz %
= [f(0) g(O)]+ [ffO) g(M + T Oz + [f0)g2T) + (Tygny
o i +

(2T g(O)2” + .

)_j 5 (KDel(n - k)'ﬂ]

n=0Lk=0

Z (fw)(t)z

n=0.- . ° .
1 =Z{feg) :
Thus, Z{f(t)+g(1)] = F(z) G(z).

e

Exercise 9.1 EiE e T

1: Obtam the Z—Transform of
M Z{e"}
3 Sollmon. Since we have, i
5 Z!a f(t)l _(Z[F(Z)}z—nfq for
NOW‘ ’ ]

>\\n g:)} =2 Z{f{t)}

) (2= 3)—2) ; 3ij,
=32 G-ar ) “E-T

{ii)n3" -
Soiutinr_l: 'Sinc'e we havé.
' 2[ )=t

Now,

.Z{n3 }__z--zw ] __z_i( z

(m)r cosn® (lv) r" sinng
Solution: Since we have,

s Z{a}:;—-

—-a

F(z) =Z{f(n}. :

y

». - This Copy

-

0 =21z €0s0 + r

z(z= rcosB) . zr sin@
5 +173 5
-2rzcosB+r 'z —2rzcosh+ T

‘- =>. z[r"(cos n6+;is'mn9)]’= 7

Equalmg real and imaginary part then,

£ 2(z —1cosB) s zr sind

z{r"cosnel— > 3 WP ‘and Z{r"sin nB} =

(V) n :
Solutmn Smce wc have

Z{nf(t)] —zd (Z{f(t)]) and Z{1) =25

' ) z—l—z]_ z -
Zdz SED o N7 TS e TN

(vn)
Solutlon Let f(t) = 12
1 __NQW, :
:.‘ - x .m ]
o ZUf0) = 2 —
Tara
el Sy e K e
R R TRt B
AR ik S T B ]+ gl
: =2 | tIFTIE S z
1 1 1 |t | ]_z
=zt = 22 TEIFTIA S T
2oa ;—-z'log(l—-l!z)—z s g i

=-z-7.log(z-1/z)

~aned- by bhum
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(vi) {1‘ }

Solution: Since W!
Al 1 ] _—-"" and

¢ have.
5 v K s
ALS

Z{I_:Si'} =-% [Zi1}-Zte™N

%[ -Z((e"”)}] fort=nT.

1 z z . ; . i
=E [z— 1" z-¢ E.’]‘
(viil) ™
Solution: Since we have, :
4 d . ‘ ,
Lt} =2 Tg; @) zn =74

and  Z{e" f0} = (Z{fO))emaT -
Now, ' :
Z[l‘ E_N] = (Z{t-})z—bz:

-

Bt szZ(ZlI})}] bT
= —szZ{ ZT_ e 1)}]1—»1: -
- 2 “l

N { (z—l)}]‘ =

il (fz—l) (=1) < (-Zz)(z--l)

, = 1) < ]zfub?_

el (—zFT + :
= [Z( (z A1y A% _
o

=(—2T%le})z_,lcb'f.: - ‘ P

sdr
e

Comparing :he real part,

_(n%
® CPS(s)

Solution: Since we have,

“Now{
z

Chapter 9 | The Z-Transform and Its Application | 237

""“' = cos 47n + isindnn = | for n is integer.

[-.: cosdn = 1 and sindn = 0]

Lzl =7
TS z z
Zledilr.n} =———'—-c4m =_Z-1

' ' z
= Z{cos 4mn +1sm41m} S

Z{cos 47tn} =~

. -~
Zla'} =773

z s '

; __‘z|¢i“4’f’-‘-}= e

i) sin g .

We have, Z{a') .__a

.Thi s Copy

Scaned by bhum
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nn
= Z{cos 3 < +1isin >

N .. . %K
Z—COS§—15m§

2z 2z - 1+~1'\F3

22. 1-i\3 2z-1+i4/3

_22(2z- 1)+12\ﬁz

Qz-1y+3

2Qi-D+i. 03
azr —-dz+4

_22z—-1)+izy3
T 2 ~2z+42

‘mt} 2z - +iz3
22°-2z2+42.

Comparing the real part then, ; :

z2(2z—-1)

Z{c n_n} --—,—-—
3 =37 2742

saluﬁon: .Sinca sin 4n =Im (ei“n)
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. : ‘ ' : T o d\® :
i Now. o &5 2 z 7 - E(t =(—l)" (z‘—) [z{f(t))]and Ziatys—
/ 7(e™) —2{te™") =3=eF =z-cosd—isind X 7 COZ::I nq Zt ) =! dz/ -5 e
: . “lnq : v .
_ 2z —cosd + isind) NOW: © v pey 71} e T
~ (z-c0s4)” +sin"4 L"“ e} Zf“ S b .
'z z — c0s4) + izsing = (-1-)“ T(z“q' ZI(e‘hT)"
i Z-2zc0sd + 1 '
‘ . Ao 2(z — cos4) + izsind ( ) [ ( )]
= Z{cosdn +isindn) =757 97 cosd + 1 dz) |*dz\z=g™
b ; (;0 mpaﬂné m-e imadina:ry-' part from both sides then, T ( ) { ( )]
: ; zsind : (Z—e’Ty
: ﬂ__—"'—
i le’“4“} chos4+l i
(xii) cosh7n o 5T il dz z-¢y
! ot ution: We know that, :
' Tarash & e"+e™ 1 ¥in =T3 ek ( ) E (‘z e—m‘}-—z-tg'ti e_“))-_\
cosh7n=_—_2 =2[(C) +(7)] i 3
, ¢ o, WA T2 2
. * Since we han:. Z{a }= L= b g 1, _(-z—l?"'r?i]
P : Now, - P o b T,ze'“[(z e @z- —47_)—(1 — e 2279 .3z =)
Z{cosh 70} =3 [Z{(€")") +Z{(e)")] ; : , i
1 - ) P, =T ze"‘T [z=e*M@z-e - 41) 32 + 3¢z 4 627)
| Pert frrad - e e
s LT, 2 - 3 T L zeT [21'-—1&:'” 47 —2z¢™ +e‘“’T +dre T 327 +3e Tz + 627]
2 2z-¢'-¢” ] 1A r Co(z—ey
i T ST Y \ =
i 2[(1_‘5)(1‘5 ) ; ® ,IgzehTLL +e‘bT+4ze"‘T]
Nt & 2 = T3
_5[ 2z-2cosh? .1 © 4 et Een i O s _ ) 2 -
T2l -ze + e") + e7 T a5 j Aty 2" (2™ £ 42T+ 1) T Loy At
e S E= ; BT ) v 7
___2(z—cosh?) ey e v, e ety T po <
. P rooh1 1 [ caph 7 N et ¥ : Sl
‘ Thus, s : : Sulutlon' Since we, have
| 3 o e N :
! (z=cosh?) = = M.~ =i
! Z{cosh 7n) === ‘el Z{a }=
; { 7[1} z"—2zcosh7 + 16 Fovay by
| (xm) sinh 8n L e g i g
-‘ ey W P Zle'“‘—'e""lszle"‘?‘J -Z{e™)
] Solutmn Since, sinh8n =< - R P it e z T ; '
; == ™ roccss 8s.in (Xll) : - G =y Beingt=nT
| (xiv) & . s T ST *
! : : . _ 2(z-e")-z(z-¢€")
Solution: Since we have, Z{a"} = z iy & b - (z—e-ur) z-e"h). :
Now, e -l e, . ; 4 G e = Z!C —-€ T)
; j ‘ ; TR T (z-e N (z-eT)
- b . % b
Z{e "]:Z{(eh)n} - Z(ehT_eaT)
(xv) 13 . 5 =(ze T —1) (ze"a - 1)~
Solution: Since we have, " (xvii) (1 ~bt)e™
: Thi's"Copy Sganed by bhum’
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e s e S e

|
i g
{ (xviii) n 8™
4
|

¢ ¥ : . Now, : Vi
o Zlna"")za"zma"} i e ¢
1% —at oLy '
i =25 (55 - (*'7 5o
i X dz == (z ~a) (z —a)™-
11 Gin’a™fornyy ‘
ﬁ Solution: Since we have,
. Znf()) =2
Y rzmﬁk and Z{a" f(t)}-(zlf(l)l Z{\
'“ Now, forn»1, )W‘“ | : z%
L il n-
. 4 =5 11““‘2“13'”1)

ering Mathematics v

.240 A Reference Book of Engine

e

Squtlon Since we have.

Zlnf(t)l-—z (Zlf(i)l) Zla}-—

&)

=-z7 (%l
: . (z2-a) )

P

This Copy Scaned
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I’ ) Solution: Since we have. 3 / —a-12
o 2(~T(0) = ZHFOD T 204 2t} =-Te ; 2y, 2 4 : =-Z\z-a,
I ! : ' : , I\‘l 4 2z +2)
Now, aT =_{___..a_)j
Z{(l_bl)e—ul=(Z[]-—blnz-izz_ - 1% (Z) g
= Z{1}=bZ{tD) seeBT 2)"-4(3)" u(n
; e o (, {1 2 (s ])“LJ; Since we have.
i , e =_ +bTeg; (lel)] 2ovze® Z{anf(g)]_(Z{f(t)});-.u.. and Z{u(n)]:—zil'
———z bT. ( - ) W, ; ;
; =lz-1t "z \a -1 z{[s(z)"—4(3)“1 u(n)l=3lZqunm,;m —A[Z{u())] ;o3
- p 4 (Y (z)
T B s ‘=_z-1+m((z-|)z)]z R“T zur =477 s
: ] . 2etT bTze"T » . =3(_L _4( z
= hT 1"{ZebT_l)2) Npw] z—73
ze"T(ze"T-l) bTze"™ _3z2(z-3)-4uz-2)
(ze" - 1)° | : ; (z-2)(z-3)
g ) : Tt e T 26" (2" —1-Tb). > * N _..‘ AT _uU3z2-9-4z+38)
' = (z—eT)" i SPes (z-2)(z-3)
= ~ Zz—(1 +Tb) e : P _=zz+ D
O = S , e z-2)(z-3)

(#xi) sin won. u(n)
Solution: Since we have,

Ztum) =75

L D) = Z{RO)) oot T =

Now, -

o el“un e—l“u
Z}sin wyn. u(n)} = Z{"T u(n)}

and

| ='El; [z{um)]) zozeWo - (z{ u(n) ) z_miw‘,] ‘

z
=2 l:z e :l
5 ﬂ[ z‘emU ]
pbT| EarTrL ““U) +1
‘ Z sin w.
‘ ‘ £ Sz -2zcoswg+ |
f6xid) B(n - k) for k > 0. - '
. ; 1 forn=0
Solution: Since we have. d(n) = {0 forn=0
Now, fork > 0, ' '
e Dhum 4_4 \ﬁ
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Z|5(n - k)}— Z sin-K 2" =2

xxiii) (1 + 1) u(n) |
(Snlutmn Since we have. . :
Z{nf(t)i"—-zd (ZTON and Z{u(n)) =.:_]_

NOW'Z{(l +mum) =Z{um) + Z{num)} i

_ '=z———zdz('liu(n)])
z
=32 zdz z—l)

z—l ((1—1)

z(z—1)+z~
e
S | ) P

2}

= z v
T(z-1)
(xxiv) [4(3)"-(2)"] u(n}

- Solution: Similar to (xx).

2. Find the inverse Z-Transform of

o, z
(i) (z- 1) (? - 1)
Solution: Let, : s
e 3 :
z=De-DE+dn:

s
 FO=aThE+n -

zl.‘l

G-D-De+)
Clearly the poles of =
*

n—l F(Z) =

"R(z) are z ’ 48 z=land z . ST
- Since we know that, = > 4\ i
. ZF@) = sum of, res‘sx@s of ; 4 F(z) LI 1))
Here, residue of 2™ F(z)atz=1is N
Res /= ' lim
=177 F) =, (NG z"ﬁ‘ F(2) )
: _ lim 3 . tim _2" e R
; 2=l (z-1) (z+1) ~ z-1
And, ) : :
Res

n-i lim o -
2 F(Z)"z—bi(z,_l)zn—l F(z)

' being 5(,n—-k)={l fory
0 fo =\
rn*k
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: S
/”’—_hn] p i == L =
= oD ErD SG-DG+D  i-D@D)
Also.
Res ol g(z) = 4 @ +1) 2" Flz)
=-1
i o i i)
= 2o (2= D(z=1) J(=i=1 (=21
Jow (ii) becomes,’
Now 1 : ] P (= ])n l
ZHFE@Y =2 AT 2 3G+ D)
A 1n+l)+f-1) = 1) . el
TEF ) :
b P e R i .
=24 4 T
LT ‘
=27 4
- F e %
:fi-b'—_________—
! (1 +(=1 )“)[cos( )+1sm( )]
- S5 3 =.i
."2',' [ (cos(z)ﬂsm(z))}
-3z 2 i
R (u)m _ : [2Q03 Fall Q. No. 4(b)]
Solution: Let - : : S s PRIy
5 G A - Sl '
| Fa=G"5z+2
Then, i, ¥ >
' ' M T
F(Z) SE—Sz+2) e ..(1)
'Clearlyz F(z) has polesatz=5andz=-2
Since we have, - . y
: . 7' {F(2)) = sum of residues of " F(z) ... (2)
Here. residue of 7.”“l F(z) atz=5 is
Res
emt B )~ ,, (z- 5)1""F(z)
i Tim 2" (z-3) _5"(5 3) '2'(5“
. =25 z+2 T A L
- And residue of 2" ' F(z) at z = — 2'is, -
7 ] Res + ., _ lim 1
. 72227 L, F(z)-z-_)(_z) (z+2)2" F) | :
"Thi s Copy Scla_ned- by bhum ; '
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= ¥ = e S
2 ' . “\7\’, /( lim d ., .
Now. (1) becomes: 7 Kk

2 n ?- y n_ l n
z' (F} =70 "(7) (-2 =3 Q05" s

(i) ;;:‘{)'ZT{-":”)
Solution: Let. -
F(z) = (-;:T,T_;T)
Then. . 2~ :
K2 = m

e ‘we have,
Bind 7! (F(2)} = sum of rcs:dues of 2! F(z)

Clearly. (2) has polesatz = landz=2.
Here, residue of (2)atz= 1is,

Rcs S ED) = (z -7 F@)
him

K 2) 1—2“‘“

And residue of (2) atz= 2 is,

Res

~1
Y (z-2)z F(z)

n--l
F(z)= z— 2

lim ' 3 =2
“z-2\z-1/72-
Now (3) becomes. :
Z'F@) =-1"+2" :
= ZYF@)}=2"-1"=2"-1.

Y
1-J.

zz4z

(iv) —"""':(z 2)
Solution: Let, s ' "‘

-4z
==y

Then, v
; Z|1+l 24" y
(z=-2)
Clearly. z*' F(2) pole at z = 2 of order 2.

So. residue of 2! F(z) atz=2is,

. K =

Res i
22 Fi2)< ) _*2 dz{(z 2)* 2 F(z))

\0 i

m
=,y [+ 2" —dn™Yy
=(n+1)2"-4p2™!
=(n+ l)’?."-ln.z"
=2"(n+-1-2n)
=(l-nm2"

. Since we know that,

7! {F(2)} = sum of residues of Z"NF(z) at 7 = 2 of all orders.
7t F@) = -0 2"
z’ z : o

” m

Solution: Let.

7
: YD ="
Thenw, .

n+l _Zn

M@ =2 ) (z-3)

"9 Clearly the form 2™ - F(z) has poles at 2 =2 and z =3 of simple order.

% Here, residue of ? F(z) atz=2is,

Res
s 'F(z) 2 (z )7 Fiz)
Hm gt ML R g iy P
52 23— 2-3 © -1 %
And the residue of z“ F(z} atz=3is, '
Res
223 ! F(z)— 3(3—3) 2 Fz)
lim 2! -2 ‘3""-3“ 3-b )

Since we have,
. Z7" {F(2)} = sum of residues of 2" F(z)

Therefore ' {Fo) =230 -2"
( v ! 3 +2 5
B z -2
Solutmn: Let F) =T 377" - @z-D

Repeated question to Q.(iil)
10z + §

(z-1) (z-1/5)

Solunon Let,

(vn)
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D=1 @z-15)

__!QZ__t—S—l-——' [
' F@) = z-Diz- 1/5)
! F(z) has poles atz =1 and at z= 1.'5 of Sing,
Ondey.

Clc..rly the function "
dueof 2 F(yatz=11s.

(212" F@)

Here. the res!
‘m

Res |7-| F(Z) = :

£ 10 (D" 5 (1)™!

lim . 102" + 52" 1045
=1 (z-llS) LSBT i ey

And the residue of 27! F{z)'al 2=3is

-

] ? -1
15. (z-1/5) 2" F(2)

lim (16 P+ 51'*')
=oaiB ke

10r1/5)“+5(:/5)'*'
1/5-1

1 ’0”’5”5]'_-‘—. (l)_ _7°
=aPLl Al o] Ta -4__"2(?*!3-
Since we have, ; ;
Z"' {F(2)} = sum of residues of 2™ ! P(z)

- 1 7
Therefore, = Z [F(z)]—— [75 5,.__]

Res g =
1,5 Fa)=,

z+1

v,

Solution: Here, y LT TR o

Fi) =7 i;zl+ e (zl . 11}3
: Zn_’_zn—l . G . 4
Clearly 2™ Fiz) has pﬁs atz&'1 of order 2.
Here, residue of 27" F(z

Then, 'z™'F(z)=

Z% 1 is{

lim' d lzz-}—z)—
#-eoy)

-l
R —aldz
S M+ -1 =n+n-1 =2n-1

7] %
Nlim
Since we know,

Z"' {F(2)) =sumof residues of z“" F(z)

‘Therefore, 'Z™! AF@)}=2n-1

v
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(‘hapte‘r 9

2(z +2)

+ 22"

27 F(z) = '"-"-'—lyr

>
Lz +2
@ -1
solution? Let. F(2) =" )‘
:['hen
Cliarly 2

! F(2) has at z= 1 of order ot 2,

‘- lim i"_lF(Z)
)

Smce we know-
Z'l {F(2)} = sum of resxdues of g F(z}
Therefore. Z' (F@)} =2 +0=2""

Solut:on: LetF(z) =

Here. the residue of ™ F(z)alz = 1s,

lim d° (( ])_ +22

Tz—olde
lim ol 5
ST _z_’l[(r_l+l)zr+2nz ] =3n+1 T
: We knpw ;{‘;
: “ 7 {F(z)} = sumof res:dues of z"" F(z)’
'mcrefore, ZMF(@)) = 3n+1
S i
_,.,'(2-2);1,_, Lo
F(2)= ____+_2__'
solutmn. Let ( ~DT
o « g + 20!
=

' Clearly 2™ F(z) has at z = 2 of simple pole and at z =0 of order of 2.
* Here, the residue of 2! F(z) at z = -2 is

> “Res hm 2
.‘ = 2 n—~l F( ) o 2 Z,._ +_|-Z.
SR i 2 2n—l b 2 .90 l
: = = 2—'__"“,', gl I =2"
-And, the residue of z"" F@)atz=0is
" lim d [ +21_""
& 1 i B T T
A z=70Z F(Z) TZo0dz\ z-2
_ lim ((nz +2n-1)7 ')(z 2)-2"-2"
T z-0 z-2y -
o =0 -

(z+ 1)

)
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- Solution: Let, F(z) =m L '

_Solutlon. Let,

k of Engineering Mathematics IV o

Kg Boo
248 A Referent o ;

Then. T FD =z 1) :
Clearly z"" F{z) has pole at z=-l of order 2.
Then. the res:due of 2" Flzyatz = _]dbe_ ]
lim _1 4 i 1
Res n-I F(Z) = P | (2_ n! dz-—l {z F(Z) (z+ 1)‘}
z=- |
lim
© Tzl dz a7
.= im l-nzml L n(_l)n-l .
s
We know.

7-'{F(z)} = sum of residues of z“" F(z)
Therefore. Z" {F(@)} = =n-D"""

1
i) 722y z-3)

-1 .
Then, 2 F(2) P TP :
Clearly 2 F(z) has simple poles atz=2 and z =3,
Here the residue of z“'l Flz)atz=2is '

Res ., . lim 2
R R0, -0 e = D 3=~
" And, the residue of z"’l F(z) atz=3is \
. Res 1 o lim z~! n—l
z”‘F(z)- _,3 (2= 3)z F()—Z_)}z 2_(3)

We know,
Z'(F(z)} = sumr of res:dues of PR F(z)
Therefore,  Z'(F(2)} = (3)" - Q™!

227+3z
z+2)(z-4)

(xiii)

22 7’

Figy o2 t32 : \ g

&= Db \)
Then‘ “‘l __2_“"‘.!,*32_':'

(2) (z+ 2) (z-4) 4 '
' F(z) has simple poles at z = -2, 4.
Here, residue of ;™! F(z) atz=-2is,
Res -
2227 Fa)= 2 (z+2) z"" F@

Clea.rly ™

Chapter g | The Z-Transform and Its “Appli':uion | 249

B . lim © 22™' 4 32"

. 1

z>-2 z-4

JUNT A3 (AP AeB 1 o

= = 2 = -l y
And. residue of 'F(z) atz =4 is,

Moo o Fi) = oy 2= 4) 2 Fla),
lim 27! 437" ___2(4)""*-3.4" 11

_ Sz4 2+2 Q. TN ="5"(4?“
‘We know, ‘ . )
27! {F(2)} = sum of residues of 2" F(z)
¥ L o1 1
Therefore,  Z7{F(2)} =" (47 + T (="
- 275z . r
. I He-n W) o«
Solution: Let, ¢ 4
; 222 -5z .
il oS
‘ 2™ 50

4 n-l .
Then: F(z)-.'——--—-—(Z Hz-3)

“UClearly’7™" F(z) has simple poles at z=2and3,

4 Hegte, residue of g™ F(z)atz 2is,

: 1_21 ‘F(z)- 2(2 -2)7F() _

- : m 2.5 2@h-soh Ma-sy

‘, 2T @-y) - O =g =2
Anausxawnfz‘“‘myanz_ens, e :

4

Res
z=3% W-ng(z—sa 'F@)

_ lm 2™ s 203530 36-%) .
Lo T e Bwmd

: Wf- know,

' Z'{F(z)} = sm nf’resxﬂucs of 2™ F(z)
Mm Z".{F{zﬂ =24 3" .
2¢’+z
l-—ﬂf(z—l

Mmm Here,
- 2wz
F‘z’ e Ga-D

Th gy 2B
Pl F{z)“*{zf2)'(x—])

\ ' 4 " This Copy SEned by bhum
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i has
Clearly. 2 Ftz) :
Here, residue of ' Fz)atz = lis.
Res e F(z): l:ml = ) ' F2)
l -

z=

simple poles at 2= landatz =2 of degree 2

n+-+l ) 2+]
l(” b l)(?-2) ‘l‘_—-)}__}
And, rcsidueof_z Ffz) atz—2xs |
Res’ ' F(z) = 7_)2 (z-2) z‘f” F{z)
z=2 : A
lim d
->2dz
_lim d _2_2“‘34.17')
Sz2dz\ z-1

lim [{20+2) 27+ 2™} (2 1) 3,02,
Y [ _ (z-1y —{\+].]
=2 +2) 2™ + n(2)y"! = 202)™2 _ 20

=2 (8n+16+n-16-2)
=2 (9n-2) .

[z-2)" "' F(2)]

We know, . .
Z'{F(z)} = sum of residues of 2! F(2)

Therefore, -Z{F(z)} = 9n(2)"" 2+3.

! z

) G T @-2)

Solution: Let.
F(z) =

z
(Z 1) (z=2)
Then, :

1)‘ (z-2)

Clearly 2™ F(zl has simple pole atz=2 and Zos l of degree 2
Here, resndue of ' F( z) atz=21is, ' :

'z"'l F(z)=

z"' u’

' Flz) =
z-)2 (z 1)'

z= e (fz -2y z’*'F(z)) =

And, residue of 2™ F(z) at z = Jis,

Res | d
2= 2 Fl2) = z—ndz““” z""F(z))

~ lim d( ) lim n7“’1 (z -7 _-n-i
1 T 114z z-2 _6—2.5!—- e
-Weknow ] -

ZNFD) = éum ofresndues of 2! F(z) |

Thcrclorc Z IF(Z)} =2"-n-1

Thi s ,Copy Sc

is Cc Ained bylbhum - ‘ '&
http://t.me/ €a0i neers np > : BN

Solutio

Chapter 9 | The Z-Transform and Its Applieation| 2351

31_'24'27"*'1

‘xvii) +3z+2

n: Let., % e ‘
327+ 27+ 1 " :
PO =730
Then. 2 Fz) = PrSIYS)) |

Clem—]y.zn—l F(z) has simple poles at z = -], 22

Here. residue of 2™ F(z) at z = -1 4§, _A
Res. i

z=-1 2 F) =, @D 2 Fz)

lim (3™ ¢2:0 45
- Z—) 1 z+7 )
3D 21 + (<1
2T (3-241)

_2-( l)n-l

" And. residuc'of 2! F(z) atz = 2is,

Wy - (e
, @ G D32 22 (T
= ~5
y | ST 124 1)
o =‘_ 9 (__2)1'-4
We know, - :

A .{F(z)} = sum of residues of z* Fz) -
ZHF(@) = 92" + 21"
zZ(1=¢*T) .
T AT Y
(xvm) ) D~ e )
Solution: Let,

~ Therefore,

i 2(1 — & Ty
Tz-D Zr e

n —;ﬂ'
e, g p o )

{z-D(z-e™)

_I;‘(z)

¢~ Clearly, 2™ F(z) has simple poles at z = | and ¢™"

Here, residue of 2" F(z) atz =1 is,
Now, . A ]
Res ‘ lim L lim (1 -

sl ! F[Z)_:qu(z_”ZH F_{?‘) = z—)l_z_-e-:rz‘

~ And, residue of 2™ F(z) atz=e"Tis,

Res Iim Z(l-¢
z.=e

.T .
= ) —aln

L—¢€

T z""_l F(z) = ST g e -
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. We know. .y il res1ducs of 2! F(?)\ b apter 9 | The Z-Transform and Its Appl:cmon ) 2..,3
‘ ZF))=1-¢" =1-e™ ' L‘iuu *‘u -n
'Therefore. ==
id f 2" F(z) at z =
600 prdmige” . i)niuo(flordc; 5 :
> e L N —N . - *
Solution: LeL. 3 _ i & PIEE 4 las above] '
S g B . )
Fay=@q_z71y - z=1) We know.
i 7% {Frz)} = sum of residues of 7~ "Fz)
Then, T . i ! - 1
7 : . Therefore. Z~' {H(z)} = _“—2'1 P (1 -
MED=I . ' . | : e B B N

i

Ciearly. ! F{,{) has pole atz:l@f'degrge‘S. "'4_ =0} [1 + &)™
Here, tesidue of ' F(yatz=11is. {2oet i
residue of 27 Fie)atz =p of orderris, o5 2 A=
lim i . > . o .
pos RO = L g P F) Fadm
Res .. lim 1 d- - ' Z+z+2 .
z=1"% 'F) = 11 (3 1)!dz- [ZI : : ' (’m) z-1 (; ~z+1T)
1 im .1 Soutig Ry, A :
='2'“(n‘.nz;+l ") =3 (% -n) Faolk Z+z+2 : . T
We know, ' X < '(Zfl)_(z' z+1) . : K .
Z"{F(z)}—sumof residues of 2™ F(z) g z +z+2
! ¢ (z-l)(z- 2.2 L )
e Therefore, Z"iF(z)}:E(n’-—n)' £ “‘ +1 =
; z‘+z'+2
z (l Z 5 : = : ]
(=) a +zz? . Ly £ : T (2_1)(( _%) _i_]«:) ; :
Sﬂluhon.Let. , ! . g - / - . ‘ 4
; = sy 48 5 . R - Z+242
-7 . 2o 1) & =
F(Z) = T = T B A’ 1 3 .
A+27Y " 2@ +1¥ @+ “@eireor (z—1>(z----3§a)(z-12-+1’3a)

Clearly, Fiz) has poles at z =i of order 2 and 4t z =i of Order2.
Here, residue of 2 F(z) at z =} of order 2 is,

Res oip  lim 1 gt

Z‘: i z Ffl) 7% (2 4 1)‘ .
hm d n+"
= 1 & (z+1)-'

TR i)

_lim (z + 39 [(nﬂ-Z)z‘“' nz"' - (z"*i-zi)_ZLl_:_il

_ihex}., ™ F@) =

™! 4 2" 422!

(- l}( —l-—i')(z '?1:-1-351

2 > 2
1

3
Clearly z*! F(z) has poles atz=1, '2' 3[1 and 5 ~ 3?1 of simple order.

Here, residue of z“" F(z)at z = } of order 1 is,

Res -1
z—ll“_lF(Z) l:mz £z+z+2)

l""(l +1+2) i

z—n z+i) z—] z" -2+l I"=-1+1
2i)? el { 3 L
S lne2) o ';] (e )2 2i - Also, residue of 2 F(z) atz = % 3ginf order 1 be,
: 1 : : P ; - .
- =2n ™! 4 {m+ 2 o] mel 4 ‘ Re ‘
e—==l =31 —2nji™ +4 +41 . . ! b
T ‘ P 2= (h’2)+1('\[_12} 2! Fa) E‘i
| . . ' © “This Copy Spaned by bhum |
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b 'm 2Bz e S T :
! ! ' T =z—-)(-+ 7 i)‘ (7_])( 1+ 3 P ""F ____.’“-!_..
o : 2 B 1) e 1)(:- 1/5)
3 -l = ’ 1 »
i ) [( *325 ’) (’I: + —,3 .) £ : Clearly 2" F(Z) has poles are 2= 1,5
LB A " Here, residue of 2™ F(m) atz = 1 is, ,
] ok, 2 ( o + i z*zJ S Res oip lim _ 272 A_S”
/ < . UYL =1 FOS Gy QG e Y
;AAlso. -residuc of F(z) atz =5F 4 Of g 1¢ ordc_:r b - And, residue of ™ F(zyatz = 15 ig '
i chetnTa o RS e gy i ('*)
:zRes L s R R TR =T T g
z= H/ )-1 ; » e '
xm g r ST i e "US ( ot LS
- (Z+z+ ) _ 2t Tan S -4/5 5 B =-7"\3
i e ‘Z—’Z - 1—1)( ) 7 - : .Weknow :
' ey o L -5 i e 7 {F(z)} —sum ofres:duesofz‘*" Fi)
Tocy:” A 2 e il ,. 1 3 i e
: - : . ; : a 5
o e T ( ) [( ) (2 2 l) } ’I‘herefore, * Z' {F(Z)] =2 1B (1)
i i ( 3[ )( 32E, % 23,) " j 232 -6:+4
_ : _ "‘"“’ @AY (z-2) .
- We know, So!ution Let

238 =6z+4)
(z l)ﬁ(zf2) A

Z {P(z)} = sum of residues of z”" F( z) et
5 F(z)

32“-*’-— 62 + 42"
=T oo
Z-1y(z-2) -
Clcarly z""F(z) has polesatz =1 of orderZandz 20[ orderl
" Here, residue of 7_“" F(z)atz=2is, -
"~ Res ChmT PR gt
S 1 2" + 47
g 22”:““ 2 G-Tf

=3 rz)f'*’ 6(2)™ +42)"

g : ,
Smce.2+ ) l-cos‘3'+zsm =2"(12-12+4) -
3"' “ ; =4.2" Ly % oy :
and 25 BZCI--cos_.,’—lsm3 \’ Tl S ':'-2“’2_‘ )
A am/proceufar bookan.mer % : ; g 5 Afd,« L 2 & i : :
J N : AP i & o ._RES lim. d .37 '_61“"1-;.211 “a
(xxuj-——-——-—.___ i g e oz=12 F(Z)‘z—)ldz((Z 1)-_(;_1)‘-(?-1-7-)—“)
(1- z")(l__ —1) - ’ o e 487 L ‘ i .
; e R o koo B Rl o lim (i3(n+2)z’“'—6(n+1)7+n4?""](z )~ (32" 6;“*‘+41“))
Solution; Let, Py gk g £ e Szo1 : (z-2)
Flz) = ___________- I : My L [ - 3 --{3(n+2) 6(n+ D+dn) x(-)=-3+6-4.
(- 7")(1 ’ ) 2z 1)(2—]/5) NE | e Ll ' A
*This Copy aned by bhum % - : 3P F
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: i o . -_'-hn.‘l \ /;)- zr-’ + 3Z . - i
)= z+z+1 & Tt
i ! Lt knowz- {F(z)} = sum of residues of 2™ F(z) _ . :
' -1 )} = 2--[1—1 ‘ i 1 n—ll.'-‘(z)..
‘Ihcrefo:;’ r'(F@) = : Th"“' (z+ —n}[)(z+ +:£)
(“N) m:-ﬁ . . i i ] 27!»! +3"
! ik . =B —
S sOInuon.Le‘- ' 5 : =z - (2N .
o 9 q s poles Here residueldf 2™ Fiz)y at 2 = ¢ ®*¥ and ™
; FO) =17 z-2) . (&= 157 e . | Cearly 2 F2) has poles si @auz=
M _ | ghichare simple: L
Then, 2" F@) =m' ) : '\ Here, residue of ' F(2) gtz =% 2
: ' ' 1 : ReS  _»ipoy = hm..m 22" + 37"
| © . Clemd ZH iz o sirople. poles a2 2 a2 3 oF degree 2 | UL R B AT o I
;  Niae T i : 9 e hE | g i 4
, Here, resxdue of ' Fz)atz=2is. ‘ : - ™ S T gon
: e Res o1 N Sl S I R S (9l 4 3 |
vl 228 FO=, G IBr-GRr-25 @) _ =____\Te_3_‘)_ :
St - ad, id) Of‘znfi F(zJalZ=ZlS. g - .
;| o u;gs Res ™\ - ‘ : ~And; snmlarly the residue of 2 F(z) at z=¢" ™ is,
2 = pel . ; x
2=137 PO, 5134 ((z b § g ) Resm 2 o w e rze *+3)
. linx. (n+2) g v - z=¢ _ =431
=13 z-2y i We know, : , )
y n*t 1 - PR ; ‘ Z" tF(z)} = sum o! rcsxdues of'Flz). - ' N
" B42) (5) (3—2)"(-3-) ' | 3 F( 2 (2 e’“m+3)+e""“"n (2 2™ 4 3)
= . "I‘h:_:\refore. . 'Z. { z.}} = '\E”- _ —\ﬁ " .

3 i i i
Sy _ _ Gomn 2% 3) | own (2 3 x)

\ | . [n+2)(3) (3)“-(1:)1“. | T 3 SR 5 \3i —3i

o (g e“‘”"’) + (e"" R

: \}31

o B . i 9 ,-‘ > nx
20 _.‘_\I_sm 3 + COS 3

(3) {(n+z)»(_5)-1| x. \ - >

it (mi)\——l’_tz_._

5 XQ.D {'(ﬂ +£2) 1 ' : : SO T - +lz'2'
+35z : . & 2
?'5 v i S gz
We know, % ‘ Salution: Let, F(z) = ez T i 1
_Z- iF(Z)lssumoiresid_ues of 2 Fz) EEI RG.y et s Ea
. P o oW . : Pz . T
'I'herefore, - ZYER@) =_9_.2n+2 G)‘n n +—2>'7. El = : : "= Fay= :—;zl =7 o
212 ' 25 3/ W\ 5. *25] o _ (z__-z—) -3*2 t-3) -3
Ty v) +31 : : e 5 ; 'y o : P y
;! g A 1 . 1 g
. 4 4 . ; . E v = M E@= 1.0 1 l)
.llltan-LEl, gl Ty s . ; : e . B . . P o Z_Efz 2—2"2
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; 1 i d] 5 : Chapter 9 | The Z-Transform and 1ts Application| 259 :
. g implc poles 5—>and 5 + < :
Lol B b g ReS rif(y) = | e
l Here. residuc of 27 F(a)atz = 52 yoforderlis, . e 1 o et =1 (2-1R2) =12
: o 228 k I :
: e lime (e 3] i, residue,of 2 F(L) atz'= 5 of order 1 is,
L & 10 it Z) o B \
| z=;1_%z: F(z) z—rz'-'z‘( =l ) e ch i i lim 12y
w o 22 =12% . L--)UZ -1!7 =
E e PR _ Ao,
7-3) + ;*5 ‘vck“ : £
; e L : = . St ‘{F(z)] = sum of residues ofz Ffz)
‘ ' ' Therefore. - _27 {F(z)} =2 —(‘2')
: (2) l(l_lm-l () l(l-...l)“ i . B o o .
& 2 16 e
: R 1 i) Az - 1 2= D
And. residue of 2™ E(z) aiz=§+§ of order | is, [z -(-11 1y z-1
; 4 - . ,  olution: Let. - :
es - im : : - : :
1 i -Z""t F(z) = 1.0y i‘_.z___:-_zl ; R s JNZ) = ‘4. l-f;_z : 1-)= I4ZZ‘. <
_ 2=3+3 o3+50 1 i R W 2= - 14) -1
s . Z Z-m+= e b : n+2 E 2
; <3 7 ) : . F(z) z
. E _ (I' i)n—l [ i o _I .Tnen, ‘:;7 ———""'""""_(Z 18y (z- 1)
T ey —+=) - 4+ (_+_) .(_‘ l) o ‘8 :
b * o = 2 4 2; 2) *\a*) J Clcarly z““F(z) has s:mplcpoie%alz:landatz:-oforderz
- o : . : 1. g

Here residue ot L“‘ F(z) at z= l is,

; * i n+l ) 1 n. \ - o
& :_(5) 1(|‘+Ai)n+l_(5) id i) -R e ) = fim ™ ) . =.l_.6.
O TRy LN & o z=1" Fs1 -y T Ry T 9
| | : Here residue of 27 F(z) atz = 1/4 s, -
3.4 z! lFfz))_sum ofreSldues ofzml F(z) ‘e’ ) Stk sl u;o z z)a ‘z R JSd s
1 . N 2o Rew. % 2 &
i _Therefore _ . ! 0L Bem oy i o i R 1,—1/41"_ FZ)"z-)lM T z—l) o’ 7
? ’ - ; {1 Wy - ol . E ST R N, nel 2
1 Z'{F{_z) = —) Pl =y _ RWEY An. Wi : Mo 3 Clm [(n+2)2™ @-1)-2
i : I=G) - . (1‘*""+'r]*f- o) TG0 +ir - e e 2o Tza)d -1 -
e Y = S D I Tt o "
i ' 1_21;: 1o -l ol Nt Bttt ' =2() 3()
i1 2 +22 ‘ F P Q- 2 2 Tt e
4 Solution: ; y 4 N e o i 1 1
.: t o Olu_lmn.Herg, . ™y y i . S B (n+2)()“”x 3 ()
i g F) ——3__1__1___ EN /S . i B s
B -5, R~ 16
S :
1 3 . ; . ‘ ( 16
| 4 Then, ™! F(Z)-—-—Z-L_‘_ b . i e _\4 {-3n 6—l)x _
i1 i - . e ! ; 2
. -S4+
3 2 ; _=—G’) 3(311‘4-7)
' Clear) z"“ ‘ : : <
| 1Y 27 F(z) hag Slmp‘ poles v i 5 . Wc know, 8 B _
i 4 Here, 1 . 2 Z7' {F(z)} = sum of yesidues of £ F(z) :
s 4 eSldUe Oan F{Z ’ ; . 2 . N
; ')all=10forderlis, “
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5 ‘ Chapter 9 | The Z-Transform and Its Application |
Therefore. Z {Fp) =1 = '6' (4) gBn+7) | //’___,__ 7

know. =
e z! {Ffz}l =sum of residues of 2™ F(z)

ering Mathematics IV
261

. 250 A Relerence Book of Engine

___lié!._’.'—z-—— n
(xuix) . . AL P
(1+7 )(1*5 Therefore, Z'{F@) =i =5 -5 D\3)
Solution: Let. . ‘ o e 24 )
' l+62"+2" i : (x%%) (z- 1) (z-2) K
F(z)=—"""" ( 1 ) 7, -4 -
| a+z){1+357 y solutlon Let, F‘Z)‘m
-3 =13 ¢ =4z
2 +6z+ 1) . z 2 +62+1 P i Ty
( i ) Then, 2 F(Z)’(z— 1)(7.-2)'
e+ Diz+ 5) SAz+ 1) (1"'5) I " Clearly 2™ F(2) has simple poles at z = 1 and z = 2 of order 2.
1 26 + 2 7 | " Hete, residue of 2" F(z) atz = 1 is.
Tham, L g M) et : RS oy hm 24! 3
a (Zfl)(2+'s’) a : z_-_-lz F(Z)SZ-—H (Z—Z)' e

; o ' i . _ *And. residue of 2! F(z)au = 2 is,
Clearly " F(z) has simple poles at z= -1 and z ==, ' . Res ° lim d [2*-4z2"" ']

5 ol -
: za2t @ =508z z-1

Here, fesidue of 2" F(z) atz =—1 is.

e e s e B S L _lim [(nz"'4(n-1)2"2) z-1) -7 + 42>
g lz"l F(z) Z_)(_l)(z'+ 1) 5——*‘.24_)&_ " B . _'Z—>2{ @1y
i B (z+1) z+§) ‘ é i : AT T T, 27 ea ™
_ =DM 6= 4 1) ' \ Y . {n 4n. ;+4 -z+4}
—4/5. ke
4 E. { i n—l
e e 3 Ix5 15 ; ' o BE medand)y
P -brbey =0l INEE =T )
And, residue of 2*' F(z) atzé:lls. ; g e kBO'W - :
oo 1' 5 : : , : N Z7 {F(2)} = sum of residues of 2 F(z)
| M E (..ZM+6ZH+2““ £ \7 - Therefore,  Z (F@) =3 -2 (n-4) A
Z=-g PI- -5 (z+ l) ‘ ) | '(xxxi)"—-———zzz o
n+l _;,_7' : V X (21-71)‘
-(__5) i 6( 5) ( 5) 3 Sb}ution:‘Let, .
= - b - () < z z-
¢ +) | | @)=z~ (z—llZ)
1 n 1 1 . ) =2 : Then. h'l __—.-?“—
G@w | Lo
e o : ; .‘ ‘ Cleatly z"'1 F(2) has pole atz= 1!2 of order 2.
3 ' Here, residue of z"“ Fz)atz= 2 5 s,
s 1, 5" : : ‘ '
@ ot |
3 " +25 . . L R lim d
4 ‘ z=1n " F“-’_‘z-mzdz 2(e- uz)"‘(‘ 12y

5
e prp{d) 13 | | : g s
% ”(_5) 2 : ’ ! ,
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lim nz”
n =;l_—)ll'2 2
- . - h—l ]ﬂ
e AT L (3)

We know.
z {E(z)} 2 3um of resndqu of 2"
n

z" (F@)l =0 G) :

™! E(z) Sy
Thercfore.

e 7 =20z
(xxxii) m :
Solution: Process as in {Xxiv). 5
20z+5
{xxxiii) —-—————‘(z “) @ —_1{2)
Solution: Let,
20z +5
FOETy@- 1)

202"+ 52"

Then, FhE 'Flz) =

Clearly 2™ F(z) has simple polesatz=2 and z = !/2

; 'I-lere residue of 2% F(z) atz = 21s,

Res

n—l
=22 F( 1=

~z-2 z—112

_0 (2" +5 (2)'H
32

=2" (204- )

1*"F(z)atz.

: S olim 2027+ 52N

| == "9
F”_*z—;uz( 7.

- 2041n) +5.(112)
-—3/2

&

* And, residue of
: R es
1/2Z

=45y

~ ‘ )

We know,- : v :
i _Z“' {F(z)) = §uin of residues of 2! F(z)

" e - & " e a 4
.'[hcrefore, Z7Fz)) =15 2)"-20 (‘é‘)

2=2)(z-12) e

lim (202 +52"") _'

108, N\

GM 4 ) nf)

3 =lar

~ Now, taking Z-Transform on (1} then,

- Applying (i) then® - B

Thié Copy Scaned

by bhum
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263
golve bY psing Z-Transform:
‘ y 24_",-“=1 with yo=y; =0.
4 n+ . .
(1)1 .uon Given diffcrence equation is
u ‘ :
‘ GO ym’ oy R SRR e (1)
ewith. Yo N =0 c i) g X
- Since we have, - : ; A . :
n W) -
Z{ym} =z [Y Yo=7, %" ------ —XZH'] where, vy =Z{y.,}

L Ziywa) + ZUY) =Z41)
1 v BATH o= ' -
T e B 5=zt mazin =

Yy i

= (z?:+\ ) ='4f—r

(z— ])(z + 1)

e Now takmg inverse Z—Transform we wet ]

%\__1 = (cos( ) +i S"‘(_D]
-_-—[1 -(cos( )* : s‘“( 2))]

Th\s 1s requ:red solutmn of (1 sausfymw (ii).

Z- {z—l)(z +l)}
'ByQZ(l) we have

X X= {z-l)(z +1)}

: Therefore (iii) becomes,

: () !In+z+2ym., + yn-nwuh Yo=Y _0

. [2003 Fa]l Q No. 5(a)} {2006 Sprmg Q. No.
Sobmon Given difference equation is, :
: Yae2 + 2¥na1 FHa=n )
With  “yy=y; =0 | .....G0)
Since we have :
Z{y,,.,k! =z [y 3,ru-"Ll 1*— ...... -XH'] where, ¥y =Z{yn}

Now takmo Z—Transform on (i) then .
Z{Ynt“] +2 Z{yndl ag Z{Yn} = le‘l]

S(a)l
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" = - z
& (‘;._yu_xz-‘)-rl’z(y “YEY =GR e
[‘. y =Z{¥a) andZ{n}_
Applying (i) on ii) then -
' z
'\ oy @+ =gy

z z
= 2( (z- 1)'(z +2z+1)

Now 1aking inverse Z-Transform then

_ yﬁz_.{m} ...... (iv) :
\ z o
L, FO=T0E+1y

Then,

§ v F(l) yPRT T

) Ty @y
“Clearly 2™ F(z) has poles at z=loforder2andatz=

Sa-1Y ezl

-

=-1of orderp.
Since we have, - . '
Z']'{F(Z)} sum of residues of 2™ F(z;) ________ )
" Here, residue of ! F(z)ax z=10of order 2is,
Res
2=1°¢ 'F(z) z-—)l dz iz~ 'z F(z)]
_tm af o ]
T3] dzliz+ 1Y
tim M 241 -2 (z + 1)
= z-31] {z+ 1) [ .
ey - 2012 41«. & N ,
(2) 216 " P A

And. residue of z"" F( z) atz= —1 of oOrder is,

z-v)—l dz

RC .
I='-1 1‘4 F(Z} — +1 T&,Q ;zn-l HZ)] 4
e u{ ] o

(Z-i)'i

z-1y
<D™ O - 20y -y
=27

=3mi-! +4( n®

16 ‘oo ull

_ lim [nz"" (z—aa-—_zfiz;-i)] ;

-]

; M)“" {n — n i
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U{z —22.coso,+1] r —zcosa+21¢osu 0

' 2~ 7.cost
z-2zcose+1 ¢

Now taking inv;:rse Z-Transform then,

- Z” —Z cosO.
COH ST {Z —chosu-rl} ..... {iil)

= U==

A —zcosa g R
S F‘z’“tz — ™)
Then,

2 7% coso,

2 By = Lot

(2-eM(z-e'

2 Clea:ly 2" F(2) has polcs atz= e of order 1 and at z = e of orderl

. Smce we have, e .
ZYE ) = - sum obrekidnes of ! F(z) ....... (iv)
Here, residue of ' F(z) at z = e is: =
- lim o Lt Ty £
2 F@) = i (2= 27 F2))
z=¢ - e
lim ' —z"cos o
T z—e™ z<e" )
C.m“." 1 c X cosOl e—in.(lw 1) _‘e—inx COSOL
Fo Weapm -2i sina.

265
/:r;;:) and (v) we get, X
& _(——l) {1+ 1)
(———l) [= =1y,
This is the required solut:on of (i) satisfying((ii).
(i) Un:"2cosc= Ui + Uy =0 with( u.—l Ul—COSG
solu"‘m' Given difference equation is
' U“q—-ZCOSC‘ Uul +U,‘=0 ...... (l) §
Cowih UpsLU=eosa
 Now, taking Z-Tgansform on (i) thes
 Z{Upa) - 2cosuZlUm] +ZlUx} =Z{0)
"Then, . o.° g . ‘
(U o U ) 22cosu.(U —Uu)+U 0 [VZ{U,} =0
Applymv (i) then, T B AR
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Andhe residue of z*' F(z) at z = ¢™ is obtained from above with .
i as, "ePlag; ng.
R e-il}lx +1_ ;

CO‘E(I
Q_Sin [Zx—l Ffl)] =

7= —21 sina

Thus. (iii) and (iv) glvcs.

D _ g g g gD _ i o

+ i
21 sin o =2isinq

-_ elm‘;¢ i) _e—nou + D —el™ COSQ7+ e-i(l.! cosq -

- 2isino

U =

2i sin (x + )0 - 21 sin ox cosa
& -2i sing,

_ Sin GX €osQ + cOsX O sint — sinax coso
= sing
This is the required solution of (i) satisfying (ii).

_ €05 X sing,
= =—=X&sing
sin o = Cos xq

(i¥) Yn2=Ya=2" withyo=0,y,=1.

[2005 Sprmg Q. No. 3(b)) [20()9 Spring Q. No 3. :
Solution: Given differencé equation is s o)

ym! “¥a=2" rerees (i )
with  yy=0.yj=1 ... .. Gi)
Now, taking Z-Transform on (i) then " -
Z{ywa) = Z{y,) =Z{2")

Then,

A f=- —-- o
Z-(Y_YU"XZL)_Y:‘Z_Z

Applying (ii)thpn ‘ 7 = P "\
afel b e e iy £ N\
B Y=o By =72-2 : B
. ? P . i

= Y gt »'d

g [ y= Zly;i_ Lan'd 'zl{a'{; =Z—E—a]

2 =, 1 s Z \ iy
=7 .‘(z-—l)( +?)- |

z-2 \’

T 5 ' '

“(z- z+D@z-1) :
And, takmo inverse Z-Transform then

. -1 -~z i
0= {(z—z)(u»mz—l)} s ehesliil)
Let, . o

I
) (z - ")fz-z-l)[?—l)

Thi s Copy Sca
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2 0

men, T FOTEThEr -1

-

élcaﬂ)’ 2™ F(z) has polesatz =2,z =1 and z = | of simple order. -
" gince we have. |

Z7'{F(2)} = sum of residue of Ln—i B iv)

Here. residue of a F(z) atz=2is

Re; s F(z»: 7.-»2 [(z - 2% F(z)) -

_lim £ WE-ON TR e 2
T2 e+ De-n/ Teym T3 T3
And. residue of " F(z) at’z = ~1is,
R ™ lim o
Alim el ol B3
Szl \(2=2) (= 1)
S Vi () L ) Lo SR (o

4 NE) T BED T3
Also. fesidue of z F(r) atz=1 is ,\
Resl ( -1 F( )) 1 [(Z. l) zn—-l F(Z)]
_11m Flogh N 1"‘0 -
T \z-2)ez+ 1)) T -DQ)
Thus, with (w) the equauon (m) becomes :
( nm—l B
Yo=% 3 3+ 0
S 2i1 e (_1)11-&[
= yl'l = 3 4]
" This is required solution of (i) satisfying (ii).
(M), Yeer = 3yxe1 + 2y, = 0 withyo =0, n= 1  [2006 Fall Q. No. 5(a))
Solutmn Gwen difference equation is, ;
Y:m - 3y,&+l + 2y,‘ =0 5" (1)
with voulh ypmlines 7t Sl (i) -
Now, taking Z-Transform on (i) then,
Zlel "3 zty“l} + 2 Z{yx! -2{0}
Then, . ; y
z (;—}'u—izl)—:h (y-yo) +2y=0 ; where. y =Z{yx)
led by bhum
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Applying (ii) then. =
y@-3z+2)-z= 0 5
Z < .
= y= r-3z2+2 |
And, taking inverse Z-Transform we get,

Z
y=z” {-v—3;:,—7}

: Sz
Let, F@)=7"3742

Thén, by Q. No. 20i)]  y=2"-1.
“Thiss, with (iv). thé equation’(iii) becomes,
cy=2 - L i

(Vi) y;+1-4yx¢] +4Yx—0Wi'thh-I-9'1—'9

[2009 Fall Q. No. 6(b) OR][2008 Fall Q. No. 6(b) OR] [2004 Spring Q.No g
; No. 3

Solution: Given difference equation is.
Ve =M+ 4YJ =90
with  yy=Ly =0
y Now taking Z=Transform on (i) then, :
Z{Ym} 4Z{ym F+4Z{y:} = Z{@l
Then,

£ (}7-%--‘?’)—41 -yo) + 4)7 =(0
"Applying (ii) then - -

y(z -4z+4) -2 -4z = 0
- P-4z
= y= ——‘?}z
And taking inverse Z-Transform,.we get
-4z
% Z-{(z 2)*}
-4z . R o
(z 25T ,
'ﬂms, with {by Q. No. 2( lv)]Jc cquatwn (3) gives,
Ye=2( 1-x) " Qo

v

Let, . F(z)=

-
(vii)~ )’k+2 -‘é’m +dy, =0 with 3’0} 7&= 0.

Solution: Same question to” (w) wnh rcplacmc xbyk.

(vil“ xl-’l"yn_l)yn*j'"xn ﬂwherex"__o’ 70-—1

Solution: inen difference equation is

Kos) —¥p =1 LD
b hatx20 (2)
With " x=0.y,=-1 . 13

. -where,y ’=.Z[y‘]

.

This Copy ScaneJLi‘_by bhum

/,k:n’ozf,.j_‘:;wfo;m on (1) and (2) then,

thapter 9 | The Z-Transform and Its Application | - 269

w, 1

B 2. - iy =ZiY)

 Ziyaa) *Zix,) =Z{0}

Then. .. , BN, e e
ze;c'_-—xd)'§=”(l;l) y for x =Z[x,}, ¥y =Z{ynl
z(y ".)fu) +X i 0 :

[ mpl)ﬂng {‘3) then, ; _..

: zx-y=dtz-1)
z,y-l-;:—'l :

Suhsnmtmo the value of y from (4) in (5) then,

z '
> +x=Fz
z(zx Z - 1)

[}

7. - S . Z
s WE sl =—2¥; 7 =77
™ i 1 i B
Q= x:(_z_l)—(?:—l—)' ......... 6) |
{(z =D (r + 1}} ------- ('7)

‘ .,Le't.' :

08 7 T ).
Thus \mth [byQ ‘No. 2(1)) the. equauom 3) ,1ve$

2 (el ))]

Repiamno n+l byn then (ii) gives.
) ]

lm N
A——__- 1= cos €Os 5+ sin'™” 2 sm 7+ sin=- cos2 -cos 2 sm
: : —2 1 ={sin 2 —cos{ 5} 7
1 o f & adts > 1 - .fn® . {(nm
o=y 1-os (5) -sn (5] amt oz [1 e (5) n ()

be solution of (i} and (i) satisfying (iii).

_ : .Gﬂ Yrsao# 3Y oy # 2y =0 where yo = 0,9, = L.
Solutions Given difference equation is
Yp+2 +3¥p + 2y5=0

Wlth : ’ yw:(),yl =1

http://t.me/engi neers np
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(i) then,
N lakmg Z-Transform on
il zl)’n#’l+3Z|Yn¢l]+22{Y|\'—Z‘Ol

Thegy.

wathematics IV

Applymg (ii) then,
2 (y l)+3zy+2v 0

= y(2*+3z+2)=2
) = z
2 IR 43r42 y
Now. taking inverse Z-Transformi we get,

Y=L\ +3z2+42 3 o
_ S~ Srimraa DEEE
Let. F@ =T33 S@+2)z+ 1)

Then * 2 F@) =0T 7 2)

Clearly, z" F(z) has polesatz=—l and at z = —2 of simple order..

Since we have,
Z™' {F(2)} = sym of residue’ of z”" F(z)

Here, residue of z"‘ TE( z) atz=-1is
" Res

g el T TR oo F(z}

_ lim ( =
Tz -1 z+2 (—l)

‘And residuc of 2 F(z) atz=- 2 is

Res
e D= (2 42) 2™ F(z)

z— 2 :
=zil>n-l—2 (z+l) -(i)j‘—_(—z)n'

Thus (iii) becomes with (w) as
Yo= (=1 = (22)" R 4
This is the required solulion of (i) sétisfyin\g'.(ﬁ} :

() Yoz =3y + 2y, =4" where yo = 0, Ya= 1- \
Solution: Given difference equationis
Your =3y 2y, =40 o o (1)
with  yo=0andy,=1 .. i)
Now, taking Z—Transform on (i) then,
Zi)’m"} 3 Z'{yml} +2 271y, _2!411

* [2008 Spring Q. No. 30!

e Smce we have,

F Here, residue of 2™ F(z) atz=11is,

af— o — 7
z (Y"Yu—xz")—31(_y—yu)+2y =-Z_—_4

A: plying (i) then,
\ s .
y(z‘—3z+2)—z=;

AP TS .

= YEF_3z+2 \z-at?

. =3z d
Tz-D(E-2)(z-4)"

" And taking inverse Z-Transform we get,

1 Ay / i i
y"=-z.‘ {(z-_l)(z 2)(2__4)} RO § 111 \
Let, e ¢ ﬁ ! ;
: <32 - g . y
T mz—z) -9
Then, _ d _
: n-l F(l.) =3z L2

1) (z-—") (z-4)
Clearly 2 F(z) has poles atz=1,2=2z=40f sunple order 5

Vi {F(z)} =sum of residues of ! F(z) : Fo; .(iv)

. Res

| (z"" Biz)) = 1[(: n, z’H F@)

i
: _hm ety S

Tl oD (z ) (fm-3) -
" And residue of 2! F(z) az=2is, , f
o s ‘F(Z))“Hz (2=2) 2" F@) ,
lim gt 2 -32Q" ¢ 2" 2-3)

: S22 (z-l)(_z—4) T e )
Also, residue of ™! F{z) atz= 4'is . '

2_4 (z ‘F( )= _>4(z -4) 27 Fz)

" lim -31
=104 {2—1)(2 2)
_aMo3en  4@-3y) a2 2
ot > B s o B - up B ‘
Therefore, (iii) becomes with (iv) is

2 ; -l 2
yaEeg el Ty

This is the required sohwon of (iy satisfviva (i, .

~+ This Co y Scaned by bhum
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tﬂ)yl‘*l-:‘yml"'% ¥Ya=1wherey,=1,y, =2, \

(Xi1) Yqu2=dy,.; +dy, =2" where yo=0,y, = 1.
(2011 Spring Q. No. 3(b))
Solution: Given difference equation is
Yoo = 4Vpa +4y,=2" L )]
with  yy=0.y, =1 S
Now, taking Z-Transform on (i) then .

o Ziyea) -4 Z{ye) +4 Zy,) =Z{2")
Then; -

2 f= T ==L fory
z (Y—}'uT 2’) ‘4f‘(y—!u)+-4y=_zfz fory,=2{y,} -

Applying (ii) then,

o el =y e
z (y—'z')-4zy+4y =

azZ
=7_3%2
Sy Z:-Z =
y _fz—Z) (z-2)
: - _z-2
y‘_(z-z)'

And takmo inverse Z—Transform we °Et. : .
: ) -1 Z- Z g y k: B
Yo=1Z (2_53 - s SN 1T) B

 Let, F(z)= ;;—22)1

l n

Then, ™' Fz) ..——2-)23-

Clearly 2™" F(z) has poles atz=2 of order3,
Since we have,

ZM{F(2)} = sum of residues of z"* F(z)
‘ Hr.re residue of 7™ F(z) atz=2 of ordef 3 is,

e . Res ., Ld* _— 2K
- 2=2 Z F() = Z(WQZ)lzn-LF(Z))

_lim
T2 (2 it i —Z"))

lim

% _ Sz37 (EEI'Z ln+ 2" n;'”'T)-

(2012 Faj) Q

This is the requir

(xiii) Yol
50]utl0ﬂ

CLet,.

_ lim [(n + D0z —n(n - 1)™?

-2 T

- -

| ’
=5 +1) 2" pp 2™h

This Copy , Sc
http://t.mel/e
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/ =n2" [2n+2-n+1]

=n2"'(n+3)

=n(n+3 2™

' hus. wnh (iv). the equation iii) becomes,

¥n -n(‘n+3)2n'r\ : 4 : ‘
ed solution of { i) satisfying(iiy. - ) .

+4ym +3y,=2n where yo =0, y/a1.

Given difference cquanon is, ‘ ;
Yos2 + 3Yne1 + 3y,=2n Qe M
2 with w=0.y1=1 e T (i)

- ‘Now. taking Z-Transform on (i) then

Z{Yn-t"! +4Ztyml) + 325%} —22.{[]}

Then. (y yu--n)-l--f&z(y yu)+3y 2((2 )

¢ Applylno (il) then, -

g
y(z 42+ 3) - z_m:

5 )
= Y5\ +4z+3/\z-1r t2

: 7 -22"+32
(z— D@+ e+

" And. takmv inverse Z~Transform we get.

b Z-2z+32 ): s ‘
_3' T{(z—l)‘(z+1)(z+3)} ....... (1;:)

2 -2 +32
F2y=; =1 (z+1)(z+3)
2 gt 3
1) (z+1)z+3)
: Clcariy 1"'5 Ffz) has poles atz = | of order 2 and atz=-l,z=-3of s:mple
order.

Since we have, .

Then, 2 Fiz)=

- Z"{F@)Y = sum of residues of 7 F@)  weo.o.iV)
H'we residue of ' Flzyatz = 1 of ordcr 2is,
Res "'IF _ lim 22 =22 + 327
2212 EAIS z—)ldz (z+1><z+3)

" tim d (2" ‘-Zz"*l+3z") .
- — | ——
Tzl dz = +4z+3

“lim: (7"+4Z+3)I(n+"){z""—(n*1}(2) +3nf.""l (=2 + 30 2z v 4)

| ) ; (" +4z+ 3 :

1;4 3)[(n+2)—-2(n+l)+3n} —(1-2+32+4)
(1+4+3)‘

d by bhum

i'neers np SN - -
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_sem-12 . . .
= 64 ’ /’—
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1_\
L3 Yn:Zi{E:I)(211—23+l)} e i
16 < , . ¥,
< {104, residuerafe™ F() atz-——l is, Let i F
F'ﬂ 7 @- D2+ 12)
z:..] n-l F(Z) = ] (z + ]) Zn-l Ffl) ( . Zm’ p_
HF“')"" l r—7z+ 12
lim L 21_“”' s 32 1'ncnj 3 2z — Y ( m_, )

RS (z—-l)‘(z+3)

P e =™ +3¢ gy
2@ -

=!—1H1 +2+3)

3 ; 4

Also: residue of z™! Fy z} atz=-3js,

_Res

o F(z) 3 z+3)2™ F(z)

lxm Nl N B
. z—-)—-3 (z—l)‘(z+l)

=r—3)‘“ —2(- 3)""’-1—3( 3=

(=) (<2)
-3) |9+6+3[ —3)“!18

: -32
Thus with (iv), equanon (ux)becomes

-

=2 ) = 4n63 3(-1)" r3)" 50

16
This i is the requ;red solution of (1) sausfymu (u)

(xiv) 2y, - 2y.,.1 + Ypa =
u(n)=0forn<o,

bolutlon Given dlffcrence equation xs‘ N

T . 2Yn-l + Yoi= U(ﬂ\‘........(i) |
Now, taking Z—-’I‘ransform on (i)ithen -Qr" y -

2%y - 227y + 27 = B ulipe

- = y(2-25" +z")-—z-T

S y(z —22+1)
z-1

B
(z-1)2z2 -2, % 1)
" And taking inverse Z-Transform we gel

- “Clearly- B

= u(n) where Ya = 0 for n< 0 and u(n) =

“Thi's Copy* Sca
http://t. melen

(( 2))( (2 z))

Frr),m pf;.c:s nu— i. L-—(l +1)12 z= (l—x)lz
Since we have.: -

gk (Fm) Z sum of remduc of z"" Bl B (iii)
Hcrc residue n{ i F(z) atz = l 15, :

»Res

{ i F(l) = @) Fe

e lim )( o
P Sh A earryr),

)(1-1+1!2) E ; =y . :_-

And resuiue of z“" F(z) al z= (l+1):'2 is,

“Res

lim ', 1+-| ‘n-l-
] z—(l+1)l2 g

z——>(1+1)f2
_ -llm S w'
z—>(1+1)l2 56 _1)( (2 2))
() (LR
2 2n+-:(1+| )(}ﬂ (1 4)
; ' ) (1+1)“*; o
CoE ST z,m( )

z"" F(z)

Also: tesidne of 23 R(2y stz = (1-iY2 i

(1") [as dbove]

‘z=(1 .)/2‘ F= (2) (‘ 1)(—-)

. ; : ‘ (l) f]—l)l\"'_ )
; , : y ,,,,,(1+l @ f

|

- . Thus.
d by bhum

ineers np . . v i oA i i e : ‘
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Yo = r:{ﬁzn =2ni (‘ *( ),,( IE}r)h

znn(aﬂ)mJ

(xv) y.+ )""J = §n) +—

fornz0, Yo=0. ‘

Solution: vaen dlfference equation js,
Yot ‘Z"""=8fn}+ 3 S (i)
Now, Lakmg Z—Transform of (i) then g

zb‘nl 'P z{yn-ll -Z{&(n)l + Z{B(n—

(

1})
-Then,
S :
y+4-zly=l+%_z" .
=4z 4 (3z+ 1
e ):—.( 3z
e ( Z+] _z+13
; 42+1) 24 1d
And taking inverse Z-Transform- “we get,:
g riZ+ 13 .
Y:=Z {z+ H4} ......... (i)
Let,
zZ+1/3
ey
Then, o ey 22 1)
. (z) 174
Clearly, 2! Fzy has polesat z -—% :
Since we have, . 2 '
Z{F@)} = suny afsemduesafz’* F(z) ....;.'.(iii)'

‘Herer resxducfof z“" th) atz=_1

PR
ek _" lim ! e
=114 F) ‘_z—'>..1/4 TG
Lim ' '

=2 pig N2+ 1))

: A & LT
) A" @
3 ~ "4 1 .1-2
-] i
Thus, Ya= ( k) | .
This i )
is is the requirgd selution of (i) satisfying (i)

Chapter 9 | The Z-Transform and Its Appligation |

l—l )nu
o 9

. - with

S

- e YN {——___(1—4)(1'* 1;4)} v
.m, 4 s ¥ ;
- Fm‘(z % (z+ 73) 3
& 1 D - 9 1
. . gt R 7 -1 B WY 3 85 ;
- Then, Ffl-) -(Z 4) (z + 1!4) -;‘. ; > r . - .
: ‘Clcarlyz F(z) has sxmple poles atz 4 z== i #a 2
| Smce we have g -
T {F(z)} = sum oftesuiues of 2! F(z) A'....-.(iv)
. Here, resxdue of z+! F(z} atz= 4 is,
i - F(z)— _)4 (z- 4) o F(z)
' _lim - | _4 _ﬁ_":_'_
T 734 z+ll4 4+ll4 17

L=

* This Copy Spaned by bhum
http://t.. me/lengi neers np

: And mkmw inverse Z—Transfnrm we get.

(4 where y,= 0.

stion: Gwcn difference equatmn is,
1

“gol s (1) ______ i

Yu= 0
Now. taking Z—Transform on (i) then,

Z{yml + Ziy.) =Z{4%)

- : l ~z_
Then. Y-y +3¥=7—3
. Applying (11) then
. g ) 0. S
y Z*’ il 4)(4z+1)

=%y= (z— 4)(z+ll4)

And residue of 7! F(z) atz = - Y% is,

:@.z F(z) dg 1/4 (z.+1/c)z"“F(z) B

o [lim )
Szo-1/4 \z-4
[!—- 1/4! ]

1/4-4

=D (1/4+4) Gy (17)

277
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Thus. with (iv). equation iii) gives, : \ .

4n4l (= l)n-l'
e

Note: If we reform rhe question as ¥nel +

o) o)

4. Solve the difference equation
Yozt (@ +Db) ¥, +aby, =
So]uuon Given differcnce equation is,

Ynrt(@a+b)y,,, + aby, =
Now, taking Z-Transform on (i) then,

ZI.YM-‘l +(a+b) Z{Ynd} *abz{Ynl =

-

= z‘[y yu-—ﬂ]+(a+b)4:[y yu]+aby 0

= y(z*+(a+b)z+abj
7_xu+7y,+(a+b)7

T _y r +(a+b)z+ab —F{Z) (lel)

Then we have, y, -Z“ (F(z)).
* And. we have

. Z {F(z) ) = sim of residucs ‘ofz;"‘"'F(z).

. Now, ; e :
n-1 Yu+ZY|+(a+b)Z yq

= He)s (z+a)(z+b)

: Here poles of 7™

'"F2)are atz = —4, =b which are simple.
So, ; ' :
Res lim ;
z=-a? (’Z)-z__)( )(z+a)z"“'F(z) N
= lim yu+zy,+(a+b)z yu
z'——>_(—a) Y (F2 )
_- (!

)+ () vi#a+b) r—a)" yu

(4) withy, = U the,, we oy
fql

0, whereaang bare Constants,

0." where a and b are constams

zyu+7y,+fa+b)zyu .

b s .
5 =™ g + ("‘\Yl = (@™! ya +b(a)" Yy

b"a‘»
2 e - bxﬂ-i- !!

(—a)”
And, . : :
" Res - (~b

a-b

"6,

. Flnd the soluuon of y,. Show that the limiting value of ‘Y‘“‘l _.2 :- when n—yeo,

AL 2t F{Z) " -b)n+l + (__b)n Tt b) (-—b)“

D™y 4 by y~a (b" ) yy = (b)“*'
' b

S e
PRE. Y, . ders®

This Copy S|
http://t. me/
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e Yo = Z'IIF(Z)I

S by +y, ayy +y S
= Ya=Tpoa C+ in f—b)

4 smve the d:ﬂ'crcnce cquation

Yn+2+zayn+l+a’n_0 - %
solutnon Gwen difference cquatlon is,,

Yoo + 221 +@ya =0, Wy
: No\a} taking Z-Transform on u) then
Z{Yn2} + 22 Z{yon} + 2’ Z{y,} =0

=. z[y )’u n]""’aﬂy Yu)"'ay 0

= y(z +2az+a) zyu+zy1+2azyu

A & y=(Dyrzy + 2azy )z + a)’ = F(z)
- Thenwe havey y,=z"! (F(2)). -

- And we have, .

Z‘ {F(z)} = sum of res’xdues of z"'l F(z).
by :; "' NQW‘

"-"']F(Iz)r— ]Yu"'z)"l'f‘zaZYU)

e (z+ay

** Here 2™ F(z) has poles atz =- g of degree 2, .
: Res

: gy im 3 yu+zy,+2az") )
o z=—a _F()_"z-—)—adz({ +a) ( (z+ay o

Ii
e z-—1>m—a [(n s 1z yu+nz"" yi + 2anz™? y.,]
= (n+1) (~a)" yy + n(-2)"' y, +2an (—a)"“' Yo -
= (-ayy + n(-a)y [y, + 2ayo - ayy)
= (-a) YU + [a)‘u +yin (‘ﬂ)"—]

< Now,
T yn-z" (F@)

= y.,—(—a) yu+[a)ru+y{]'n(—a)"7" :

Consnder the dxfference equatlon

ym!'!’wl"‘ym Whereyﬂ—o n=1-

‘Solunon Now given dlfference equation is

Yoe2 ~ ¥ne1 ~ Yo= 0 -
.~ Taking Z-—'I'ramform both sides,

aned by bhum * v : ’
‘noi neers np - - -
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z’[:?—yu-ﬂ~zt§-yu>—§=o

= r'y-z-2y-y=0

-1--52-—-1- = F( z)

Then we have, y,=2" (F(z))

And we have,

Z"' {F(2)) = sum of residues of 2 F(z).

=> y=

Now,

T L z
n=Z!E@) =2 i)

Z
Here. ) F(Z) = m

Here poles of z*' F(z) areatz = ——E ——i

Here residue of z ™F(z2) at the poles,

&

((i))

Res lim

sl Fa)=

Res - lim

z...LJE,l""F(z)- 1445
=3

" And,

Sppt

.4

.\r

> Pﬂ)( (—+ﬁ>)

Here, z { F(z)]

gl ]

"Again, we know

T N

Now, "

lim zm lim 31[[('—@“ [—ZAL)

y:

N—roo ¥y Il [( 5‘ 1
7% ) 291
&mmeérm%ﬁ -—0618<1

So whenn-»m (—0618)"—)0
So, we get -

FLE

Chapter g | The Z-Trmsfo_?m and Its Application| . 281

. - C g
¥ o tm oy " lim ) lim ( +5
oA now ¥, A ( +5js) Tnoe )

im yp }l

N> Ya

OTHER INIPORTANT QUESTION FROM FINAL EXAM
.~ FORPRACTICE

. 3(b
~ Find Z«—Transform uf msh at smbt
Find\ﬁﬁn at] and Z{cos at] :
0. No. 4(z); 2007 Spring ©. Ne. 2(b

£ Define .Z'—Transform ofa funcﬁwoh_. Find Z-Transform of €™ and hence.deduce _
o ,l' values of Zicos af) and Z(sinat) - ; .

Define Z~Transform of the function. Find (i) Z(1) (i) Z(na") (i) Z(e™)

S
: n
md 'Z.—Transform of cos and sin nz

W

g Evalunc?:(w').
e ShuwﬁmZInf(m -2 {Z(f(l))] Using it e\alua!e?.(nt) andZ(n-t)

F X . 1 - L) 3 3 v .
- Define Z-Transform. Staie and prove first shifting theorem of Z—Transform and
" then evaluate Z{e™), Z(t:") and Z(e""!n‘) : : :
: Defire Z-Transform. State and prove first shxftmg lhcorem of Z—Transform
Using it evaluate Z.(!c") and Z(ne™). ey Sk

pasmvc mugca

Thi s Cppy Scamed’ by bhum

‘http://t.mel/ enbi neers np oy ' ’ ' N

St Dcﬁne Z—Tmsfmm. Siate and prcwe lmeanty propcrty of Z-Teansform.

State and prove linearity property of Z—*Transform Find Z(t) where k is a

Scanned with CamScanner



- 9 Fall Q. No. 6(a - : " R

x o

) 2009Sgrmggz No. 'g]bl L e ' \ -

~  Define Z—Transfonn Statc and prove lmeanly pmpeny of Z transform Find
e 0]2 Fall Q. No. 6(b)

. '

282 A Reference Scok of Engineering Mathematics |V

2006 Fall Q. No. 4(b
Define convolution of function in Z—Transform State

theorem in Z_—Transform

- State the first shifting theorem forZ transform an hence fing
(i) Z(cos at) and (ii) Z(sin a1) .
2007 Fall Q No. 2(b)
" Define Z-Transform of lhe funcuon f(t) Fmd Z-Transform o
f(t) = cos n. :

2008 Spring Q. No. 2

Define Z transform. State and prove. first shifting theorem of Z tr
it evaluate Z transform of a” cos bt and a" smbt .a sform, Using

2008 FalI . No. 5(b L
Define Z-Transfonn of a function f(t) and by using the deﬁmtmn £
Ind the

£ f(l) = nlan

Transfonn of: (;) na® and (u) =1

Define Z transform. State and prove lmeamy propeny of Z transfo

find Z transform of cos at.and then find Z transform of e cos b, m, USmn

' 2017 Fall Q. No. 2(b)

2009 Fall Q. No. Sjb!

Define Z—Transform of a funcuon f(t) la;nd by usi : g
Y usm th d : ;
Transform of (i) (~1)” and (i) n ing the definition find 7%

State the first shifting theorem for Z transfonnanon and hence ﬁnd Z[e l}

OIIS ring Q. No. 3.a.

Z(e™) and hence deduce Z transform of sinat and cosat.

2011 Fal) No 6(a

Find the Z—Transform of the functio T, Rt M
n At e ;
Z(cpsat) and Z(sinat). > - ; ) _ 'andvhe_nce dgduci {he value of

i 0 ‘

D o

efine Z-Transform’ of a funcuon f(t) aﬁ by usmg the d"—ﬁ“mon find B¢
. Z-Transform of (i) -1 Gy —- =7 A0

2015 Fall .No. 3(a

Chapter g | The Z-Transform and Its Application | ' 283
s ' : .alue of
; 016, Fald Z-transform of the function f(t) = ¢ and hence deduce ‘the v o
Find Z- | . e
- Z(cosat) and Z{sinat).
.101(- Fall Q. No. 4(a ~- ; S, the'm_em .
fine - Z-transform. btate and provegdecond s
- Defin - v
. ‘g-trans[orm, Evaluate Ze™
. No. 6(a ' LA |
201(, Sprin econd shifting theorems in Z-transform. Flnq the K

d s
te and prove first an
R f Z(a"cosbt) and Z(a smbt)

valueo

st tc and prove first shifting theorem for z-transform using it to ﬁ'_‘d
ate SRS , / LI
z {coshat smbt):\_

; Z. transform Inverse

1
% e o e
- Fmd the mversc Z—,Transf Vm‘ofthe f““C“O“""'_s_sz-,
‘-2005 FallO No 3(a) e e :
[F(z)] where F(z) Z[E(l_)],\ and find : |

Show thal Z[nf(l)]

Z [(H @+ 1y Z=-D (z~ 1)]

2006 SprmgQ ‘No. 2(\:) OR :

Fmd the inverse Z—Transform of

T . dz

z
~2z+2

2007Fa110 No.3@ . S LS AR

2_3 = ' e 4 s \

F“‘dz (z+2) @+nl

F Ty :- . # . 4 ey L . 4 P d
_ ind the ztransform of f(t) = a" and hence find Z {Siﬂ (%!)} o

z{(?)} g

Thi s Copy Sdaned by bh 4 ;
http://t. me/ nqmeersfnp 2 : . A R L

2008 QprmgQ No. S!a! : : ° 5
“ 7 State and prove. initial and ﬁnal value theorem on Z trans[on}\..-Et'a‘“?le .

z! ((z- - 2))

=y

&
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2008 Fall Q. No. 6(b) : \

Y rdd
Find inverse Z transform of 7575

. -

2009 Spring Q. No. 3(a)
If Z[fty} = fiz).

] ___223__.- 2 % , T Ry
T[{z+1)rz+2>]' | g ®

2011 Fall Q. No. 4(a), "

Define Z-Transform? Find the inverse of the Z’—Transform of th
2z - S ﬁ‘mCh
z-D(Z+1) b

2015 Fall Q. No. 3(b)
> 32+2z

Find the inverse of z-transform of @-3@-3)

016 Fall Q. No. 4(b} OR g B}
Z2+1
Z-2z+ 2

2017 Fall Q. No. 3(a

derive the expression of 2l + kT))

Find Z-!

% 27+ 3z ; !
F 1 e T ————p— .
e | (z+2)(z~9) S 0 = e

§

Application of Z transform .
20020, No.30) '

" Solve the difference equation Your + y,, =1 ngen yo=0 '

2004 Fall Q. No. 3(b) d

Solve the dlfference equation y,.,, + 3y, = 5" given 'yt; =0,
2005 Fall Q. No. 3(b . N
Sh : ' '
ow that Z(y, ;) = 7 [y yu »y !?— P —xH:I where y iy and then
solve the dxfferenual equation’ yw = Nhere Yi=0=y, '

2007 Fall ©. No. 3(b

b Solve the difference equauon y,,p - By,,,, + 163’.1 [4 where Yu 2 0 and Yl =

by unit Z-Transform.

2011 Fall 0. No. 5(a

Thi s .Copy Scaped by b.hum ‘

5

016 Fall
" Using Z-transform so

16 Fall Q. No. 6(b)

20

,.y

2

2005 Fall

; 2005 Sprin

Chaptero | Tht Z-Transform and 118 Application|

285

Fall Q. No. 4(a
Solve the differcnce equa

0.

1ion: Y2+ 6Yant

. No, 3(b ;
ive the difference equation

5:14-1*63’-4!"'9!’--2 'Whtﬂ’._’l_o

Using Z-transform, solvé the difference equation
Yae2 + 6¥anr +9y,=2" wheny.-y;-“

17 Fall Q. No. 3(b

‘Solve the dll‘ferenct €
= : 1; by nsing z»transform.

8  SHORT QUESTIONS -

quation Ya./~ 3¥au + 2¥s = 0, where y, =

.t003 all ‘No'fd

Yy £
&5

Fmd the Z-Transform of f(n) na’.

ma FallQ No. ‘TQe) -

. Fmd the Z—Transformof n“ R
No.7(d) . e

Find Z(1) & Z(-1"
. No. 7(iv &3 .

i " ‘ -l Voow P i
S Lz_—zy (:—3)]
ﬂf}ﬁ rin ) -
Find Z-Transform of sin no/2 and cosnm/2

2006 Fall Q. No. 7(b)

. * Find Z-Trmsform of n_}-—l
‘2007 Fall Q. No. T, -+,
o Fndzd).
- -h 2009 Spring Q. No. 7{¢)

Prove Z(a") = ‘;{_a

0. 7(c

g i 3 http://t.mel/engi neers np

+9y, =4 where yp=0and y; =

0 and
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. 2009 Spring Q. No. Hd b
property of Z-Transformi.e,

10 i g
it ID GEOMETRY

State and prove linearly

Z[aln) -+ bg) =2 Zfin)) + b Z{gm].

Fmdzu) S PR ster = ' - TITA : -
MQ_MQ : sdi - D ‘ CH A Ch Exercise 10.1 K

Find_Z' [2/z-3)] 8
"What curves are giv

2015 Faﬂ Q. No. 7!d[ e _ ! A
- E - ‘(t,t2+2,0) ¢ : ‘. ~., N 2= . : . 3

ANALYTICAL SOL

en by the following parametric representation?

Derive Z inverst of “1) “a+ D s ‘ 15 jution: Given that.
0l

i 2{)16 Sgnng Q. No. 7(e) (x,y =0 +2 0)

State and pmvg the linear property on Z-trahsfm-'n;_, - x=LY= 2 + 2 z=0

- This gives thaty = )'Ln #2,2=

oo il ~} 2. (0,5 cost,5sint)-
: o - Solution: Given that, -y . :
S TS TR A A b Gy o=0.5cosuSsim)
e e i ThES s ' : C]carly. thecun'e lies in yz-plane 3
: . so th‘ gwcn_cm"e is acircle having radivs s = 5: i
i - B 4 :x0y+z—25
7 B o 25 ¥ P g {cosht,smht,l)) R et DR R
=5 ; s L T \ ‘?T»:.Solunon Given that, ) 5 sEn AR S
(x‘ ¥, z) (coshtsmht 0) > A £
| ; :1nhl,z 0= B
| Clca:ly the gwen curve is hyperbolxc and it hes on xy-plane
: Here,x —y ucosh‘t-smh't-l
: N Thus 22 _y _1 2= 0 _‘;.'_‘,ia - “ A E { Sl L ;
' ‘ ) : et s P o Q. . - ; B RepreSents the fulluw:
| o . . ey 4y . ¥ ng curves parametncaily
3 R O > € i . P @I xm0 e e R
= ' ; - g ,\“; 4 ' Sol“t“’“-Gl\'enxhat e, e - o
W Y oy SRS et . EERTTR I F@SE9X=0 v 2
o : i . P :
S 8‘@32);, ﬂ'(lg il)v:zdc;:::nl:ersa :1):1 Sy;-;;}:fle -And the curve is a cnrclc wnh center
- y=rcost, z-3 =rsint, x=0 :
: : L . => y=3cost, z= 3+3>ml x=0 S
e ‘ 8 | IL S (X Y, 7) = (0, 3 cost, 3vasmt) e
| L ' %
Thi s OopyI stahod by bhum ‘ Jhes g ek L ‘.3 -
http://t. melengi neers np St “g ; ‘
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2 x*+y’=ly=z
OR 2005 Spring Q. No. 7(v)

Find the position vector of the curve x* + y* = |
representation.

i
Solution: Given that, o Yy R o "

.

Xery'=ly=z
Clearly. the given curve is el.hpse in xyz-plane. -
| Putx= rcnsLy:rsmt andy=zwithep=]_
' So, x = cost. y =sint. z = sint ’
Thus, (x, y. 2} = {cost, sint, sint)

g C. Find a tangent vector and the corres

given paint, - l.“m nt vector ?(t) a

b B ol 5, s
le: - L rim=ti + J at P(1, 10}
h Solunon. Gavenihat.

To= +t;_i T +0X

dr - :

oy ; .

So, Fr=TW=T+3rT+0
Therefore, digurigmlvecto:be‘

E : dr 3
& =L 38 O)at(l 1.0) ; A -

ek

Smce T W= (Lr 0) = (x. y. z)atP
= x=ty=t z=0ap
= x-l.y:l,z:ﬂa&i‘x

| ; 'rhus;tzl.s'oum, ~u 3.0)

Also, the unit tangenl vector bc '

i) = n) d 1,3, _(1.3.0)

ot m f?:ﬂo)

, 2
. T =cost 7 +Zsm,; atP& \E 0). > 4

Solntion: Given tha, s WQ oy

I(U‘-cost i +2in g
1 +(Lk
So.x =cost, y = 2sint, 7 = =0.

And gb;pn point be, P(Z )

—vﬁ. y, z)
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i Nl"—"\ .
] ;

i 25int.0=0
s 7=V A
£ 3[3 S e :
‘= COS 60° = cosl. "5~ = sint i.c. sin 60° = sint.

P (s
,Then.l:l.an‘(l)zian (COS 60° Lo

1
Smce r(t) costx + 2sint _]

So.‘ '{!) = —sint Ky +2 cost 3
v "=I—sm60 i +2cos60° “atP

Thus. mgem vecto\r atPis, (-32£ =i 0)
And unit tangent vector at Pis

':'m ( )

i

R
Rt

+
]

5 ' it
b 1)
o
p

2,( 3 ) ;
o £ ,0
N7\ 2 !

[2017 Fall Q. No. 7¢b)}

1
A A B e

&ji»,

Y 5 4
KN Mt)amsht i +sinhtj atP(3,3, )
Sdutinn. Gwen that, \--
- : (t) coshttl +smhl1
-Su. T (l_\=smh[ i +cbsht j
e : 3 3 4
"_Gwcnpo‘mtbc. Ptxiy.2)=P3.3.0)
. \ :

-
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Thus. the tangent vector at P be

i 4o 5 > (45 )
?‘“),,p =3 i +3 1] +0. k. ‘—(3.3,0

"And, unit tanoeﬁl vector at P be, - 3
DR T
5 %) (3) +0

2_
R

A
r‘“) w P

@‘.‘a
w]..n

Hﬁﬁ’—a{’)

\.
e t -

| OTHER IMPORTANT QUESTION FROM FINAL Exay

SHORT QUESTIONS !

wlh .
t.-olu-

%Ilw

~°l

2002 Q. No. 7(d) : . e
Write the equanon of h) perbo!ond and parabo!md.
- Solution: Equation of Hy perboloid: - :

0!

c‘ﬁ; S

The equauon of hyperboloxd of one sheet s )—;ﬂ' + _(Z?; =1 gnd of two

Z
-Scet _T+x'r_—-r=_q
hi zsa_ v R 1

Equation of Paraboloid: =5 -
; The equation of paraboloid is x* + y' P RN Y o
2003 Fall Q. No. 7(b) o b [
: 1

" Write the equation of hvperbolmd of two sheet and thcn sketch

1
1
|
|

Solution: The equauon of hyperbolmd of two sheet lS)Z(T + 1,, E-; =_1 R0
Forsketch ] ‘ .-‘ _ BB
(i) Centre: Clearly (i) has centre at (o, }

i) Symmetry: Since all three varmbles haw same degrec:, 50 lt is symmgmcal
about all three axes;

(iii) Intercept: When y=0=1z2 lhen x = 4a’,
which is non- acccpmbje for sketch
When x =0 =z thep ¥y = —b*
non-acceplable for skctch

a
Whenx =0 = y then r=¢ So,z=+c¢. 'Iherefore, the ﬁaurc cuts Z‘a’“s
Z=+cC. s

(iv) Plane section: = - ' T e

So x has pniy unagmaf)’ value
So,y has on]y xma«rmary value Wthh is als0
fe
}

‘

1“2~ This Copy

/ L+-Yb«

% 2003 Fall Q; No. 7(a) .
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ne: When z = 0 then (i) gives. =-1. '[jms is an

ﬁ:

(a) In xy-pla

imagi lipse. 2 s 3 03
jmaginary elli ‘ e e zZ ¥y _
) In y2 planc‘ When x =0 then (i) :;wcs,%T =23 ==l = T-y 1
(b) InyZ= I _
Thls isa hyperbc,la - ’ X2 z 12 x°
(©) In zx-plane: th'ﬂ y=0 then (Y Rgs. P2 =-1 "= F-7=I
This is 2 hy!’erb"h \

: -W th the mlorma!lon the sketch of the hyperbolo:d is as in figure.
Wi

What do you mean by tangcnt toa curvc"

: ?Soluhon Tangent to a Lurvc. ; ,-"f,"'f : L I
“Let C be a curve in space. The tangent on-C-at a 13'01”t P of C is the timiting

=G

_“position of a strawht hm. thar throuwh Panda pomt Q. of Cas Q lends to P along -

. 2005Fali Q, No. 7(b); 2{)16 FallQ No. 7(61

Sketch the parabolmdz xipyt. Y AT e
So!utmn The equ:mon of paraboloid is z = x* + ¥ PR ) ; -‘ -
For sketch: : .
: ‘i Symmetry: Since' the paraboloxd ha.s X ind- y with degree 2,-s0 it is
- Symmetrica) about x- axns and y-axis. N
(H) Intercept: Clearly the paraboloid .has vertex at origin. So, it does not
intersect the x-axis and y-a:us and z-axis except at origin.

(111) Plane section: ..

i céne_d -.by- bhum
http://t.mefengi neers rip
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292 A Heltruncn'a;:nk of Engineering Mathematics IV
. {a) In yz-plane: When x = 0 then (i) gives. z= ¥~ Thm
openward toward the positive z-axis. h“'ﬂnk

(b) In zx-plane: Wheny =0 then (i) gwcs. z=x" This is a Parabgy, "
openward toward the positive z-axxs i

With the information the sketch of the hypcrbolo:d is as in figure.

/
2005 No. ':‘ a

Define tangent and tangent plane of acurveata point.
Solution: Tangent to a Curve:
Letheacurvemspace 'Ihetanocmon CatapothofCls

position of a straight line that lhrough P and a point Q of C a5
along C. :

~ Tangent Plane to a Curve:

Let C be a curve in space. The tangents on C at a pomt PofC is caued
tangent plane. g

—\*\

the llm]lmg
Q tends (o p

Write equation of an ellipsoid. Sketch it with centre ;and axis of symmetry.

Solution: The equation of hyperbolmd of two shcet xs'*r + b + !v =1 (I

For sketch:
(i) Centre: Clearly (i) has centre at (0, 0,0). 4 : = :
(i) Symmetry: Since all three variables bave same degree, sodis stmemca]

about all three axes.
(iii) Intercept:

When y =0 =2z then x* =2, So, x \{t The:eforc. the figure cuts x-axs
X=+a

Wh?bx =iy b— 5% y=2 b"mefﬂfme. the ﬁgure cuts y-axis &
y=

Whenx=0= ¥ Then 2 =cl S0,z = 4. Therefore, the ﬁoure cuts z-axis &
Z=+C.

(iv) Plane section:
(a) In xy-plane: - When 2= Othcn(:)gw 7+ 5 =1 Thisisan ellpse.

(b) In yz-plane; When X = 0 then (i) gives, B +'Zﬂ = 1. This is an ellipse- '

Thi s Oopy Scaned by bhu
http://t.me/danai neersfnp

-

2007 Fall
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-

' v
zx-i)lanc: When y =0 then (1)

. {o)In

: h he information. the sketch of the ellipsoid is as in figure. -
Wwith

p .
. T 5, e 3
gives‘;: o= 1. This is an ellipse.

~ 2015 Fail , No. 7b < z

; wnt" cquation of an cll:psmd Sketch it with centrc and axis of symmetry.

. Nox7(e); 2012 Fall . No. 7(d); 2017 Fall O_No. 7(a
‘ Find the parametnc rcpresentatlon of the surface x + 4y 9, z=3.

_t_—Sc;luuon leenl.hat £ | - '

x +4y =9.z=3. '

2,

= G+og=1.2=3,
.Clearly, the given curve is ellipsoid in Xyz-plane.
- “Put y"=\_'t then XQ:WL and z'=l3._' 3

 Thus.(xy, D) = (29— 4 2,1 3). e = S

2011 Fall Q. No. 1@ -

o

t 1

“Represent the equatmn x4 y =9,z=5 tan" (ylx) paramemca!ly

< Solutmn Gwen that, .

C X +y'=9,z=5n" (y!x)
' Clearly, the given curve is ellipsoid i in xyz-plane.
: _PUL x=rcosty-rsmtwnhr*3.‘ r
L Therefore. _z=5tan™ (sin Vcos =5t
S0, x = 3cost, y=3sint,z=5t
Thus, (x, y, 2) = (3cost, 3sint, 5t).

. 2011 Fall 0. No. 7(b

Flnd the umt tangent vector to the curve r(t)
S (V23 0). '

Hmt. Similar to exercnse 9 1 Q. No. C(i).

T
2costi + sintj at -

(T

{
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2016 Fall Q. No. 7(c)

\\

| S rs(k:z:‘"e clc1rly o hlashizzl:i?:;{:{l)e:) hglc same degree, So it is symmclncal
Find the unit tangent vector .to the curve T(t) = 2 costT 4 Sinhg ! :1: Sy -mmetry: Since all U :
J i
(V2.42,0).

2016 Spring Q. No. 7(h)

Represent the curve y2 = (z = 3)? =9%x= Oparamcmcally

For sketch: '

y) Planc scction? e 2
i g.0 o planc' When z = 0 lhen (l) gives, - ybw 0 ‘This is a point '
OTHER SOLVED PROBLEBIS l ellipse. h , X:, = & i b
| o I =" =0= ST
1. Write the equation of hyperboloid of one shect and thcn sketeh, I " (b)Inyz-planc: When x = 0 then'(i) gives, b1 ¢ y B
Solution: The equation of hyperboloid of two sheet is ? + %'_r - %3 =] \ _

about all three axes..

@i mterccpl - 2 then x* = 0. So, x = OaTherefore. the figure cuts x-axis at

ain. And other two gives same valuc
orig

S A 4 az
o) (c) In zx-planes V-Jhen y = 0 then'(1) gwes.:{:‘ = il =4

=6
, i i ‘vf}.m sketchfof the hyperbéloid isas in figure.
(i) Centre: Clearly (i) has centre at (0, 0, 0). With the mformanon- J S .
(i) Symmetry: Since all three variables have same degree, so it is SYMmelrigy ' : % i
about all three axes. 4
(iii) Intercept: a5 : LN RN
"When'y =0 =z then x* = 2. So, x = + a. Therefore, (he figure curg X-axis g
x=ta ) ‘ & 4
© Whenx =0 =zthen y* =b. So, y = +b. Therefore, the figure cutg y-axis o s <
y=ib. - - : . - “"f'_i‘_
When x =0 =y then 2* = —¢%, So, z has only imaginary value which i non- \§ 4 ‘@
' acceptable for sketch. : .v;_ 3 .
. (iv) Planc section: 5 : T J
x‘ il L - o ¥ B 3 . )
(a) In xy-planie: When z = 0 then (i) gives, ‘2t =1 Thisisan ellipse, | : AN :
v = b -3, Write the equatmn of elliptic parabolmd and then sketch
(b) In yz-plane: When x = 0 then (i) gives, ‘t;'r = &= 1. This is a hyperbola
2 - Solutmn' The equation of hyperbolmd of two sheet 15—"' o 11 we (1)
(c) In zxeplane: When ¥ =0 then (i) gives, el 'Ev =l Tms 1sahyperbola,'

With the information the sketch of the hyperbolmd is as'in ﬁou.re g

I

2. Write the equation of cone and t.hcn sketch,

1

Solution: The equation of hyperboloid of two sheet is ? +

O'_I'<”
~N

.. For sketch:

- (@) = Centre: Clearly (i) has vertex at (0, 0, 0) b - :
(i) Symmetry: Since both x and
both x-axis and y-axis: et \

(iii) Intercept: - L :

Wheny=0=3 =then i‘

at origin. And, other twa gives same value. Thus, the ﬁ"ure cuts the
axes only at origin. .
(IV) Plane section:

¥ have same degree, so it is symmetrical about

[ ¥
i~

s X
(@) In xy-plane. When z = 0 then (i) gives. 37 +

=

elllpse

(X

N

2b

(b) In yz-plane: Whenx 0 then (i) gives, oy

B0
53

(c) In zx-plane: When y = 0 then (i) gives. x* =

S

-% =0 1)
P

This Copy Scaned' by bhum
http://t.me/ engi neers np
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=0. So, x = 0. Therefore, the figure cuts x-axis *

* =0. This is a point

QereREl S
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)

With the information the sketch of the hyperboloid is a.,s'in fig

©

’ z
r
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